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7.1 ®1pPapamsid (Introduction)
7.1.1 @pyioLsTw (1p1Garpmnrisner (Early Developments)

QAUDS  [BITEETISSET  wpdE  CHTESGL  Fevaunpedn  Lev
[BIGESTGSS I IS ST TSI LI S BT eLPGULD AUMMIGHT LOTMILIT(HHEET
Sonesiiugn@d.  Qés5S SIS SITOHTeT  SHCLTESHILI
QUDSUIL6) HEIBLD 2 M mctTenTenTe) euand FiaTsesnisp (infinitesimal
calculus) 616w LI L . AW ATIDLSTVSEH) (HEGH

Quiniuicd ommid euTesluich HessId:GHHeM) IS BIcTTHeEHLD
LwSTURSSIIC L &I 18-41d  mTHDIGET(H  auang  GLombeser OmLmebsLt L GLm
LWGTUT(HH@BSHTECR QIS  [BIGSTHESIGID — LIWIGTLL L F. FlstuLoatsrL” clLiev L e
18-9b mrHDIGHIgeT GnEuics GeurGevsiv oHmid Gevdrmess (1832-1903)

N H6T6HT 24U IINDET UGB [5/685TE6usT %S E)6T oL bIING&6T )% T1685T(H GulbS LINEG, IGHS [H/GESTHGIIHLD
LI LfLOTEssIS e HL bFHF.

QUASBUIL 6V LILIGTLITL 16T aueTjdFSdE GlevegdGarr L' fldGlevL’, fLoetr, Qlauresr Hluy6loedr, Oamuiest,
&CrnGesisy, e &, SMleuGL 66, SFdammstl, Qe FrLs) oHmib Lew @uiniNuied m)ehTsHeT
APSENI Lrki@ uklS ST

o augaluied opmid QuidseNcile) e KIeETHeNGLD LWGTL(HSSUILIHEDS.

o QunpL serflesr oy, Hmetr, Qum sl seflesr @pLiL, Pevrurd GUTGTHEUHMIGT FTTLjH®ET
QDS (B TUPSHIAIBTD ADBIeT pflichbFeTeanLomuiujid, Amid) oG S®enu LD
SLomestléBeUTLD.

o Qurpliwicd ommitb SiMleuicd FewmeEerleh 2 6iTer Hessils LoTdiflaemed Frjifest auansuilcH
GOINN_SS5% Lk aubEEms).

o Foaps APAwch ommIb oHSSIIE HIDUIOIVID I HIcSTHEsIBSS6T LiwicTLIT(H
2 GITRTG).

gy f(x) -er @pHedlyessi(h auansd O\spdgaman ol (Kb uweiu(hsS), @bg AdHumuighe,
y=f(x) eretim Fmjifest @uichL], QUMGTAIMIMW QUMTH6V, LoPMILD [ (x) -65T @I @hFT 2Amidh)
oy (@upiotd 26vevg Fmiord) Cuesimeder Siiomesissii(hSlesimest. Gogd, f(x) -6 Fev
2 W aIDSFHHLPIHF®T  (2Aedau @(BhoTev Lo’ (KGL) LwGTL(RSSE), @b yeraflawl Gumnids
f(x) -2 Oargns aflifleurdsid QFuised GumeTmeauid 4 Tmuli(hENG).

1

‘ ‘ 12th_Maths_Vol 2_TM_CH 7_App of Diff Calculus.indd 1 @ 16-12-2022 17:08:56‘ ‘



___IEEEN ®

@' HDDV GHISHBHIHAT

Bibs 2AFHmuGHett wpigaileh LomesstaiH6iT 196sTal(HaUTaINGD AMbE BLILIT.

® g eIGh SIS GHBEHSE AUMBUIL 6L LILGTLI(HSSHISH6)

® B (PN HeWISGEH@HS: G AUMBUIN_DGULT LILIGTLI(HSSHISH6V

o  amarauemuilest @uichyserieT piluicbld HeiTenLn, GLOad FeiTenio, LoPMILD GHeNeyd
FetreanLo GumesTmeunHenn @)evrhismesst LGS TLI(HEGTMG).

o Seangf) aumpsmauileh mISIodNi HreseT aIBHOBUPGSETLT LILIGTLI(HSSHISH60.

o LchaumiLiyg GETenal LoHMILD LIGOSMILILIS CHTEDE! AHGVRTS FITTLECIGH UG AIGHTHEDEIT
QUDTHGV.

7.2 aemBudL_sVsd1 GILIn(Heir (Meaning of Derivatives)
7.2.1 snu1aisnear als»HBUIL oD cipsVid HIaIHed (Derivative as slope)

@ C&HMTL 196t FMlIey Aevevd Fiflay : UL GH 2 6itang Cumed OFhiIGd SHD CaHr1(H | 6T6b1s.
Qar(hssiiuc L 1 Gamiged geussl yeraflwunsd 0s1er(h agGsed wpayn Berid Csmess
oo’ Camii(hg @i @sdHwiinl’t  CHT (WS Fesiger  wpeyll  LeTefuilenest
FIUSGHITNwTSES:  CFHT6ess(h Osr(hsatiucL Q&L iganesid
Osr1(Bmm OFhiGSsIs CHn(h auequiBEng. OFmhiGss HerepLd
oo’ Beraptd  NBsTdFFmgig  orPledwns LIS
Sauest|SseuTLD. Qg aEFECL Casr(n | et Fnuiey ereviu(hid. @)% m
61657 GV LIL(BEMS).

P(h CHTLIQ6HT TMIHEH HeDVHI @MBIGHE FTLOMW AT
Fmielenettt LweTU(HSSTD. CHT(H TMISED A6VVE BIMbIESH60
apadnCus m>0 2evevgy m <0 GuTmISH Heioujid. m = 0eTesflev),

y 2Ae1g LoTmiaidevaney. GaTi g6t Fruiellenes m eTestmy GO Lmed XY Searddled y =mx+c
(5 CBISHCHTL L& GBEEMSI 61655 Fa DEVITLD.

(1 ueeTaUIuie Fruiey Aevevd Fiflay: y = f(x) 6T6dTLg OBT(HEBLILL L QIGHATAIGHT 6T6H .

(x, f(x)) opmid (x+h, f(x+h)) er6tn @ OauaiGaumny LeTefsmen @aerd@Ld sp(h CHTL 1q 6T

uLip 7.1

FTUIG
f(x+h2—f(x) . (Blupl b7 FFayy). (1)
h— 0 61eDCLITEI 6TCLMGUITCEIS/
lim ZEED =S sy (g ot el erabavev) )

h—0 h
616G (X, y) 2Aevevg) (x, 1(x)) 6168TM LeiTaued auaaTaUeudlesr FuieuT@Lb.

@GPy
vy = f(x) e1681m auedanauanguiled (x,y) eTewiid LaTerflenwits OLmmidsi TML(HLD QUEDGTAIGHT S HT6S

Os1(HCHML 19687 CFHT(HCHTewID O 6Tesfled (x,y) yeTafluieh cuewereueyuisst Fruiey f'(x)=tanf
2A&LD. @b 0 g, X -255e0whg H1QHMT HOFHG 1H)T Voo

SoFuiled AaSHILUBEDS.  ['(X) er6TUMS % GTGVIQYLD

@MldseuTLD. GLogd % 26T H FIGHT LoTILTL (H iSdHamed

GWISEGI. Blust 1 eshledr rreurtesrgy OFT(HdsiuL L Qe Garerfluied cvamenaushieh S ()
. . . . tan!
Fgngf) ompiun (B ies®5s GBlsENG. uLp 7.2

XII - sewflgaiiwiecd 2
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IhHH1HHT_(H 7.1

f(x)=x*,x €[0,2] sraubFimne [0,0.5], [0.5,1], [1,1.5], [1.5,2] 76510 2_67 @ewr_Govefsaflsh
gl wrpumt (B eissmsuyp wonmid x =0.5,1,1.5, 2 yereflsefled earpupid sewmiQuUTLpS
oL (B &HIEEETUILD HTCESTH.
&ja)

[a,b] er6tim Qevr Ceueiluied Fyngf) ommm’ (B efgLb

M 2AGLD. ACHFLOWIGED
-a

a1 L Fafy f(x) = x> -d& x Yerafuied Sewmioumepg ommput (B oisd f'(x) AGLD.
2ADAUECT MG, b+a LommId 2x AGLD.

LommunL (h & /hIsBeT

4 5 . gg/ﬁ%’f’%:’; @ ofsid SeTLIOITLpgl Lompiuml (B ef5Lb
Thoa e S =2x
0 0.5 0.5 0.5 1
0.5 1 1 1.5 2
1 1.5 1.5 2.5 3
1.5 2 2 3.5 4
2L L auemener 7.1 -
@ 7.2.2 wimiLin() i35 sn6e1 alanHudl_sv cipsvid H1spiHev (Derivative as rate of change) @

FTUIdaIS HTLoMestldbs eTalouTnl il 6» LWGTLRHEMSE 6THTLMSS: HBTGLTLD. (1 LoTH]
LomGmmesTemlt OuTmISHl oTpid ES®BE HeGEIL QD aeHuil 6O LWGTUREMS. LDFHHET
Os1ews auanidS) aigLp, Oum(pL serflest auenid&) afsip, KGTTL L aigLb, Hlava Gauskid, Lommitd wp(heLb
2fwiemar 6315 Hov 6T(HSHISHTL (HHGTTSLD.

oot () igddletr Qungieurest LweTuT(h @b ChidGHTLI96) BH@HLD @(H GLIT(HeleH
Big55m% NufILSTGLD. 2155E B85 EGH6 60 QLIT(HeMer QuISSILIT®SSHTS AS) eTermwd;
OlaTessTL (1 HlewL 1oL’ L SHevevg OFhIGSHI% CHTL 1g el LWGTLI(HSSHIaIH] QILDHHLD. BSSMBILI
Gar1(hseilev, wpetTGaurtddls SHeavgFenul 1Blews SHavs ereviayd 19e1CaigHu HoFamw Gomn HaoF
616816 LD G (HSTLI(HLD.

@ Ounpaflesr Blevevenws (AblieTefledwd Fgmbs) Chad FaUTHsd SIBHLD FAFL S GTGTLISH
B)_& F11j1) 61651 ADLPS L LIHEDS). SiFemest s = f(t) 616018 GOINI_curTib. t Grrddled HlawgFGalsmsd

ds dv d’s
N =2 ohmn b1 a(t) =—=— b.
w(?) LoD w®SsL0 a(t) i LG
@GPy
1965TQU(BLD H(hHISHHCT FaIctTS:S 6TOTHTHTDE]
(1) HvarGaussbletr ereisieniane) Geausid AGD. ASTalL Gausid SHevFamwilt OUTmISS

2ADLO6USE V6. 6T6TG6),
ds

dt
(2) * b HH6T UIe) Flavevuiled @hd@HLD Qumepg v(t) =0 AGLD.
o (B HIFGT (LPGTCaUT:S BH(HLOOILITLSH V(1) >0 ASLD.

Gausmsld = |v(t)| =

3 UGS [5G B6wel| S FGH LILIGSTLIT(H FET
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* (b HIFGT 16TCeITI:S) BAHHLOOILITLPHI V(1) <0 A@GLD.
* (B HIFGT AF6HT HlangFeoi LoTHMIDCILITLPS V(1) -65T GBI Lommiip.

(3) t, owmid t, -5& QL Cur 2 6irer GrILb t,-g0 (t, <t, <t,) HIHT HlavF LoTmid CBILOTHES
QFTeBTLmed ¢, LoPmID ¢, -$@& QL Cuw 2 6irer Crrddled &is6T Lwessg@Gd CsTaevey
|S(t1)_s(tc)

4) ydudesr seruiled @Gy ondflwmes oTwIg APHIHBSHILGT HDISF GLIT(HL HE@BLD
aNapHlesimest. HTHMIeT HwL AMCar PevevTs FLOWIGHD 2Aevavg GO SFH5%5 HeTa)
BQevevrrs Hleaveuulled aflpdesm Gummerlssr Grosd @uikigid G aflend mitiy eewFwITGLD.
B s N(PHMeVS B L DD GILPEL GTGHTLIT.

+ |s(tc) —s(t, )| 61681 HevulGaLILI(HEMS).

t=0 Gprdded s, 2wisHOBhs SHluss HdFCaisd v,-2L 6T eTHWILBLD P(1H
ATHGRUIGIES

2
a=-g, v=—gt+v,, s= —% +V,t + 8, TULD FLOGTLIT(HHeaT [(Flanmey GlFuiu L.

Qrig, g=9.8 18/ o)’ 2cve05) 32 9y1g / af* .
T(WS&IGHTL (HH6T Fevaunemd HTeRTGLITLD.
1. oLl perdamsl Oummds Lapib OFkEdal erddler aigLd Fruia) eTealiL(hLD.
2. Goysamsl Qumpidg @ LiGuwidfuieh gmubLb Lmhmdder aigid SaFGaisLd 24@Lb.
3. Grysasli Qurnds HoFCasddled enub mpmdHler a¥sid wp(hdHLD A GLD.
4. foLwl’L grgsosl Cummds Lwaeuuler OFkgds anpmédd agpu@ld isLd
LOGGULILIGEMGHT FTU16 24 SLD.
SLp&ETaID Q)1 FLbHDVB®ETS H(BFHIGUTLD:
® C BhioyRse Qsseaniadmhsl S BT 9@ wHupbos Qs sl PUigd Qe
uwesshés i (HCeumflLgned  erelLiu(BEng) STevdHler (Loessh]  Grrdded
<iemlCiuEmg) Faguns D(t) etewd GnlssiiibEng. D'(3) =70 ereiigesr Gummer
GTGOTGHT?
B)aetr Gl (e, “t = 3 eTaniLd CuUgl &TTdHletr afsLb el @ 70 S5 @™
* QRUb BT ASTILD  t HTVSDSHLI OUITMISS augEng). t HIL H6efled auig b Hiilesr erallenest
V(t) etewd Gamesermed, y =V (t) etanid auearaiaguiisst Gs1(hCHTL g6t Frdiey t =7
TIDCUITHI —3 AGLD 6TGHTLIGGS GWIT(HET 6T65T6wT?
“cILpmib prafleh BIEpdE 3 AvGEeT aisid B augdng” e1e1uCs BF6tr GLT(HATTSLD.
BCBsGuneiimr BLb AIDTL  euTLpaililed SHesid@Gsertlcy oamTl(h o5%d H(hSSHIGSMENLI
LwichTL(h$EIEBmmLd. @etTaniid Liev 61(h&SISsTL (h%ariles aumuleuTs @Famer allerd@GEalLp.

I(hHBHIHHM_(1) 7.2

Qupupaersafleyd sTud i’ 105 Bereperer ph soullesr OQeuiublevev GlFebdFuierSeh
borio x smjuns T =x(10-x) ereid ST EDG. So1Mudesr eiowiiyeTeriiuied Gauiiblaney
LommutL (b 6SSLD LFEMILD GTGTLIGNS HlemLd:s.
Sjay

T =10x — x° 616518 QF1(HSSLILL (DeTeNS). TG 63 (1 LpasTuded(BbGI 6ThS HeTe) HTTSHEILD

Oauiblenev Lormuim” (n eIHLOTCS) ? =10—2x AGLD. HLDINI6T DLOWILILETET X =5 -6D 2 GTeng).
x

x =5 ererngHudL, ﬂ =0 eradElemL &@LD.
dx m

XII - sewflgaiwicd 4
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IHHHIHBT_ ) 7.3
P AhFvGCHTING pmaur 100 QFTHEmend; sHHDIT. HHMI6T, t HIL H@BSSGL LIDSG
e HoaalalmsG CFnhseflesr eramafldmes W(t)=100x(1-0.1¢)*,0<t<10  H@Lb.
SNHLN6T, 2 L H@HEGLI 1ING AauT OFTHHET LOMLILIGEST IHLD 6T65T6wT?
iy J
ZW(t) =-20x(1-0.1¢),
t

d
616eGar t =2 6TaybGLITE) EW(t) =-16.

2ASTaUG], SHDISTeT) 2 BT F@pdGL 19D 16 OFTHH6T/BT6T 6165Tm 6IHSHleL omimy. M
IS BHIhHT_1) 7.4

3

s(t) = % —1* +3 GTILOTMI P FIFHGT FHIBLD HMTLD SADLOEGSIDS]. 6THO\SHS CHIhiseiey 6T
FHldFGausuptd Ap(HFHAPLD LFEUI Lo 16U 6L 1D?

&joy .
't' Grrddled QL LIGOLWTES) s = %—tz +3 @D
140 . s . dS 2 .
t' Grisse HavaFGausksid v = ~ =1" =2t HYGLD.
A - dv .
't Grrsbled 1p(hSsHLD a = o 2t —2 GLD.
t
@ 17 =2t=0 <ugneug, t=0,2 1abCUTZ HFGeusid Lddw oFliewu e ujb. 2t —2=0 @
2AgTaugl, t =1 e1adBuing Ap(HEHHLD LhFFI LoFNIDLI DL UJLD. u

I BHIHBT_1) 7.5

S@TueO % CLocbCETdd) Fi LIL(HLD R(h HIFET s 2Ag 2 WISmS tevrTiqserileh ClFedrmy
LG Qi@ s(t)=128¢-161" .

(1) H156T SADLUjLD AL B F 2 UITS®SS: H6w5155)(H 5.
(i) semgewid O0HT(HoBLTS 21F6T HlwFGausLD 6T6iT6u?
SHjay
(1) =bsu’F 2 wiidand AL UDCLTF FHiFeflest HaFGausid v(1)-65T Lol LdFFUILDTSLD.
BTLD @UICLITApS, t CBidded Fisenesr SHaaGalsdamsd; HTesTGLITLD.
ds
W)= =128-32

W) =0=>128-32t=0 =1 =4,
t =4-60 HIFGT AHBULF 2 WTSHDSH ADLEGSTNS).
t=4-6b o wimoneg s(4)=128(4)—16(4) =256 2iq&6T 4G LD.
(i1) g% H@IDUIG C\HTHLDGCLTHI s = 0 AGBLD.
s=0=128t-16=0
= =0, 8 alewTmqamer.
FSDTUNMST HI%H6T ¢ =8 allevTigHerfley O\HT(HEmS.
215 SDI®WG OHT(HLDCUITF 1F6T HlaovF Causid V(8) = —128 2i1g/6f) A@GLD. |

5 UGS [5G B6wel| S FGH LILIGSTLIT(H ST
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IhHBHIHBTL_ () 7.6
t>0 eTaiib eTHGHISEHID (h Fisemer Fevev s(t)=1 —6t" +9t+1 eTaibLig HevL Lo’ 1
GHTL 196V (b HIFET hHTHNSI. Qb s 6TestLg) LA L flayitd t elewrmiq serfleyiib Sewrdb Sl LiL(HEMS).
(1) au&er puieuedL b Gumg GhILD 616516817
(i) gyser Slews LommidGug GhiTLD 6T65T68?
(ii1) psed @p allestTig Herfleh FiHET Liwiessd@LD GULoTds HTILD TRIIGTGY?
Sja
s(t) =1 —61" +9t +1 - uavsuflL, v(t) = 3¢ —12¢ 49 Loppuid a(t) = 6t —12 616 HavL SEDG).
i) v(t)=0 erauibGung Hs6T puilder AL Eng. eteiGas,  v(t)=3(—-1)(t-3)=0
GTGBTLIGHT eLpeuLD, ¢ = 1Lommitd t =3 eTeiidblewL SFmg).

(i) v(¢) uletr @plulenes LomrmHmidBLng Hisemlest Havs Lommitp. @UICLITApS)

0<t<1 eravfled (t—1) ommuid (t—3) <0 AyaHwTed v(t) >0 AGLD.
1<t <3 erafled (t—1)>0 ommid (t—3) <0 Aw&wimed v(t) <0 HGLD.
t>3 erestled (t—1) ommud (¢ —3) >0 Aawswimed v(t) >0 A4GLb.
e1e51Gau t =1 ommitb t =3 61a0DCLINTS| Fi%6MesT Slews LommiLD.
(iii) # =0 CrrSLHeOBhHgG t =2 UT HIBGT LIWLIGSHEGLD QLoTdg HTTLD,
|s(0) = s(D)|+|s()) = s(2)| =|1=5|+|5-3|=6 LB L%6T H@GLD. n

7.2.3 F1jbd ainniker (Related rates)

FMihs I5d5 HeursGHHeNe GONHSSH DIT(H HGTEOTTAIS LDTNSSSEEHTE AHGLDUJLD.
GLogyitp CH®AUITEST ADISF AMT@UBE@HLD CBT(HEHILLL  Hlavevulled TCHeILD spatTailesr
ot oSssHlmet HID SHesissl Gauas(hid. 1(WSSIGSHTL LTS, Qb Cauml FHawFulled
Lwessie@y @ aunssenhiser aflevdl Gungd Gausddanest aunmler Blanev, &enaGeldkshiseir
AV BHSTED HeT:E)_GUITLD.

I(hBHBHIHBT_(1) 7.7

Garer augalleh 2 arer p(p 2agaLuied sTHPer afennigd@ 10000#8° eTaiid ofeddle
BTLD 2erb)estTed 71D 7 OFLO 61 DCLITH DengiewLiudest a5t Lommumt’ (h af$ib e16sTesr? GLogyiid
Gromugtiny Lommit” (H e5sESULD Hes1dE)(H%.

&ja) A
r ATAPSTET S LG 68 AeTeurTens V = 3 r AGLD.
av

= 1000 616015051 (HS I (HeTeng).

g ~tSleneet ¥ =7 e1aDGLITHI FHTeTEoU6ET(HLD.
t

r .
di
r="T nmib cil_lt/ =1000 ereuingSus, 1000 = 47 x 49x%. 9

. dr 1000 250
AMSBUITE), — = = .
dt  4x49xm 497

uLip 7.3

XII - sewsfigaiiich 6
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oagaLufer Guopugtiy S =4xr® . staaGa, % =871 xrx % .
dr 250
— =" 1ommitb r =7 erevrt (NFHMIIL,
dai~ aor Y 7
as _ 8 x 7% 250 _ 2000 e16v1L1 GILImIEIGmLD.
dt 497 7
P . . 250 o . .
6165186, 2A475E68T Lo (h afSLD o O\l / elesrmig egLd Lommutd LtiueTeNest Lommuime”
T

&iBLD 207£ QaB’ | afl awrmig HGLD. -

eIhHBHIhHT_1) 7.8

@@ Qurpaflesr alewev g6t F15@ Qpliewus Oaresm(y  Px+3P—16x=234 erapitb
FLOGTLITL L6 GMGsI(hENS. @b P eretugy Qummerfles aflenev (emumuileh) ommitd x 6T6oTLIg)
AVGHNGHT cTessTenllGamsamuld Gnlé@d. 90 AeGseT Qi) BhSGLoCUTS, aITISHNG
15 2v@ser aisb F75@ 2ASHsfsEng e1esiled sTevdmSBL OUTnISE afleweuudesr ommmt (h
TBSHT; HTCHSTS.

Biay 234+16x
P=—"——"
x+3
dP 186 dx
TGy, — = — =X —.
dt (x+3)" dt

dx dP 186 10
x=90, — =15 areont Ogul., —=-——x15=——=-0.32 UMl / eUTILD  6Teulds
dt 78 dt 93* 31 @ 7

Sewr_GEGI. 2STaug eleneuuiled LOTHMLOTESIS] QUTTESENE 0.32 eBUmdl 6TeILD I55E)6) GDEDG/.
[ |

IhHHIHHT_() 7.9

O reoritiue et ufedwhbg HILoSHHE 30 et 6L 1T 65%dE)eb OFmL L (kb 2 L1l auL' L aig 6y
2IQLOTGTLD G)ETGVITL Fo_LDL] QUG ULD C)IMISDG. GLOGVILD Fn LDINGST D ITULPLD 1 LOTET 6T I L (LPLD
FLoLorns 2 areng). 10 L 17 @ wigtb 61@ibBLng) g (o196 2 wiid 6TaIGausdH)eh AHFHHE@HD?
&ja)

h wHpid r wpednGu 2 wigid LoHMILD AQLOTESTISEHGT ATLD 616515, 6Td G h=2r AGLD. V
GTGHTLIG 2 LIL] Fan LDLIGST HGOT AV GTGH .

1 1, dv

= —mrth=—nh’; — =308/ B8 1b
3 dt
6T Ga, a _ lwhzﬁ
dt 4 dt
S4BTV @ = d—V !
S dt dt nh’
dh 1
SAFTaIH, — = 4x30x%
HIS! dt 1007z
6 .
= g LB/ BBl LD, uLto 7.4 -

7 QUMS [5]G¥8T B6wl) B 68T LIWIGHTLIT(H B6iT
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IhHH1HHET._ (B 7.10 (Bmony) F1jhs aindh Hewidh3))
Il FHmhgE OenGs GFevaid LTSHUD Hipddedmhg ConGs GFebaud LITESHULD
P ereniid yererfluded Cour” (HEma). il 5@ Criddld CFevavid tofluphs A APSH6D LIMTESH QULOLITHS
OCrevdng). Hips@ Crrsdd CFevauid ofuphgk B Quessneugy LTS auflwnssd CFedng.
oI L Crysdled ofluphg A Awig P -5 o 6% 10 HCeuridl 1 &6 C\%Tamauailed Loessid: @
80 &)L Causgsdbled OFcvEmng). 2G5 FLowigHed Lokl phg B Az P -5@ SipdGs 15 SGeumb’ Ly
Ggremevalleh Loessfld@ 100 £ Causdbled CFevdng. @b oduphEisersdlean Gui 2 6iTem grLb
6101CaIaBS5S)60 LOTMIHINS?
&ja) nd
t Crigdled P-4@ audfed oflupig A QpdGLD Hriddler AL, a(®)
<) a(t) e1651%. Lommitd t Crrddled P -54@ Sipddled odliphg B

N0
BrFGLD HTTSS6T 2H6may b(t) 61651%. GLoavitd ¢t GBISHleb Lo Lphs)

A ompid 1ofaphg B -5@ Qi Gui 2 6irer Hryslest eney c(t) (b(t) 0)}%
616815, 9815760 CHPDSHeLIG, () = a(t): +b(t)* 24GLD. s ’
uLip 7.
B, 2¢(t)c'(t) =2a(t)a'(t) +2b(¢)b'(¢) erevit’t QumiSGmmib.
e Gan. ¢ — aa'+bb"  aa'+bb'
’ ¢ Va' +b’
CoH@anuUest &(hewibdled bLod@ O\&bs Lo jsaants (NTHuilL,
o - (10X80)+(15X100):460z127_6 £).5/106mf) 2410, -
@® J10? 4157 J13 ®

Luaps 7.1
1. 2By eTelufedmig t e H@HESL DS R (B HIHET O GTT HTISHEHET 2eTe) s =2t + 3t
LB L1 61awLbLitg GhiSHGHTL 196D §p(1h HISET BHTEMS).
(1) t=3 wnmibd t =6 ermqgs@pddenr Gui 2 arer Fyna HaFGaisLd 616T6u?
(i) t =3 wnHmib t =6 lesrTig H@pdFlent Gui 2 GTer e iOT(pS FHenFGaisbLb 6TesT6?
2. 400 <iq 2wy 6w 2 F& s 19e0(BhEI SAIDIGVTHS (6 LDSLILL G H(Hel elepdng).
afewrmig serfley LeaSLILIL & el elupLd HrILd s =161 AGLD.
(1) se@gewid OHT(HLD WPGSTESTT LeHLILIL & BB LD 6T(hSHIS0sTevrL GBITLD 6T6dT68?
(i1) £Cp Naphs @mid) 2 eflevrmig sefled el g Hmeuiesr Frnad HaFGaisLd 616T6ur?
(iii) segewig O\GTHIOBUTS eI & HHeNuesT S iOUT(Lps FHlanFGaisid TesTes?
3. s(t)=26 -9 +12t -4, @iug t > 0 e1aytd cIFNILIg h CHTL 196D (B HIHET BSTEHDS).
(1) 618BIBISN) FiFerlett Hlend LommiElesTng)?
(i1) @pseb 4 alevrmig sefleh FF6T Liwiessllss HTILb 6165T6e1?
(iii) HewFGeusksid YFHw i e uyid Crrkiseney 6TebeTIdD FiFermesr wp(hdHLD
5TE?
4. x ufg 63?7.7@4 QBT P(h H6 FEHITHHGT H6 ATa v=x 6Tafled X=5 DAOGHET
T DGUITE X -0t QUITMISS] HGST AT LOTDIGISLD HTCET 5.
5. x pereperer (LB Lfleb) ep(h Gocbedlws Csmedlssr Hleovm m(x) (HCeurdlgmided), m(x)= J3x
e1a01d QTSI (HeTeng etestled, x =3 opmip x=27 LT eTeubQGungy BTl
Oummis g Hlewmuest Lo’ (h 655 HTCETS.

XII - sewsfigaiiich 8
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10.

.0 GaTSHed aflpns HevellaTed GUTH eowl ail L higefle algaidHled FNDEDEUSHET

anu(hSlesrmg. Qeuerliiym FHnmedeuuilest Tib 1 aflewrTiqd@ 2 OF .16 6igLd HHfbEng). 241D
5 G)F.L6. 6Tantd LT HeubIGLD HfleT LITLILGTE) LOTMICTHLD GT6HT68?

. BLILNGH Logy6iTen FipGlevaf] aflerd@ alleunp 10 allewmg &@pdh@& @b LD FDDIEDSI.

S HETUNGO (b S H.LE HTT1SH60 SLILIGH Bihida TLOLLILL (ReTTS). Ae1eend:EleT sparflssnemn
SLHEmIujL et 45° Carenisans aTnUBSSHID Curg HLnHEmiuied eflESH®D CTaIRIGT6]
GeusLoms hEH(HLD?

. SDVELPTE ®USGHILL L (1K GBIl L Fa iDL GIqaID 2 6TeT (5 Hiblawevd G5 i1quilesr

<2Lpid 12 1O 1L 17 Lojmitd GLogieiTer euL’ L G&lest 471D 5 1O L (T 616857 (BILO)L_GEM@ 10 Hewr LOL L7
Gauagdled B umiiFFripEmG ereuiled, 8 1O LT ALpdHled B @ mIH@GLoBUTG Hiflshr <24Lib
2E15%@GLD CausbLD 6T65T6wT?

N7 BT Beraperer sp(h ereuf] QFhiIGSBTeN Faufleh FMuiIgs aldbsliuL (HeTeng). cresstudlesr

29L1USHD FaunmedHhg alevdld Fevaid afsid flewmqd@ 5 O L eTestleh ereushluliesr
29 LIGHLD Feunmedwbg 8 LA LT Ggremevalleh @)(rs@LbGLITS),

(1) 215681 2 8 4) 6168768 755S)e0 SLHGHTSH:SE @MBIGLD TGS HTCETS5.

(i) 61 @iBSHH0, crewsfl], FauF LOHMID H®T ASIQIDDT® 2 (HAUTSHLD (LpFHCHTewTSS6T

LITCILGT®Y LOTMISIS?

QL HlwFuled b 6p (b O\FhICHTEHT FhSIIWL HGBISGLD 63 (1h HTAUCHSHID UTHGTLD GauBLoTHF
OlFetrmy HpLoll) Hpd@ CrrsdldF CFevaVd (b LLELPE®S HITSHEDEI. FAMV FhL 96T
o565 0.6 .5 CFmeevalled HTalcvgmmuilesr aursaIpd HipdGs 0.8 H.ib Cgramevaileh
LSAphHID 2 GTer QuTpgl, OIS ThS AMmevd HHAMNGHT HIMETOEHTET(H BTSN
FHIGETG AUTERTSSENGLD LoSAphHIFGd @i riulL Fra wessse 20 Hid igddled
2B FNGENEI 616518 STLOMGSTISETETT. HTaIDFI®ND QUTEGILD Lo6wssh@ 60 Hl.ib Calsddled
b&TEMSI 6T6vTl6v Lo Lpbdlest Gaustd 6165168 ?

7.24 Gx1HCHI{H 1wPpynd GFHIGHTL 19 651 FLOGTLIT(HHNT

(Equations of Tangent and Normal)

9t e CuT(rgsarem, OsT(HCHT( 6T6TLIS auameTalaTuiles LEgIeTer 1fs CUB(BAIEL 631,

alsnyuienm 7.1

R(H FNMSHH) 2 T UDGTAIMISHS,
OsT(RSsLILC L LeTefluied OHT(HCHTH
GTGHTLIGI  QUGTAIMTUIG) LI e
BT (HEHCETERT(H  GFQILD R
CrisGHT(h A&GLD.

DU IsnY 7.2

ey  LgeTer  yeTerfluied
adaTaIdTSG  OFHICHT(H  eTetTLG)
2L jeTerusleh QUEDTUWILILIL L
Os1(HCHTL 19MHS QA eTermudled
OFbi1GSHM1%5 2 6iTer GBiEGHT(H AGLD.

Gt yeireflaser auplGuwr OFevaid CriECHT(H 2A4@LD.

\ ClamiGam(h

> X

— Qs1HCH1(®

uLiLp 7.6

P ([h UDGTAIDT &G A6 LEGIGTGT 6p(1h LeTTemuded O\ (HCHT(R LommiLd OFhiGHT(H Abliamnal
GTRIRITI] HGDLOUJLD 6TGSTLIG] A(BEHH 2 e LD 7.6 auruilevis elerdsiiL (HeTerg).
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Y= f(X) 6T6iID cUEDTeUTEOWI H(HiI%.

auarauaIuiest Ligerer (a,b) eretim Leirerlufed O\Hm(hGHTL 19687 FLOGHTLIMT(H GT6HTLIZ)
dy : , :
y—b=(x—a)x| — 26005 Yy —b = f'(a) - (x—a) ASLD.
(a.b)

CFmiGsT(h eTetTLg AIeTeriuled euengwii’t CFHTHGCHTL 19N O\ FhiGSl. eteaiCal, (a,b)
61681 LyeiTerluded O\ FmiGSHTL 19651 Fruiauesigy, Obm(HCHTL 19657 FTU 1696 HEUSLD TEHT G, AT
- [dlyj Lo ILIT@GLD.

dx J(ab)
25Gal, (a,b) er6stm LyeTerlued CFAIGHTL 1968 FLOGTLIMT(H,
1 , d .
(y=b)= —[d—yj x(x—a) 2ebevgl (y —b)X(—yj =—(x—a) JGLb.
(a,b)

dx (a,b)
@GPy
(i) cuewarauam @ @ yeTafuied eueguitii®d OsT(HGHT(H Lol 1o7%s Q)HbHT6v,
2ieTaiuieh auasdelswp 0 H@b. A%5Car (x,,y,) 16 yerafuieh QOHT(HGHTL 19T
FLochrun(p y =y, ommiLd O FhIGHTL 16T FLOGTLIT(H X = X, <HGLD.
(i) euewareuewgs@ @ Yarefuied eueguiiu®d COsTHCHTH FHdvEGsSTs B)(BhST6,
2AIYeTaIeh UeSHOHLY BTewissdias LHDID wpigailed (o) AL AsCal, (X))
etedTm L6iTafluiled OBT(HCHTL g6l FLocsium(h x =x, LoHmid OFAIGCHTL 196 FLOGTLIT(H
® Y=Y HGLD. ®
sihSHIHIhesm_1 7.11
y=x"+3x—2 er6tt auamanauangs@ (1,2) eretrm Lyeirafluded QOs1(HGHT(H LoHmILD QFHIGSHTL 1g 6bT
FLOGSTLIMT (DSBS BTGV 5. \
&joy
dy

xX-£0L1 QT IS HI ueanHuilL, @ 2x+3. 245G, (—j =5.
dx X a2

(1,2)

6160160, GHanauuTert 0\Hm(hGHTL 1965 FLoGdTLIT(H

(y=2)=5(x-1)=>5x-y-3=0 4@LD.
(1,2) erettm Lyeirarilufed CFhIGHTL 1965 FTUIay —% .

6160166, GHanauuiest O\FmIGsHTL 1968 FLoGdTLIT(H

1 .
(r=2)=—< (=)= x+5y-11=0 B0 uLib 7.7

eI(hHBHIHHTL_(h 7.12

y=x =3x>+ x—2 6IeD QUMGTAUMIHS, cTh6BHs LeTaflsaflsy auamwiiLu®d C\&r(HCHT(®
vy =x e165rm) &1L’ 19 NG Qewewsniings B)(Hdh@GL0?
&joy

y=x erctim Cri&ECsHTL g6 Fruia) 1 H@GLD. OFT(HSSILLL UDETAIMISHE e TWLILI(HLD
OsTHC&T(H, y=x e1etim CHMign@ Qewnuns Qwdbs Carasst(Hid eTestled CFHT(HGHTL 19 68T
Fmuiaip 1 6168 B)(hd% Gauetsr(bLb.
XII - sewflgaiwicd 10
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%5@@_/’ d—y — 3 —6x+1=1
dx

= 3x’—6x = 0.
245Gau, x = 0 ommid x = 2 e16851m) CHTL 19 NG Q)ewessniinss B)(HSGLD.
e1a1Gau, (0, —2) opmid (2, —4) e1etim yareflsafled auegwitBn O0sT1(HCHT(H y=x 6T6tID
G’ 19 M@ Qv QB ELD. |

eI(hHBHIHhHT_ (1 7.13

x=2cos3t opmitp y =3sin2t,t € R e1651n 0FCmsiv cuanarauanguile LigIGTeT TGHEILD §p(1h
yeirefluileb Os1(HCHT(H Lommitd O\FiiGHTL 1965 FLOGKTLIT(HHEETT; HTCEST .
Sjal

OFT(HSSBLILIL I ISTAIMTUITESIS @IL L GLDT 26060 HeTTauL 1 GLDIT 66V 6TGTLIN S Ha1GHT 5%
9 BISET LITTanaldETS Qbd aIeeTauey UL LD 7.8-60 &1L L 1L (HeTeng).

d)/ x=2cos3t;y=3sin2t
@ibunes, L = 4
7

3 6cos2t  cos2t

6sin3t  sin3t

e16Ga, 7GH@ILD sp(h LeTarfluieh O\bT(hCHTL 19 68T FLoGHTLIT(R

y—=3sin2t = — C(_)S2t (x—2cos3¢)
sin 3¢

FGT6iv QUMETEIGDT

uLip 7.8

2AHMTUE), xcos2t+ ysin3t = 3sin2¢sin3¢+2cos2tcos3t.

OFmiGsTL 196T FTu1e) eTestLg OFT(HCSHTL (hF Fruielest 1HT@GN S®eVSLD oL TETLIGTED

in 3¢
OFhIGHTL 196 FITUIGY SIOL

cos 2t

. . . . sin 3¢

2A5CBa, OFHIGHTL 19657 FLochTUM(H ¥ —3sin 2t = 5 (x—2cos3t).
cos 2t
. . . . 3.
2GMaIg), XsIn 3t — ycos2t = 2sin3fcos 3¢ —3sin 2f cos 2f = sin 67 — > sin 4tz [ |

7.2.5 GYysui(h) asnaTaI®IHh@bdhd Gs»L i 1L Gaxrswno (Angle between two curves)

| aIenyuIsn 7.3
Qe auemenaimyser Gai’igd G%meT@pd LeTafuileh auemuwiiid O51(hCHT(HEEHSS
Qe i’ GuisIGsmesiGo, Oeu (Wb yerafluileh Qessi(h cudarau®Ids@ Qe i
CHTeILOTS QU TUIDIGHBLILIHEGTDS). |

B)1685(h UM HEHHG QL LILIL 1L CHT650155)am6T, aUanaTaUeIS6T GauL’ (HLb LjeTemuiL g/
aguiL®p COsT(HCST(WEefletr Fruie)seflesr LoSliEsmend; CFHTesI(h HTGIGUTLD. Y =mx +c,

LopmILb y =m,x +c, AHw Qb CH1(HH@hdb@G PavL il GukiGasressid 0 eTesleh,

11 UGS [5G Bewel| S FGH LILIGHTLIT(H FET
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m, —m,

tan6 = .3

1+mm,
Biig m, LoHMILD M., AENI®E LPIGEDD GTITHET.

@GPy
(i) (x,,) 66t yeraiuieh @yevsr(h uavaTeuaTHET Genewt cTasilev, m, =m, .
(ii) (x,,,) er6tm yeirafufeh Bretr(h euenenauese COFhiGds LoHDILD m,, m, AEe
HTTH S B! LODDILD (LPLG&DD 6TGETHGIT 6Tavley mym, =—1.
eI BHIhesM_(1) 7.14
y=x" oPpmid y =(x—3)" 6765 QUDTAIMIHEHHSG QL LILL L CHTHIH®BS HT6HTH.
&joy ;
@QUGumaps BT Qe B yerafleowd SnesaGuid. Fwiu®Bss x* =(x-3)° = x= 5
2°4
Qe i’ Csnewid 616575, Oaul’(Hib yeTaflui S& auearalauilest FTUIeEHET 196TQIBLOTDI

erar10umevTid. 61601Gar, Gaul” (HLb Ly6iTerf] (i 2) 2AGLD. 0 61657LIG RIN(H AIMGTAIIHGHSE,

SIS S_L1L(hSesTmest :
y = x GTGSTN QUDTRUGHT D, Y
Q = 2X HGLD.
o) s Y s
Volde ey T T 2 B
33
y = (x—23)’ 6165 QUEDETUDT S, ¥
3 ) 0 2 4
& _ 2(x = 3) AGLD. uLtb 7.9
dx
_(d_yj
eyt
(3)-edmba,
3-(-3)| 3 )
tanf = |———|=— LD.
‘ -9 | 4 2©
(3
2A5Cal, O = tan (Zj m

I BHIHHM_1) 7.15
y=x" oDmib X = y* 6T UMM TEE@HHEG LIl L Caressiddleen (0,0) opmid (1,1)
61657 Glaul” (Kb LT Herfleh HT68sTS.
Sja
BUIOITLHGI BITLD QUMGTOUTHGTIGH FITUIG|SEETS; HTGETGLITLD.
Y =X’ 6TGTD QUGTQIEIUIGT FIUIe] M, GT6HS.

XII - sewflgaiwicd 12



___IEEEN ®

X = y2 6TGST) QUGATUGDTUIGT FITUIRY M., 6T .
d 1
mePoL
dx 2y
(0,0) ommitd (1,1) 616810 YeiTerflaail 45 euameraiamis@phbleant it Gsremmbiger 0, LoHmiLD
0, eT6iTS.
1

2x——
(0,0) er6trm yerafluiled, tanb, = —Zyl -89 FewTsE(PLoCUTS LUGHUIeH 0x 00 6T6TH
1+(2x) (j
2y
CarliGupns  angaugdsls  QupiGnmid.  e1esiGal,  [BTID 6TV  FHTGYILD  (LPEDGDUI
LGRS HICAUTLD.
2)6—21
tand, = lim — ¥
(x,5)—(0,0) 1
1+(2x) (j 12
2y
1
- lim |22l h
x)-(0.0)|2(y + X) 0.6
= 0.4
= 0 = tan_l(oo):%. 02
1 -08 06 -04 —(()(%00 0.2 0.6 0.8 1
(1,1) e16b7m yeafuied, m, =2, m, = > "
~04
2- 1 -00
tan0, = —21
1+(2)(2j uLtp 7.10
_3
4
(3
= 0, = tan | — n
4

eIl BHIHHM_(1) 7.16
Y =S8inXx 665N QUMGTUMTHGLD LOeWSH X -AFFANGLD @eoL_LiuL’ 1 CHTEEILD HT6H5T 5.
Sjal
y =sinx 616D QUETaU®T LOewd X -AF®F Qau’ (BioGung y=0 = x=nr, n=1,2,3,... .

QUG Lpsl, % =cosx. x = nmw -6 FMuiey m, = cos(nm)=(-1)", x -AFFetT FlIa) m, = 0 AGLD.

BwarEepd@ Qi L Gxmessitd 6 eresfley,

(=10

. 1+(—1)"(0)

_n
=>9—4 [

tan@ = =1Yn

13 UGS [5G Bewel| S FGH LILIGHTLIT(H FET
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IhHH1HHET._H 7.17
ax’ +by* =1 opmitd cx* +dy’ =1 616m UDETAIMISET 6iTedm patTmI O\ FhiGSGSH TS Qi 1q &

1 1 1 1
OFTEBTLT6) — —— = — —— 676V [ MIGY%.
a b ¢ d

&joy

(X9>70) erahim  yearefluied  Qesw(h  eudarauIs@pd  Oeul'iqd  GEmessTL b
(a—c)x; +(b—d)y; =0 ereniGupevrLp.

Ooul’ (BLb yeirerf] (x,,y,) 6T68Tm L6iTarfluiled euenareuenuilehr Fruie)seaerd HTeTGLUTLD:

dy ax

ax’ + by’ = 1 6T68ID QUEDETUMISE@ — = —— LODMILD
dx by
2, oo . . dy _cx
cx” +dy” =1 6T UMTAUMDTHG — = ——.
dx dy

(X4, ¥,) oT6tm LeiTaflufled @eter(h euaaTaUmIH@HLd CFhiGHSTs Glauigd OFTEEIL Teh
FTUI6YE6M60T GLI(h 6 LIeveT —1 AGLD. AFCa, (X, V,) 616D L6eTarluileh @)Tess(h eUGTOUMTHEBLD

O FhIGSHT1H Oaul' 19 g C\HTessTL M6

(_a_xojx[_ﬁj
bJ’o dyo

210G, acx, +bdy; =0,

-1.

GLogyiLb (a—c)x; +(b-d)y: =0
TGTLIEIGY @) (B, a-c _ b-d 6T681L1 G)LImGVITLD.
ac bd
676?57@6)_[, l_l :l_l_
c a d b

g, L1 11 .

Ty T d
@G ey Do
GLonsen. T(HSSHISHTL IQ6, AFET LONIGEELLD D GIELOLITSGLD. SABTUF ———=———

a b ¢ d
616D &L (WML L CFT6T(H, PUBAUT 6TeMHle) UMTAIMISET PETNIHOEHTHTN O\FhiGDSHTH
O’ 19 & O\FTET@BLD GTGIIRYLD [6lMIGIGUTLD.

IS BHIHHT_1) 7.18

x> +4y° =8 e16him Beiraul Laptd x° -2y =4 er6tim SFugeueniiipld CFhiGssTs G’ 194
O\FTGT@BLD TGN [l DI S.

Sjay
Casr1(hdsLIuL 1L @b aueamenalais@bld Gail (Hib LyeTaflew (a,b) 616

25Gau, a’ +4b° = 8 wHpid a* —2b* =4 (4

XII - sewsfigaiiich 14
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BILd (a,b) etedtm yeirafluieh aiail(p cuewararaniselesr Fruieseflesr GL(hdheed Lever —1 eTewr

Hlmier Gauesst(hLp.
X’ +4y* =8 -0 x -1’1 QUIT(HSGI uenHUTL
2x+8yﬂ =0.
dx
616316, Q = —i,
dx 4y

4], -nd
ax ) ! 4b

x* =2y =4 - x -g011 QUT(BES Ui

dy
2x—4y— = 0.
4 dx
G EHTR Q - X ,
dx 2y
4. -3
ax ), 2 9p°
sreiGal, m xm, = (_ﬂjx(ij—_a_z (5)
T 4p) \2b)  8b
(4)-6v NEBF F10d OHTeTEHW LIWIGTL(HSS,
a’ b’ . .
= = GTevLIG)LIMGVITLD.
~16-16 -8+4 -2-4
a 32 . . . "0 .
¢ ? = T =8 A@LD. @F®ast (5)-6v NIHMIL, BTLd m, x m, = —1 e16v111 QupeVTLd. 2A5Ca,
Ba1ei(H aueeTaIamIHEHLD O\F k@SS T% Oaul1qd C\BT6T GrBLD. u
LuapF 7.2
1. 19657aU(BLD  QUMGTAIMIHEEHSE CBHTHSSILLL  LeTaflgeaflesy OsT(HGHTL 19657 Fruicllaned
BITGEOTh.
() y=x'+2x"—x ; x=1 (i) x=acos’t,y=bsin’t ; z=%.

2. y=x"—5x+4 e16tim aumaTauas@ erliyerefsefley auammuiii®d Os1(HCHT(H 3x+y =7
61681 G511’ 19 & Qewesstuins B)(hd@GL0?

3. y=x'—6x>+x+3  erehin eI eliyaraflseflsty  auemuiu®  Os1(HCHTH
x+y =1729 er6trm G’ 19 H& OFhu@GSSHT%H B)(HSHGLD?

4. y* —dxy = x* +5 6T6hD uaTan 15 61116 ol 5a1T6h auedmuiLiLI(HLd G\ (H G (H HewLLoL L Lo
[GETEIY

5. $1pFse.  auemenrauyseflesr 6% OsT(hstu’L  yereflsefledy OsTHGHT(H  LoHmILD
O\FiiIGHT(H BT FLOGTLIT(HEGT S HTCETS.

Hy=x"-x*; (1,0 (i) y=x"+2¢"; (0,2)

. T T ) . 9 T
m)y=xsmx; | —,— 1Iv) x=cost,y=2sin"t ; t=—
(i) y (2 2) (iv) y 3

15 QU [B]GOTH6wHT B B)GHT LILIGHTLIT(H FEIT
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6. y=1+x> o168im euedeneuIHE@ x+12y=12 eretin Garlung OCFhGHSTE o &Tern
051(H G (D HeretT FLOGTLIT(H ST S HT688TS.
7. y= x_+1 GTIGHID  aIETAIMIEG Xx+2y=6 eretim GaHTLIQNG Qeewnins 2 6Tern

O&1(HCHT(HH6 16T FLOGTLIT(HHEENT T HT6E8TS.
8. x=7cost opmid y=2sint,teR eretin udTI®TSG TCSHID @ LeTefluiled
auaTwii(hio CsT(HGHT(H Lommib O\ FmIGSHTL 1965 FLOGTLIT(H BT HIT68TS.
9. xy=2 eratim GFaleus ASugaumarudEDG x +4y=0 eretn UFUMETILSENSGLD
Qe 11’ 1 Caressisdenesids H16wss.
10. x> =y* =r> wdpid xy=c> eI6him UDTIMISEET CFhiGHSTS Geul'igd GCHTeT@HLD
TGS (K% @b ¢,r AHwemal ommledlser.

7.3 Fynsf wHinyd Gapmio (Mean Value Theorem)

P(h UDATUMDTUIGT FTeIGE Qeessuns TR @ COFT(HGHTL 96T CFT(HLD
yerer), mressiledr (pewerliyeTelsers@ QoL Gur eioujid eTesTL™E FunFd wdliyd Gsmmid
o mif) CFuiSmg. w1 QU liugdew Qe Blaev wHiyd CsnmeHlest euamrwiauied(Bhs)
OVFTL_MI%eUTLD.

\
GCamppin 7.1 (GaLBlme 10H 5 Ghpmin)

S (x) er6t1m Fr171y epigus @ewr_Gauarf) [a,b] -6b Q&L fdHuwins o erengy etewayd f(a) Lommitb
® f(b)-6& @i uied ( f(a) wnmiud f(b) 2 6ren mbuig)) ¢ 61681 TGHEILD 63 (I GTGHT 2 GTAT ) @
etadfle, [a,b] etedim epiqui @)L Cauerluied GH@MBSLULFID X TGN P(h GTCHTMCHTUITAIS]
f(x)=c cTeImeUTmI HTGETGUITLD.

J

7.3.1 Gymedledr Gammmip (Rolle’s Theorem)

Gappio 7.2 (Gynadsdr Gaxpmin)
f(x) eretim gy epiqui @evr Gever [a,b]-60 COFIL FdFSwnesignsaid, Snbs Qi Glaser
(a,b)-ab eauewauisHdss150D B BEEDSG Coayid f(a) = f(b) eTesfled, G®DBSLLFLD (b
yarrarfl ¢ € (a,b) ez f'(c) =0 erarmaurnl S bhSSLD0.

x =a-uled @phg x=b ey (b OBT(HCHTL M6

y () = X)
ameraley L& ULLDT.11-60 2 &TereuTml  BEIHBTEV J©=0 > ) S
ce(a,b) eretim crevveHlanes  c-uled  euEdTWILILI(HLD
.
Cs1(HBs1(H  x-AFEDG Qewnins 2 GTeTUTNI ‘ X=a xX=c x=b
uLtp 7.11

FHTGSSTGUITLD.

IS FHIHHT_1) 7.19

f(x)=x"1-x)*,x€[0,1] erettm F179D@ Guredesr Gapmiams Hemey GFuuyb 'c'-6ir

Lo IewLIG H6e5TS:S)(h %.
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&jay
S (x) eratrugy epiqus Qant_Gauef) [0,1] -6b O idHuinesignseip, Snbs Qe Gaserdf (0,1) -0
DB SB5H5HM15LD, GLogyid £(0)=0= f(1) A& LD 2 GTeN).
Quieunapg, f'(x) = 2x(1-x)(1-2x).

1

etaiGau, f'(c) = 0 = ¢=0,1, Hmid )

=>c = 1 €(0,1). [ |
2
eI(hBHBHIHBT_(1 7.20
f(x)= x+l,x € [%,2} e16sTm FTJIINH& (%,2) e1651) Qv Geuailuied Grrellesr CHHmIbams
X
hlepmayd C\Fuiuyip LodlIenL FHTe8sTS.

Sjay
f(x) eretrug epiqus @evr Glawerf] [%,2} -6v Q&L jFSunegnsad, Smbs Qe Caser

(%,2) -6V UDBWIL GBFHHHTELD, CLogVid  f (%j = % = f(2) usa b 2 cTeng). cTes1Gar Grmedesr

Gammlig ¢ e (% , 2) 6T6bTD TedTewflenesT  f'(c) = 0 GTERILOTHI FHTEUIGVITLD.

QUG psl, f'(c)=1—L2=O =>c'=1 = c=4I, 16[%,2), e1eviCay  c=1 @160
c
G171H60)%(h FHGUITLD. [
silhSHIHIhesm_1 7.21

X’ +6

ﬂﬂﬂ%(s

j e16trm FrdnG [2,3] eretm Qe Gavarfluiey Grredesr GHnmgams Hlawmay
X

Oy '¢' -6b1 LodlIewLid Hess1dE)(H%.
&ja)

f(x)eratrm iy epiqui @evtOevarfl [2,3]-60 GO jdfunesignsad, Hnbs DL Gauert
(2,3) -6 auan UGS HHTE LD, LoPmILD , f(2)=0= f(3) ASQILD 2 GTETH).

x* -6
WO , fl(x) = ————
8 Wl f'(x) 21 6)
e1aGau, f'(c) = 0
2 —
— 02—6 — 0
c(c”+6)
=>c = J_r\/g
Quieurps, ¢ = +V6 €(2,3).
~J6 ¢ (2,3) e16wCGal, ¢ = +J6 2ue15 Crmedet GEHnmebams Blevmey C\FuIEng). u

Grredletr CammsSHlemest @b Quinseflad Fioeium'igng CsT(hHdsiuL L @t Carerfluieh
1SS TS @)(BHEGLD GTGTLISEG FLOGTLITL L SETHHTLOG) HTe8Ta LD LIIGHTLI(HSSEUTLD.

17 QU [B]GOTH6wsT BB LILIGHTLIT(H FEIT
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IhHBHIHBI_(h 7.22
x'+2x°-2=0 eretim FetiunLd Sidsmosd (0,1) eretrn QL Gavafluisd Cr (H
SeySnest @HEGLD cTeaSSHTL (B,
&jol
f(xX)=x"+2x" -2 1675 f(x) <deig [0,1]-60 O&mLgdfluineigsmsain, (0,1) -6b
QUDHUN_SSHFHFSHTHALD 2_GTETS].
QUieunepg f'(x) = 4x’ +6x°. f'(x)=0 etafled, 2x*(2x+3) = 0.

eTaiGal, x = 0,—% AGVTITGY 0,—%%(0,1).

235C8a1, f'(x) > 0, Vxe(0,1),
e1a51Gau, Grmedesr Gommableiruig a,b € (0,1) e168 cTedsisamanr f(a)=0= f(b) eTeiLomm) HT6wT
Buievig). aesmed f(0)=-2<0 oppud (1) =1> 0 ereiruhled @pig v = f(x) Aaug QL Flaev
iy Cammiiug, 0 wpmid 1-4@ @amruied Gr p@h wan x-AdewF Oau’ (HLb. 61e1Gal,
x*+2x° =2 =0 er6t1m FLo6iTLAL 199G (0,1) 616t Qe Qeuafluiled G (B Sieysnast @ HsHELo. W
Grredest GEHMMESGHT LIWIGTLITL 1% HLpdSH68TL G HTLD GLIMGVTLD.
IhHBH1HBI_( 7.23
Guredetr Ggpmiing a x"+a,_x"" +---+ax+a, e16ID UGS CoTaanist @i Gaums
Quodt  BFSuTESHS@EEG @oiudsdd  nax" +(n-)a, X" +--+a,  eTeID  UORDIILS
GCa1eauuilest 6p(15 LhFFUILDTI:E AeoLoULD 6T6H [FlDIey .
Sjal
® P(x)=ax"+a, x""+--+ax+a, cetis. o <P ereien P(x)-e1 LFwLLISESET cT6HTS. ®
e160Gay, P(a)=P(B)=0. P(x) 2ueig [a, B]-6b O gddwnsayid, Hmbs Qavr Gt (o, B) -6b
SN S555H1ELD QplILgTed Grredesr Cammiing vy € (o, B) ez P'(y)=0 eraionmy
BHITGCOTGUITLD.
P'(x)=nax""' +(n-1)a, x" +--+a, e161uhedBig CHOMLD BHlepLicwnondng. m
eI(hBHBHIHBT_(1 7.24
x* —6x° —11x" +24x + 28 616870 LIOQMILILS CHTeavauudest LFFwionsEser 2 wpmid 7 eTefley,
2x° —9x* —11x+12 er6tim vebaumitiyg Csmeanier @b udflub (2,7) o6 QoL Caemuicd
ADLOUYLD 6T6OT [6 I
Sjal
P(x)=x"—6x" —11x" +24x +28 e16ttm LcvIMIILS CHTedaus@ o0 =2, B =T ecTens6Hm16sm(H
T(WSBIGSHTL(H 7.23-68T (pig eaull LwicTLI(HGH GCouetst(hLD.
QUG LpS), %x) =2x" —9x" —11x+12 = O(x), (67657%).
QB0 mhg O(x) er6tin LIMILILSG CHmeaules spph FSHwip (2,7) eretim @evr Geuerlufieh
SIGOLDUJLD 6T6¥T [6lMIGIGUITLD.
Fiflunidsen,
0(2) = 16-36-22+12=28-58=-30<0
O(7) = 686—441-77+12=698—-518=180>0
@HOBibgE O(x) e16trm LOIMILILS CHTamvauuilesr sp(p uFFuib (2,7) et6irn Qent Glaveriluieh
ADLOUYLD 6T6THGDITLD. [ |
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GPICLjey
Grmedett GEnmEeSL1 LIWLIGTLI(HSH @UIGUTS FITTLIEHET
() f()=|xhxe[-L1] s amiy f(-)=1=f() een @wps Gurdaud Gureds
Canmgamal! LLETL(HSS @uicug). 616 6Tesfled x =0 -aled f(x) eIl &HdbEsH6060.
x=0 erafled

0<x<] e 00 EMY fO)=f)=1 erar @bs Cundleid Grmefsir

1
) f(X)={
X

GCanmgamal! LwGTU(hSS @icvng). a6t eTevlled f(x) e x =0 -afleh COHTLfdSHuinesig
®@)svemev.
: T
(3) f(x)=sinx, xe {0,5} eTedTD FILY, epigs Pevi Caver] {0,%} -6 OFTLFFSuinEaLp,

Sy Qo Clover] (0,9 -6 asuilsssbssns Gupsiaid 0= f (O);tf(%j:l

616TLIGTE) Grmedest CHmmbensl LuweTL(hS% QuIcuTg).
f(x) ewg epiqui ewi_Gaverf! [a,b] -6 Q&L FdFSuinengsisayin, Snbs et Geuaf] (a,b)-6b
aIdSUN_S555515D Qbbg  f(a)= f(b) e @rEGLD Blaevulaid Grredesr CHnmeams
BLpga6sstL_aurrmy Qg ieLorii(hEHeurLD.

7.3.2 GvdsynehFudsdr Fynaj wHrnysh Gapmio (Lagrange’s Mean Value Theorem)

(Cappid 7.3
f(x) UGG/ eLpIQ.ULI BaL_Glaver] [a,b]-6b
CenLisflunegnsann, FHobs QoLbeafl  (a,b)-6v
aISHUS555515a)D (f(a),f (b)) Abwemar FLoLors @) (hd%
Gauctorigus Aaufuid Qevanev). 2 6Tengl 6168TH. ALCLITSH]
G®DBSLL FLD p(1h LeTar]l ¢ € (a,b) -uflenewt
fioy = 10=1@ 6
b—a X=ax=c x=p
\ GTGYILDITMI HTGEIGUITLD. i 709 )
@GPy

E
f(a)= f(b) erafled Gevdgmesduliesr Fngfl s Gsmmip Crredlesr E
Caimsmsd S, Gevsanessludesr Fumsfl whliys Csnmsdlaver &ipein
Gpredetr GemmLd 6T65THCmITLD. ;
@GP jemy
B5CasnmaSler o arenminbg alendsonesig (a,b) ereim Qan Geueulleh Elﬁr
S(b)—f(a)
b—a

[ (x) -et1 Fna] ommieissms -utd LoMmmILD c-u6b HeSIGHT LOTINSHMS [ '(C) ujid

GDISES).

Ol TTerFudetT @evL Lodlid CHNDSEHGHT aigald Hessils allerdasLoneig (b e Caserfluieh
Fongfl orpul’ (h ofsonerg, Ahs QoL Oeefluier o draflpréed b LeTefuieh HerGhT
LoTMIGTSSE N GF FLoLoTE BB GLD. BFBMET SLpdEHe0sTL 6T(HdEHIFHHTL 1QGHT LPGULD _GETTGUITLD.

P LoSaphsreig 200 15 Frisews 8 ey &Tevddled HLsEng cresled @B Frmf
FHeanFGausid % =25 15/69) 2A&LD. @b 8 aflesimig smev ant Oaverluienier erGHeniib 6p(h CBIddled

& phdletr Caustd &I (BHId H@Hel Fflwns 25 16/el) AsTaig 90 &H.b/wessilufienestd & (Hib
eTedTLIN S FITF ] Lohliyg CHnmid 2 mik) OFuIHesTng).
19 QU [B]GOTH6wsT BB LILIGHTLIT(H FEIT
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Gappio 7.4
f(x) eretim Fmjunewgy epiqui Qevr Gauaf]! [a,b]-60 O&mLFFHwnengnsan, Hnbs
Qavr_Gauaf) (a,b)-ev euansuiL$H5551%H D opmid  f'(x) >0, Vx € (a,b) Asa b (BhHST6D,
X, X, €la,b]-@&, x, <x, erasled f(x,)< f(x,) ASLD.
[bleHLIG3ID
Fonah] g Csnmiiug, ¢ € (x,,x,) < (a,b) AewTsH)

S(x)—f(x)
-X

Xy =X

= f'(c) eIImQUTII HTEHIGVTLD

f'(c) > 0, wpmid x,—x, > 0 ererugmed [f(x,)— f(x)>0n@b.

QeSB! HTLD X, < x, 6Tasfled f(x,) < f(x,) 61601t GQLmeVTLD. |
GPICILjeDy

f'x) <0,Yxe(a,b) wppup X%, €[a,b]-dg x <x, eafld [f(x)>f(x,) @D
Bgavtujip GLomaessi wpedmuiGevGur Bl miaieuLp.
IHHHIHBI_{H) 7.25

f(xX)=x—x", 1<x <2 eratip #1190 (1,2) 616870 Qv Clauarludled Fraf) Lobis CHnmsbms
Blepmay QO F Ui Lo NS S HT6H5T 5.
Sjay

® f(x) ez QsnRssiiucL @ Oevafluieh euegwmdsiuc @ wHpud 1<x<2 o165 ®

B Cauefluiled auamsuil $5555150)0 2 6rangl. Cuayp f(1)=0 whmid f(2)=-2. ereiGal,
Fon&ifl oghiyg Cemming ¢ € (1,2) A6z

fe) = % —1-2¢ crehimy DB @in.

2ASTUG, 1-2¢ = -2 = c:% ASLD. [ |

allg Al FHemflH IATHBLD

y=f(x) e16tim euamanauamis@ Fansl g CHHmeSlet agal
Fe5olls NGTEBLOTEHIG] (LPGTLILGTONEET X =a wHmibd x=b anbGus
OFcbauid BIawIGEG Qmewnins @b  OFT(HGHTL 96T  GFT(HLD
yerefluienest ¢ € (a,b) e1asTmeummy Hiesst @uieyiLp.

G0&HFTehAUST FFTFf L0HIILS CHDMHDH T aTsnaTa |HsIT

uLio 7.13

g wdiys CHnmSHeT aumuevns Bt SLpEBTEID eLOGT M)
APSEHNLI (LPIQ e FHETLI GILIMGVITLD.

(1) Qasr(hsstiu’L.  Fajfesr  gpilwebysd SHestewioews Sitomesid GFuw  LweTLBHEDS.
(Gasmmib 7.4)

(2) f'(x)=0,V x € (a,b) etadfled, f Ae1g (a,b)-6b p(h LOTHGS) HSLD.

(3) f'(x)=g'(x) Vv x aafled, f(x) = g(x)+C 2@LD. (@hig C gGsamib @b Lommled)
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7.3.3 uwsdmunm et (Applications)

IHHBHIHBT_(1) 7.26

P(h FDLD 2enfd) FbisF Fralg Framevudeh Loewslld@ 80 H.ub Calsddled O\ FIENS). 2ihs FeLD
oarjd) 2 1oesst] Grrddled 164 S Luwiessidans Hlavmey OFUISDG). FbisE FTaug FIamev (LPIQaied
Gauasd s1° (HrILm e LEYlwigNHTest 2dsM S F1°(H L (Hest (B uLpbis IL(HHGSTDS. Aaif Calsd
S (Wl e Lhluieng Fansf] g Camme et Hiament C\smessr(h HlumuwititBhdsis.
&)

't" Loesstl G dleb p1” (Hevtr sLh% OBTemevay f () 616trs. [ (1) 2esigl [0,2] -60OBTL FdFHuinesig
wnpid  (0,2) -6 eudsUi FsHdag. Gogid, f(0)=0 wpmpiud f(2)=164. sgrnsd) whHiyg

Conndamsll LWGTLI(BSS, ¢ 616D ST f'(c) = 124 -

=82>80 eTe®ILOTMI HTGHIGUTLD.

eTe81Gau, b 2 Loewsh] Crddled aCGsamind b sewwr Cruddled uhs L BBT 80 &b/
Gausgdled Lwessnd CFuIb(HsEs Gauassi(hid. AFGar, AHSE Calsd &L (HrimL er LOmuISHETES
25T £1° (5 auLpriuBiig) BluwimuGLo. u

IhBHBHIHBT_( 7.27
f(x) et6tm auemsii$s5%5 Fagy f(x) <29 wnmid f(2) =17 cTesimaunm 2 6Teng 616560,
f(7) 681 245 F0L1L" F LoEN NN HTCET .
Loy
Fona] s Csnming 'c¢'e (2,7) -2
AORIAC)
7-2
<45Ga, f(T)<5%x29+17 =162

= f'(c) <29 616518 HTGIGUITLD.

e1e01Gau, f(7) -6br 2ublsLi’ F by 162 A@ib. u

IS BHIHHT_(1) 7.28
gl g CapmiamsLs LweTL(hSs),
|sina—sinf|<|a—B]|, a, BeR erer hlmies.
&ja)
f(x)=sinx eretLg AdSH Hwbs QL Oaeluieid eUMBUN_ GSFHESTGLD. eLpIq U
Qe Caar] [cr, Bl-au S(BSHI%. FanF] g Casnnémst uweTu(hés ¢ € (a, B) -

sin B —sina ) )
sinp—sina = f'(c) = cos(c) 61681 SHTGHIGITLD.
B—a
sino —sin 3
sreGay, |—————| =|cos(c)| <1
a-p
250al, [sina—sinfB| < |a—-L]. -

@GPy

B =0 erewd Gsmessrmeb, |sina | <|ot| 61607 Hewid@GLb.
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IHHHIHBT_H) 7.29
@ 2paiiuneley @mba @ Oauliu  Hleeviorest) 1S (B CFTHEGID  Hifleh

@audsIuL L gl. —10° C -aSphg 100°C -4& 2 wids Oauliufleveuionesild@ 22 aflewrmiq s6iT AEmg).
gGsaLb (1 Gbiyid t-ufled Qauriiblenev Lommuuim” (B afsip 5° C / ellewtmig 4% @)(hd@Lb 616515:aML" (h.

Sja)
t 61681 GBS Qauriublevevenws f(t) e16irs. #nsifl odliyg CepmeHetiLig,

fe = L1
_ 100—-(-10)
22

110

T2
= 5°C / aflevrrnig.

25C8a1, TCHaILD (15 CrrLb t-uled GauliLiblenev ommyum’ (h eigid 5° C/eflestmg 4@Lb. [ |

uuaps 7.3

1. Qsr(hssi’L  Fmiysers@ OasrWdasti’t QoL Qeaefluied Grredlssr Gammid  eredr
LIGTL(H S (LPIQUITE] GTGTLIGNS 61T & &ds.

(i) £ = i

(i) f(x) =x—2logx,x €[2,7]
2. Gyedletr  Gammeeslt  LweTLU(HSS) SLbFHTELD  FITLUE@HSG X -6 6TLDLDENILE6HTIGH
e OsTHCHT(H X -2AFHNG Qewewuins QB @GHLD?

(i) f(x)=x"—x, x&[0,1] (i) 1) =5 j‘ , xe[-1,6]
X
(iii) f(x)=+x —g, x €[0,9]

3. OBT(HSSILL L FITLHE@BSEG OFT(HSSILL L Qant_Gaueiuileh QevdrmesFudesr Fymef) odliyd
GEmmLD 67651 LIWLIGTLI(HSS (LPIQUITS] GTGTLIGDS A6 & @ s%.
(i) f(x)zx—ﬂ,xe[—lﬂ] (i) f(x)=[3x+1]|, xe[-L3]
X
4. QeugnmesFudetr Fonsfl g Cammebamstt LwTURSGS) CBT(HESILL L FTTLHGHSE
CaT(rgsLiuL L Qe Ceuefufesr wpeeutiLjeTenser aubGu O\ Febed HTenIdbE BeesLITS
(b OBT(HCSHTL 19687 OBT(HLD L6iTeailuiledr x -6bT LoFIDLIS HTEEsTH.
(i) f(x)=x"-3x+2, xe[-2,2] (1) f(x)=(x-2)(x-T7), xe[3,11]

, xe[-1,1] (1) f(x)=tanx,x€[0,7]

5. 0) f(x)= 1 1681 FTIINEG [a,b] - LOews LpLp 6T68sTHaTTS G)HT6HsL eLpiq i vt Glaert]
X

[a,b]-6b ggmaif) 1flis Gappsdetig @uid iy Nab s1ar Hpieys.
(i) f(x)=Ax"+Bx+C e1atim #1190 61h% @@ epiqus Qe Qevel) [a,b]-6b Fgrgd

N . .. . a+b
oBliyg Copmsdleiiig @mid) bl — o BDIeys.

6. (1 UbsW LoFaphgl L BHBT 20-a1g HBeTLHL 1 75606060 @BSEMTT. HeuTF L0 LpHEGHT
Gouastd 150 S.ib/ioessil-eows eTrIGUTUPSILD SHassalevancy erafley, H(hdH Bressi(h Loesst)
Grdbleb 2Aauf S S@GLD ASFLL F E.LD H6V 61616017
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7. f(x) eredrm grgunengy, f(x)<1,1<x<4 erasfled, f(4)— f(1) <3 cra1b&IL (H5.

8. f(x) e168Tm auedHUIN_SH5H Fagumed f(0)=—1, f(2)=4 wnpiud f'(x)<2 V x eleimaummi
B85 LpiquLoT? 2 681G USVISHE SGhS NTHELD H(Hs.

9. f(x)=x(x+ 3)e7, —3<x<0 6IGIM AUMTAUMIEHG X -AFFNG Qeewnins aeruwiii(hLb
C&1(HCSML 19681 OHT(HLD LyeTefufesr x -Lodiys (=3,0) er6sn Qewr Caveilufeh SeLoulid 6768
bIieys.

10. ggnef) g Capmématt uwet(®hss) a>0,b>0, e —e’ |<|a—b| erew Blmiays.
7.4 Gxmm_fedr alflameir (Series Expansions)

wpIgeieLGUT  GTGBITEENGEHUNGVTEST (PN  IMHUN_SH5E  FrjLserlesr G uieur Lopmib
Oodseurtiflett aliflays6ir.

f(ﬁg,g‘)mlb 7.5 A
(a) GL_uisvflsdr GiBmL_j
f(x) er6t1m FrrjLTeRg X =a-ulled APIQAUND GTCETCHIEBUNTET (LPEDMN UDHUIL &HdHEE]

6Tedids.  (a—e,a+e),e>0 oraid QL Oaeflfled  f(x)-22 SpdsTaID  6UgaIbHleD

A fleundHeuLD :
o (n) ’ (n)
f(x) = 2%@—@" =f(a)+%(x—a)+m+%(x—a)" dhcac
() (b) Godevmyeafledr GHTL_j @
a =0 erestled, GLomaesar aiflafedr euiqaLh

L f(x) = g%xn=f(0)+%x+-.-+$x"+--.. )
B LIGKID
£(x) a7 afiflay, (x—a) -a7 D@50, SpssTemiony sl ssip:
109 = dy+ 34, (x-a) ()
x=a eranfgHiL A, = f(a) 2@iv. (1)-5 x-g3r1 QUT(BSS) QuadSIL,
f1x) = 14+ 2 nd, (x—ay" .. (8)
x=a crentt OHIL A = £'(a) %@L;). (8)-89 x-g91' QLTS8 QUDSLIL,
f(x) = 214, + 217(11 ~D)A (x—a)"> . (9)
x=a erall gL A, = f ;("’) UGLD. (9)-g01'1 QLTSS UDSUIL
F(x) = 314, + 2 n(n—1)(n—2)4, (x—a)"” .. (10)
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(10)-g0 x-go11 Qups gl (k—3) wpedm auesuilL,

FOx) = k'4, + i n(n=1)..n—k+1)A4 (x—a)"™* ..(11)

n=k+1

(k)
x =a erell gL A4, = S k( . 2A56au GLomaessri. GaMmLD iUl L g).

Qb FTT®U X = a-5@ 2ABE6D afliflairdsid COFtiousn@, AsTaug (x —a) -6 2A(BHSHGHe e
aMflaungap CFtiaisn CETHSSILIL L Fajemu CH@anuTest Lpmn aI®SIU(hESS x = a-uled
Lodinlenenrds st Gauasst(hid. @UoLodNis6T (x — a) 651 4(h'd GG &eIHHhISE®ETS H(HLD.
oIS BHIHHT_1) 7.30

log(1+ x) -681 Ghndevrmyestletr afliflever —1 < x < 1-6D BT & LFFWILDHD 2 MILILEET QIGHIT HTCITS.
&joy "

f(x)=log(1+ x) er6t1%. f(x) 687 Ghodeuriestier aflifley f(x) = Zn L, ax", @hie, a, 7O (0)

f(x) -6 auensE60ELpSs6T ommitd x = 0 -60 @6 LoBILEET 41" 1L auenawitiL(hSSUILL (H6iT 66T,

FITL| LODWILD SSHGHT log(1+ x) Lommitb x = 0-6b Lot
U EHS0/5(LD S & 6T SABGHT QUDBH0NBLPSHH6T H
f(x) log(1+x) 0
. 1
J'() Tox 1
1
f”(x) N (1+ x)2 -1
2
. 6
f(lv) (%) - —(1 N x)4 -6

AL’ L aemesst 7.2

Bubodliiysmenrts 9N (HF F(hds, BLOSGH Coannest Nflelewes HpdbEHTERILOTNDI

OumeVTLD: s 4 .
log(l+x):x—x—+———+--- ;-1 <x<1. [ |

eI IHIHHM_1) 7.31
tan x -6t7 affleney —g <x< g -6V X -6 AWGGSHMTEH SARISHI H(HSSHAUMT HTCUTSH.

Sjal
f(x)=tanx er6tr®. f(x) -6t1 GLodevryestiesr afliflay
()
f0=Fax" . @b, o1

XII - sewsfigaiiich 24

16-12-2022 17:10:56‘ ‘



B [ ® H .  EEEm

(%) -6 auedsH0H1pd BT ommitd x =0 -6b @)&6dT Lot BT

QAL L QUGWTLILI(H S BLILIL (H 6T GG :

Bri6lumwpg,
d
f'(x) = —(tan x) = sec’(x)
dx
" d 2 2
f(x) = d—(sec (x))=2secx-secx-tanx =2sec” x-tan x
" d 2 2 2
f(x) = E(Zsec (x)-tanx) =2sec”(x)-sec” x+tan x-4secx-secx-tanx
= 2sec’ x+4sec’ x-tan” x
™ (x) = 8sec’ x-secx-tan x +4sec’ x-2tan x-sec’ x +8secx-secx-tan x-tan’ x
= 16sec’ xtan x +8sec’ x-tan’ x
f(x) = 16sec’ x-sec® x +64sec’ x-sec x-tan x-tan x + 8sec” x-3tan’ x-sec’ x
+16secx-secx-tanx-tan’ x
= 16sec’ x+88sec” x-tan® x +16sec’ x-tan” x.
S LOHMILD SSEHT tanx LopmILD x =0 —6b Lol
UDBH0NH(LD & 6IT DB UMEH0)E (LSBT B 4
@ f(x) tan x 0 @
S'(x) sec’ x 1
S"(x) 2sec’ xtan x 0
S"(x) 2sec’ x+4sec’ x-tan” x 2
7™ (x) 16sec” x-tan x +8sec” x-tan’ x 0
f(x) 16sec’ x +88sec” x-tan® x +16sec’ x-tan* x 16

L' L auenesst 7.3

BioLodiiysmanrtt (DTEI (HE & (555, BL0dGd CHaarnuimest aliflanar SLpdSmesyLommi GLmGUTLD:

I 5 2 T T
tanx=x+-x"+—x" +--+ ; ——<x<—_.
3 15 2 2 |

I(hHBHIHHTL_(h 7.32

1 681 G)_t'1evrr G ifledr afliflemay x = 2 -6 (PpG6D eLpGST MY LLFFUILDDD 2 MILILBET QUGDIT HTEETS.

X
Sjey

f(x)= 1 616871, [ (x) -6t1 Q_u1eurfletr alifley
x

n=o0 (n)
0= 30,62 Bhga, -2,
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f(x) -6 UBHOHUPSHHET  LOHMILD x=2-al60 @61 LOFNIYFET L L QUGHGSILI
L(BSBLILL (DT ETGY..
T LoHMILD 146 1 LoHMILD 46T
ST PYODILD <A x ROID S x =2 -6b Lol
UMD BH0NB(L 6T , . .
U BS0)5(LD F 6T
1 1
S (x) . >
: 1 1
S'(x) 2 4
. 2 1
1) = 1
" 6 3
/() ) 73

2L 1L auenesst 7.4
BQioiod) st 9gHEUI (B & (5%, BL0 G CHamauinest eiflewer SLpdETemILommI GLIMEVTLD:

1 1G=2 1@=2)" 3@a-2'

—_

x 2 4 1 4 2! g8 3!
® _ SOV (r—2Y ®
1_1_ (=2 (=2 (=2 i
x 2 4 8 16
LuapF 7.4
1. SLp&HTEILD FTTLHEBI:G GLndevrTestlesr aflifleveud; Hrewsas:
(i) e (ii) sinx (iii) cosx
(iv) log(l—x); -1 <x<1 (v) tan '(x) ;-1 <x<1 (vi) cos®x

2. logx, x > 0 eretim Fnjifesr G ievr CFmlesr eliflenay x =1-20 CUIT(BSSHI LPHGL eLHGTHI
LFFILODD 2 DILILSET GUGHIT HITCETS.

3. sinx -et7 afiflevay x —% 68T AW S GBI (LPFHGV eLPGSTM LhFFILODD 2 MILILBGT QUEGDIT FHTGETS.
4. f(x)=x" —3x+ 2616810 LGOIBLILS CHTeauufett aurfland x — 1-651 24(HbGHBN TS HIGTSTS.
7.5 GaxyIGLIPT ailg BIKET (Indeterminate Forms)

@i riugHuided erevewev odnlewen HTeIbOLTEpE CHILIOUDT QUIQAIBISET @I(HLD
Hlaeuuiled cTalaUTnI 6TeVaM6V Lo ILNDETS HeviTd:d)(haud) T LIS LMW HTeEsTGLITLD.

7.5.1 e1e0emed HaaID (pswP (A Limit Process)
R(x)etewiib sp(h FmiIn@ lim R(x) 6T@®ILD 6T6VMGUEDILI BT DOILITLHS] BITLD

0 o »
e 0xo00, 0—00, 17, 0°, 0" o) GLbhlewavsmen &idés GreuLp.
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Buoondiflwinest augauhisailed 2 6T6T GIGTISE®ENT, BTLD FAHTIGILDTGT Fa L L 6D LOHMILD
Oupssdetr aNFlsmend Osnes(h wHNI_  wpiquing. @UbionSfluines anqeIbISE®ET [BTLD
CaIiOuUDT Qg aukiseT 1THCDTID. QRIGIQAIBISMET (b  GTGRTGRITS  H(hb (LPIQUITH]
erTCUTHid, @bhs CHILIOUDT G euhisefles 6Tebaev LSBT @ LW Lkibaest
YEL AR

207657 GILTGastTed) eT6sTLIGT GOFTGSE LoHMILD LGS ASuwiemar @yessi (LD LdF FuiGamHBUIT 66V
oo —awiGwim OBBAIGLOBUTS IanHSH0BAPSEMET C)HTEHSI(H TAIAITNI 6TEUEEV LOGIIGHLI HTCESTLIS
GTeQILD (Lpemanis HesT(HINg ST Rk aildlew sMCLTE Ceumifsmedetr a9d) 6161 1ewLpsECmTLD.
BaiaiSwneng Guierid 19 Geumlsrey e16im 196T6hd AMGHT TUPINI UGS [BIGVTECH S5
<2flapsip (Introductory Differential Calculus) 67a9iib BreSlebamest wpedt pHedleh HFS it g).
251G Rareidlenuws Gevmi9sTedsst afld) 6T6dTmI amLpsEGmTLD.

7.5.2 Goomazmmetledr aigy) (The I’Hopital’s Rule)
f(x) ommid g(x) AFweer aueansuilgHds Friyser opmid g'(x) # 0 GLogyb
hmf(x) = 0—11mg(x) 6TGoTI6hH hmf( )—11 S ) 24 GLD.
x—a g(x) xoa g ()C)

hm f(x) = +oo—11m g(x) erasfleb lim S ) =lim S 2AGLD.

x—a g(x) x—a g'(x)

7.5.3 GxyGLpT ang amiker (Indeterminate forms) %, f, 0x o0, 00—00
o0
® eIhHBHIHHM_1) 7.33 2 ®
3x+2
Feo8155)(h% _
® Hl(xz—4x+3j

&jay
x =1 ere Grriquinas 9gHuIBoCungl HILD % e1657m GHILIOLDT augaibamsLl GLmiEGmmLD.

O&1&d) wHmid uGH AFwumear aufledF 2 26rer usbamIiyd CErmal. A%H5Cal 6TaTGal
UDHUIL_SSHF:EMmal. AHBal, CevTiisTedlesr Ganmeaal! LwGTL(HSS,

x*—3x+2 . (2x-3
lim| ————— | = lim
=1 x* —4x+3 i\ 2x—4
1
2’ |
¥ =3x+2  (x-D(x-2)
¥ —4x+3  (x—1(x-3)

61607 HTTGILILI(HSSH6V (LPEDUIVILD FHTGTGVTLD.

6T6LEEV LOSIGHL

oIS BHIHHT_1) 7.34

HeWTSE (D% : lim(x —4d j

xX—>a x —_ a
&ja) 0
x=a e1ev Grriquins (NgHuIBioGung mrLd 0 61651 GHILIOUDT g gt GumiEGmmib.
O51&H LDmID LGSH AW LORIMILILS CEHTMRIFET. AFHTD AUMBUIL_SFHHEHmal. 616166,
G 9%medes CHnmebeandL LieTLI(HSS,
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. [ x"=a" . axx™!
lim = lim
x—a xX—a x—a 1

-1
=nxa"". [ ]

IhHHIHBTL_{H) 7.35

. . . sinmx
oIy HTeserss : lim :
x—0 X

Sjay

x=0 ere Grriquins 197EuNBoGLITg) LD % 61657 GHILIOUMT Qg euseSLI CILmiSCnTLD.

2A5CBa1, Covmsmedesr GanmemaLl LWGTL(HSS,

. sinmx . [ mxcosmx
lim = lim| ———
x—0 X x—0 1

=m .

2ABHSS 6T(HSSISHSHTL 196D 676DV B)eV6VITS FGTELOILI AMNLIGVTLD.
eI(hHHIHBT_(1 7.36

. . . [sinx
Lol &ievsts - lim| —— | .
x—0 X

Sjay

x=0 erer Gryiquins NgHuIBLoGung mTLd % 61651 GHILIOUDT Gugeudesrt OLmiEGmmib.

25Gav, Caur9%medleir CENME®mSBLI LIGTLI(HSS,

) sin x ) COS X
lim > = lim =0
x=0" X =0\ 2x

) sin x : CcoS X
lim > = lim =—®
x—=0" X x—=0" 2x

B)_g/ LoHMILD GIGVF] GTEVGVHET FLOLEGVEGV AHGVTEV GTCIEEV B)ehanev. [ ]

@GPy

lim (Czﬁj -4@& p(haulj LEcST(HLD GovTiisTedlest eilblevwitt LiwieTLI(Hdd)
X

x—0"

. COS X . —sinx . . .
lim = lim =0 61688 HTEOTLIG FHUITGHZ 606V
=0\ 2x x—0"

6I68T 6Tevfleh lim (COS al e1681LIg GHTLIGOUDT auigaudHleh Qevanev.

x>0\ 2x
IS BHIHHT_1) 7.37
( 1—cosm0
1—cosnb

lim

60

j =1 erefleb, m=*n ere HlmIcys%.

iy
(O] (%j 61651 CHILIGILIMT Qg auddled 2 6iTen e, GaurifgTedesr allblenws LiwicTLI(HS,
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. (1—cosm0 . [ msinm@
lim| ——— | = lim| ————
00\ 1—cosnf 90\  nsin nd
T(hSHISHHTL (B 7.35-80 LweTL(h S5,

m sin m0 m2
llm — X - 0 = —
0-0 su;ne n

2 2
250al, m°- = n

BTG, m = tn. |
eIl BHIhHT (1) 7.38
B : lim log(1=x) :
=17\ cot(mx)

&ja)
Bz x eTaILD GHILIOLDT augeled 2 6Teangy). 6TaaGal, 6TV Lo IenL &Tewt Geurmifsmedesr
00

alglemws BT LuwiGhTLI(HSSGUITLD.

fim 10800 _ iy T (f Mmj
o cot(rx) b —meosec® () ©

= lim m (9 61IL(]_6)_ILL'))
1| (1-x) 0

16685 (h'Ld Gavrrifgmedest aflblenws LwesTL(H S,
— tim ( 27 sin(x) - COS(TL')C)]

-7T

BF®er1d & (55,

x—>1

= lim (—2sin(7x) - cos(x))

x—1"

=0. |
IhHHIHBT_H 7.39

Sja)
851 © — 0 6Tan)ILd GHILIOIMT aug6i6h 2 61T F). 6Tevamevant Lo LN B)Hmast (%j Qg aISEHNS

torrmm), GevmtAgmedest efidlewus LwiesTLI(hs% Gauessr(hLb.

¢ i 1 L lim ¢ —x-1 (O YY) j
- _ AR I B b
el T o o) T el e -y ) Lo
QN[O lim e-x-1) _ lim i G).ILq_G).ILD
a2 x—0" x(ex —1) T oot xe* +e*
) e 1
= lim| —— |=—.
0" | xe* +2e” j 2 [
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IhHH1HHT_H) 7.40
9B . lim xlogx.
x—0"

&ja)
B85 (0x©) eraid CaHIIGOLDT augalleh 2 6rarg). eTebewevenus Lo HTD @Hmest (fj
o0

61aqILD GHIIOUDT augaudSNG ormm GCauesst(hid. g6t 19n@ Ceumiismeder afliflew LweTL(hSS

Gaueser(hLp.
) i log x g
2%5Ca, lim xlogx = .50 = w o
x—0" *
1
= lim| = = lim(-x)=0. [ |
x—0" —% x—0"
IhHH1HBT_ () 7.41
2
Lo nI(H% lim(Ljﬁwj.
X—>0 X
Sjay

(O] [Ej 61a0)ILD GSHILIGILMIT auigaileh 2 6TTengy). Qb 6TeLVEILIG HTewsT GevTLIg T eildaniu
0

BTLD LILIGSTLI(HSSHGUITLD.

. [P +17x+29 . (2x+17
2A50Gal, lim — | = lim 3
xX—0 X xX—00 4x
= lim 2 = = 0. [ |
X—>00 12x

IS BHIHBT_(1) 7.42
LoFINI(B% lim{e

X

b
x|y

jmeN.

&ja)
(O] (f) eTaitd GHIiOumT augelled 2 erang. A5Car m apedm GevmIsTedsr alflemuwi
o0

LwcTL(hésH Gauectst(hLD.
X X
. e . e
25C6al, lim = lim—
x>0y x>0 g
= 00. L

7.5.4 CaxynGupT ang amissr (Indeterminate forms) 0°,1°wpms oo’
Baieummrest CHIriOLDT augeubigE®ar oL, D pFeded eTevaney LoBlnInsmest GFitiLy
Friy CHHDGHmB eI mILIGLTLD.

Gappid 7.6
limg(x) Snewigsdssg wnpnid Q&6 wdhiy L erers. Guogid f(x) Aeig x =L -60

O idSwinesg 616515, 2A45Cal,

lim /(g(x) = £ (limg(x)).
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oTeVsMVeDIT LHINAHID (IpeDD
(1) 4= }Clilg g(x) wLdmass Fnglher OsILidHs Setmwdssns  A>0  e1a1560%m68(H,
BynapLd o1 s 61(Hes log A = ll_r)ral log(g(x)) ereliGumevrip. eteiGeu  f(x)=1logx
-&& CLomseist. CHMMIH®BLI LIWIGTLI(H S,
limlog(g(x)) = log(lim g(x)) 24D,

(2) mp GevmIsnelesr afilevws vLweTL(RES, limlog(g(x)) g (%J 2I6VVG/ (fj

o0
agausbled @mda Gauessi(hLp.
(3) N1’ L 6TV o 6TGUSH0IBTEESL 16D CHEAULITE 6T6VMGV e* A4 GHLD.
IhHBHIHHM_(1) 7.43 1
Gavm9gmedesr alldlenwws LiweTL(HSS), }Ll’gl (1+x)* = e eTa0 Hlpiays.
Sjay 1
Bz 1 e1e9i1d CariGumT augaileh 2 erargy. g(x) = (1+x)* 6T681%. DL G@®% 6T(H55,

log(1+x)

lim (Mj (% 6)_ILq_6)_IL£')j

x—>0" X

log g(x) =

@® lggl log(g(x))

1

lim (“—XJ (Covm9gmedletr elblulesLig )

x—0" 1

=1.

syemrreb, lim log g(x) log(lim g(x))
x—0" x—0"

G IEHIR log(lim g(x)) =1.
x—0"
A5Gl 2ABWSSLILUBHSGS, lim g(x)=e. [ |
x—0"

oIS BHIhHT_(1) 7.44

1
wHn9BH% . Hm(l+2x)>°8 .
&jay
Qg <’ e1amILd CHILIOUDT augaileh 2 6Teng).

1
g(x) = (1+2x)"¢ 61687

oL S 6T(H %%,
log(1+2x)

logg(x) = 2logx
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log(1+ 2x)J oo

— QUL QILD
2logx © j

limlog g(x) = Hm(

Il
.é..

_2
{ﬂj (Covm9gmedler alfliLng )

i X 0 )
_ 1m — GYLQ LD
= ol 112x) (oo

lim log g(x) = log(lim g(x)) :

A5G ABDSSLILB S, BLOSGEHdH CHAILITET 6T6eVEVUIET NP OumevrTLp. [ |

IHHHIHBTL_H) 7.45
1

LoHnIH% : lim x> .

x—1
Sjay 1

x—1 erarfleb 1% 6Tamyth GHIIOLDTS auigefleh 2 6Tendy. g(x)=x'"" 6T6tsb. Lol Fands 6T(Hd:s

long (9 ] G)JLbj
1-x) o ™%

logx
1-

lim

x—1

logg(x) =

h%

e1a81Ga, lirrll logg(x) =

Gavm9gmedett afldlenws LwesTL(HSS,

1
lim(Lj =-1
x>\ —]

2AGVTT6D), lirrll log g(x) = log(lirrll g(x)).

256al, ABFGLILBSS BILD OUDIaIZ),
1
1

limx'— =e'=—. u
x—1 e
LIGHA 7.5
S & &HTeILD 6TeLaHMm6T, GhamalliLi(hib @ migerfleh GevmisTedssr afiflew LwiesTLI(hSS) HTevers :
2
1. lim L2082 2. lim—2X =3 3. lim
>0 x xoo xT —5x+3 = log x
. secx - . 1 1
4. lim 5. lime™*x 6. lim| ———
F tanx x® -0\ sinx X
2
7. lim| -2 - 8. lim x' 9. lim 1+1
x>\ x° — 1 xX— 1 x—>0" X—00
lim(sin x)*“"* L
10. Hg 11. lim(cos x)
x—0"
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12. A, 6191t 71bLIG O\BTEMHWITEIS], P AUBLSENG n LP®D 7 616N aULl'1g 6iFd5Hle) i’ (h
au'1g wpamulled 1pHeSH OFnuiihEng erestlev, wpHeSH OFunuiin' (B t au(pL e bsd
OBTeEUieT Lol A= A, [1 + ﬁjm . I IQuinesig OFmLFdSuwinest aul’ g wpedmued (SIHTaug
1 —> 00 ) &ESTSHEI_LILL L T6Y, ¢ &I;wj;g‘,?g)@ﬂ 196s160TT 2AbB OBTHUNGT Loy A= Ae” eTend;
HIL (h.

7.6 pBHOTID 1sDHHGHAHHTIT Liu131LIT({h®HeT (Applications of First Derivative)
WpSVTLD areasd Osepallenes LweTU(WSS) @ aumararay f(x) -6 E

lwiebrd (a7 miLb 246V6v% @MBIGLD) SETELOGUILILD, FTTLISSECD 6 (1 GBI 1
yerafuile @_1b Frmbg 2mid) (QLmIL 21606V% FMILD) LoBNILIECT S HTCITS. ;
7.6.1 srjLmaillsdr spfluisvL]d, Heotemio (Monotonicity of functions) E H

FTTLSNGHT IO HGTELD GTGHTLIZ HRIGUMSTUTUIGH 67 MILD A4606V% @DbIGHLD HSTELOGHUI
LM Fa_MIGUSBTGLD.

| als»yuien 7.4
f(x) erettm gy I e1etim @evi Qavailuied a<b= f(a)< f(b),Va,bel eresr QBbSHT6eL
<gamiy I e165rm @i GClauefufed ermiLp. |

@ | Iy wIsnY 7.5 @
f(x) eretim gy, I er6tm @evr CQavafluilev a <b = f(a)> f(b),Va,bel er1eor @) bhsTeb,
gy 1 e16irm Qevr Ceuefluileh @mrbi@Lp. |

f(x) = x o168 FrLmesig GLou't 61687 Ghr%GHT(H APLHLOUTIGVILD 6T MIBIMSHI, AevTTeD f(X) = —X
61681 FLTeg) Glods 6168r GriHCHT(H WppedLouIaitd @hiGEmG!. CLITSHIITS, (1 FITLITCISH
2@ GO L @ Ceverflufled ermud ommitd CauGmrn Qe Cevarflufleh @mrbiGLb. 2 STTessILOTS
f(x) =| x| er6trm Frrjiy (—o0,0] 61687 awr_Cloualufleh @mmi@ Lo ommitd [0,00) e765rm Rewi_Glaverluied
agmib. @FFmiyseflesr gfluehlyd Seteioufonest 2 ewiiaisl oTeMg. AT TCHILD P(H
a1 L Friiin@ eraleuTn) flwes seirentoufenest OlLouicresst GhidGHmL 19 6b SirLomesfliiLig?
Bgaart SLpdset. CHnmdamsLi (Blemuessitd @evevrioed) LGTL(HEE) OFuwieuLp.
f(?g,j)mlb 7.7 N\

f(x) erestm Fri1y (a,b) e16tim e Pewr Caueluieh auewsud_&5s55 61655.

(1) di(f(x)) > 0,Vx e (a,b) (1)
X

e16vilev, (a,b) e1681) w1 Glevariluded a7 miLb.

2) %(f(x)) > 0,Vx e (a,b) ..(2)
e168flev, (a,b) e168rm) Qv Oavarfluied f(x) FHI' L Lom% eTmiLD.

L B\gatr HlemLcwigamg CHNHMLD 7.3 -6V HTGHTEUITLD. )
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4 J I
3) a(f(x)) < 0,Vx e (a,b) ..(3)
e16vilev, (a,b) eratim Qanr_Cauafluileh f(x) @mrii@Lb.
4) %(f(x)) < 0,Vxe(a,b) .. (4)
S 616816V, (a,b) eretrm et Oeverluied f(x) S’ 1 1oms @mbiGLp. )
@GPy

BFlev 0% WpIHuioTs Feuestss Caletiiqul 2 68senLp cTeTesIOeueTNTey, f(X) e16dim Frjly [
61651) @ Oaverlufed auenHuN_&5s5%51%5 Qhb% HI L 1on% aming eefled f'(x)>0 v xel
6Ta0I%h FaMIGUSH] HAUDTSIHTEGHLD. 2 HTIGSILDTH, ) = x’, X € (—00,00) &TGHm FAF®OU H(BSHI5. D&
(—00,00) ~60 I LL0r1% TmIEDG). DFart Hmiat, a > b erea1s6s16ss(h Htb  f(a) > f(b) e1es Blmieuy
Geuatar(HLd . BNSH1% HIb a’ —b® >0 a6 ey Gauasst(BLb. @UICLITLpS),

a—b = (a-b)a’ +ab+b*) = (a—b)%(2a2 +2ab+2b*) = (a—b)%((a+b)2 +a’ +b2) > 0
61687 6T6stle) a—b >0 LoHmILD ML LIS GDSGET 2_6Ter 2 miiseT > 0.

2%56a @ibs @pug elifley e1tiGuTgd s (e ofliy a=b=0 erermied Lol (HGLo
LFSwoT@d. % a<b 2.1 6T wpIeTL(BHEDS)). 6TaTGar Y =X 6168TD FjL) (—00,00) -6b S 1L
amiLb. evired  f(x) =3x" -air iy x = 0 -6b yFFuID GLD.

| QUDYUIHD 7.6
f(x) e1651D euewsLS55E FTTING (X, f(x,)) @ Cadbsplevevlieref eresfled f'(x,) =0
A GLD. I

| als»yuisnm 7.7

f() a6 DG (%, f(5)) 96 Heerieran aeid f'(x,)=0 ez f(x)
BTV HHBEH AGVGV.
@G ey
f(x) eretim Ffest FaUTSGEHley 2 6iTen x-&&, (xy) @ 5% HlavevliyeiTerm] Hebevd

Bleveuriyerer] 676ufleh x—g3 CHd%b a6V 6T6HT ALV Hlawev 6T68eT 6T6TEIGMITLD.

616061 GH% HlaULILIGTETH@BLD [FlEGULILIGTOTIEGTTEGLD. <HAGUT6) GTEVGVIT Fla6VLT LjGTeNH@BLD
G HlawelIeTallseT AH1H. T(BSHGHTL LIS f(x)=|x—-17| ettty Fnijdne (17,0) s
Blavevriyeref. emed  (17,0) Gadas Haevliyereiluece. o6t erafled x =17 -60 Fmaiy
QUDHUIL_SSHFHBHE6V.

IS BHIHBHT_(1) 7.46

f(x)=x"+2 erettm Friiny (2,7) et681m @avr Qauarfluded Sl 1 1or g ermud eTawayLb, (—2,0) 6T6bTm

B Clauelufled )i 1_1orm% @mbiGLD 6TeviaLD CET6T 5.

&ja)
f'(x) = 2x>0,Vx€(2,7) ommiid
f'(x) = 2x<0,Vx e (-2,0)
B0 (mbg CHeamaiine (piqamairl GLmEVTLD. [ |
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IhHHIHHT_ () 7.47
f(x)=x"—2x-3 er6ttm Frj1y (2,00) 61681m) QL Qouarflufeh L Lo TmiLh 6165 Flmiays.

Loy
f(x)=x"-2x-3, f'(x)=2x-2>0Vxe(2,0) erehtugmed f(x) ag (2,00) 6T6hIM
B Geuauied S’ 1 1o 67 miLD.

7.6.2 1B06LE GLpLoD 1WwPHID 1B85F Fpneid (Absolute maxima and minima)
5O Qupiotd ommnd 16FAm Hopinoid  ASwemar QBTG e Oauerluied
Friiet 10)s6ufw oHmitd 10sFH MBI oSl iewL GBI (HeueT 4@ Lb.

| als»yuienm 7.8
1 (x) eresim Friifar FmiLissd D -ueb o arer yarar x, 616t f(x,)= f (x)Vx € D erailed
f(x,) eredrugy D-ufed L8O Queptotd odpid  f(x,) < f(x)Vxe D erafled f(x,) er6biLigy
D -uS6b 1658 m1 Fmiotd 24@Lb. |

Qurgieuns @ Fring OarHssiu’ L Qe Qaueflufleh OGO CuUIBLLLD  H6D6VF/
bsSm Hmiotd Prss Gouatwnqus AeuSuwidlebenev. SLPSETERID UL HISET CHTL jaFsumes
QUMGTAIMIE@HSE (LPIQAIND 2A6VVg woanmn QL Oaelseflsy OGO CLEBLLLD A6hevg)
155 E)my miord @(m&seTLD AH6vevgy B)evevTLoaVILD B)(KESETLD 6TTLIMSS HTL (HhEDS).

y
y

® uLLp 7.14 uLip 7.15 ®
(—o0,0) 61681 @ Cavaflufev f(x) -5 (—o0,0) er168rm Qe Gavaiuisd f(x)-5@
L5F S Hmioid 2 Greng). LI LommiLD
261760 LGB OlBLOLD @eheme. 18581 imid) LoFNILST Bevanay
, y
y
& T _f 1 x
a—— | N—— .
uLLp 7.16 uLtp 7.17 uLtb 7.18
(—20,0) 676871 @1 Cloverflufeh (a,b) e16trm [a,b] eretrm @evr Qauauieh
S (%) 6@ LG OlLi(mLoLD Qev1_Glaveriluied f(x) -5 LOrGL@s GL@HLOLD
oppyth 1BFHm1 Hpio /(%) -5@ 1B06u@ Sicbes LB A Hpio
Lo ILSHGT 2 GG 2D LBGEDI i) LONILIHET D TS,

oSN H6T B)ehamev.

SLpdHTeILD CHDMLOTEsIZ) (1 OBTL FdFFwimest FriIng ereveur ewpiq i vt Gareilserileyiin
L5C1GWLI(m GLBLOLD LoHmILD LEFH M Fmio LobILEET Q) (HSHGLD GTGTLINS Fn DI

Cappi 7.8 (D11 By Gxpmin)
f(x) eredim giunengy epigu @evr Caverf) [a,b] -0 Qs fdHuins @uwheacy, f 4
[a,b]-6b @b LG GLigbLo LodieoLud Lopmid @k LBFH D Fmito Lol ieLiuid GumiLb.
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f(xX)-er BIGu@m v BFAm mif) st apqu Qe CQavefl [a,b] -t
wpaatierefganGeor e (a,b) ereim Qe CQeaauisr o 1 1pgHGeor ieiouyib. LHIGLDY
21606V LOFFMI 2mid) LN IEET 2 1" 1DGE)e) HLOBSHTE) A (HlaeVLIL|6Ter ST I6h HT6HT HewLou/LD.
2A5Ca, SLpdEeErL 1pmedwl LWTLU(RHSS) OGO Quysotd ommitb b&Hm Hmio oFijseaern
ewpiqul Qe Cauall [a,b] -6b Srewmevip.

eLpig w @ewr Glewer [a,b]-6b OB fdSHwnmes, Fmiy f(x) -&e@ LOLGLE LoHmILd L5ES M
SAMI) LOSIL|SEET ST LD (LPEHD

ug 1l : f(x)-46 (a,b)-6b Hoa TSNS 16T,

ug 2 f(x) -6 HIysen SeTSE B GTETSET LODMID LPOGILILSTANSET a

LomMILD b -6V HTGEsTS.

ug 3 : g 2-6b srewniulL Lodliysertled SO eTedst LONIGLI(H GL(hLod LopmILD

1OsFFWw 61688 LOFF)my FlmiLotd @ Lb.

eIhBHBHIHBT_ (1 7.48
F(x)=2x"+3x" —12x e16h10 #1190 [-3,2] e1657D Qa1 Qeuarlufed LBIGLIH GuBLd LoHMILD

L5FE) 1 Emio 1oF 1 BEETS HT6H5TS.
&ja)
OFT(HSSLILL L FTedL eUenELILI(hHSP,
f'(x) = 6x° +6x—12
= 6(x*+x-2)
f(x) = 6(x+2)(x-1)
245G, f'(x)=0=x=-2,1€(-3,2).
® ereiGas, x=-2,1 HHwemas Haeriereanser. f(x) -1 LoHLIE®en LPEGILILGTEHHET ®
x=-3,2 opmib Flevev eTasrser x =—2,1-60 Frewt, pn f(-3)=9, f(2)=4, f(-2) =20 wpmid
() =-7 erett QumiFGmid

Bioiodiyseriled @whbgl, x = —2 -6 OGO Gu@sLotd 20 opmid x =1-6b &S m Hmiotd —7
AGLD. L
IhHHIHBT_H 7.49

f(x)=3cosx er6h1m #r9ne [0,27] erettm Qevr Qauafluded LBrIGLI(H Gumio Lopmid LBFE
Smio Lo BT FT6H5TS.

&joy

QET(HSSLILL L Frieu auamslil(hes, f'(x)=-3sinx.

256a, f(x)=0=sinx=0=>x=n1€(0,2n). f(x)-61 oHismer wpeeiliycTenser
x=0,27 wpmid Hlanev e1ater x = 1 -6b Hrewt, pd f(0)=3, £ (27) =3, whmid f(n)=-3 erewrl
OumIHGmmiLb.

Qioiodliyseiled @whbg, x =0, 27 AHw @ kisefled LONIGLE Gupiotd 3 opmib x = 7 -6V
1848y Apioid —3 4@id. "
7.6.3 s G)ewL_Gauafudsd G 1bF1jhaks DIMIHHer (Relative Extrema on an Interval)

f(x) eredim Fmi9ed, x,-g0 QF16EMQBSGLD (B AP Hnbs e Ceuaflufieh f(x,) SHredr
LSO Lo 6Tesfled x,-6v f(x) eT681m FrTL) @) LD FT1i1h QLIS AL tjLd. @)HIBLTeLGay
X, -0 O\ rmevsriq (hdb@Lb sp(h FWlw Hmbs Bewr Cleuefluied f(x,) Hr6st tOSFH s Lo eTevfled X, —6»
f(x) 61681 F1ii1y @1_Lb F11i1h FMILDSEDS HHEDL_UJLD.
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wpp FIiLSSEHeL @b @b Fipg Cupod LOLOLWE CuBLoLTS @Bds Ceuetiq uigeey,
B51GumevGar sp(h @1 LbFihs Hmiotd bFHAm Hmioons @mss Calessmguigaev. A5Gal, (b
FTTING ASGHT LD FTTLSSHD eTING GLocumes @ Lb &g OLIBLORIGEHTT A606VE @)L LD
F1ih% FmiomiECenT @) HseUTLD.

@ F1iOnG Qb Fnihs Amidb)  wHiyser (Qupotd Hebevd FmILoLD)  6TGHTLIG]
f(x),VxelcD -6t whyseiles <umid wiyser x@in. Qhig 1 ererug  SHmbs
Qe GeuawnsGair Hebevg epigus Qevr CavariunsGeaur @pdsevTid. @ i1d Faihs Hmid)
oI EET 2AF6HT (Bl Lj6iTerlEerleh HedLouyLD. LogVILD sp(h FTTING s hlanevliyeTerf] x = ¢ -6)

1
B\ 1b 1B 2Amd) LoENILEET AHGLOWTLORILD B)HSHEUTLD. O HTJERILDTS y =X LoHmILD y = X3
2ASW FIIYS@BSSG AH @ BHoevliyeref), Herred AHuled @ ibFming Amib) Lobliser
ADLOAIG B)eVanev.

Gappid 7.9 (HOLjIoT L)

f(x)-6@ x=c-eb @Lib FIihs AMIF 2 6Teng) 6Talled ¢ R(H KOGV 6T68T AGLD. Qb
hlanev eTeveressilenaet f'(x) = 0 676510 FLOGHTLITL GDL_& S TILIGGHT eLpGULOTEALD, ['(X) HTCOTSSHHHSHTH
D GG X~GOT LOSIL|BEDET HTGESTLIGEHT CLPGULDTERLD GILIMGUITLD.

7.6.4 1pBHev aIsHBHHGHAY CFIZHmeaTsnUI LILIGTLIHEHS DINIKH BT
(Extrema using First Derivative Test)

P FTIIDG Tmid Aehevd) @nbigd QoL Ceueflaear sessigdl L 19651 SFFmiifesr @ Lb
FMihE 2ANIF) SHNIS®ET APaIS HRIQIGTE] HIQGILDTEIS6. V= f(X) -6 auarLL Gblawerd
O\a168s(h 21681 QU GhFTITThS 5L (h LOFNILBEET APNIGTLD. 6TesGILD LOBFF AT eTareiSFleb
eriiyereuied Frming QU @FTins AnSFET ADENE eTeTUmS AP FHeov CFTHmesT
CFI(REDG. BSFHi CFTS®eIEH RETHI ALPSGUTLD QUSHCHLY CFTHMES AGLD. D%/
196570u(HLD CHNMSHG) Fo MUILIL (HETGT).

/(Sg,rj)rpl’n 7.10 (apDHe0 wBHEHOHB1Y GFIZHM6T) A

f(x) erettm O rgSuimest
FIONG c-29 26TerL S Fe) =0 (¢, f(4))
Snbs QL Cevefl I -ufed
(c, f(c)) eratrug blenevrieciTer

otes®.  f(X) s c-225

y=5r®

N\ /()

1 .}i‘(cz) E
g 1S (@)

)

f(c,) snembsdsg s

s S% Bewr Geuariluiey f (01)6762”@/ @L@é‘ﬂﬁif:@ gﬁ;” ' 1(c,) ersiig) L @i Apiod
UDSUIL_5H553] IR HIiLoLD N i@, v
f()-& Spss1eILOTY) a0 “
. . A | 0-————- Y
USLIL(HSSeTLD: (X A | £106)>0 710)<0 f(x)<0 7')>0
TGN Bw1_Gaverudleh
Q1) (B/hI UGLDTS BH(HLOGLITS) uLtp 7.19
(1) [f'(x) g ¢ -6v GoDUISBHS SSHE Lormlesited, f(x)-%@& [f(c) ererg @i ib
FTThS FIMILOLD A SLD.
(i) f'(x) ez c -6 10edHUNOBHE GH®NSG orplesined, f(x)-%@& f(c) ereug @i ib
Fi b GWLI(BHLOLD 4G LD.

(iii) f'(x)-etr @Olwrewg ¢ -6 @uBUmEpLd O®BWITEEUT HDVSH € -6 @)(BLMLPLD
GoDWTEGaut Qwhbsrew, f(c) eretiug @b Faibg Hmioaptd Qevenev Q)LD Fijhs

OLIBLOAPLD B)6VED6V GTGITGUITLD.

- /
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IhHHIHBT_{H 7.50
fx)=x"-4x+4 @ smnine fudy oL Oeelsmend
SersEIL (n 250 Bbg Q1D Fjh AMid) oSN IS HTCHTS.

&jay

f(x) = (x-2),
F1(x) = 2(x=2)=0 = x=2 .

silweby et Cavaflser (—0,2) wnmid (2,00) A@h. f'(x)<0, ¥V x €(—0,2) 6I6Ligmed
(—0,2) -av f(x) I L1ons @miugid. @&HCunevGar ['(x)>0, V x € (2,9) ereiigmed (2,00) -6b
f(x) S Lionsemid. f'(x) -651 @l x = 2 -50 HLG@L0CUMSH (B LOBbS auevLons) @emuled(Hbs/
IODHWITSE LOTRIIFT, X=2-60 f(X)-%& QI Lb F1ihs Hmiop 2 ereng. Qs Qb FIihs
Spio gy f(2) =0 ASLD. o

eI FHIHHT_1) 7.51

F(x)=x> retip FTIDNG e Qe Couaflsamerd setsEL (B HFeOBhs @I LD Fihs
2ANIS) LS IL ST HTCET .
Sjal

F(x)=x, eremGau f'(x) =§x; =il. f(x)#0 VxeR wnmiud f'(x) ez x =0 -afsd

3x?

F15HHFBF| 21606V, 61136, QFFTiIING Cadablanevll LeTalseT @evanev. Aesrmed x =0 -afleh
hlaneuliLciTer] 2 6iTeng).

G Glavari] (-0, 0) (0, 0) \Ty/
+ -

17 (x)-er @) -

plwebyd setten | S Loms @mhiGLD S L LDTS GTMILD I
uLtp 7.20

AL’ Ieneser 7.5

f'(x)-ar @) x=0-9 5@ Cuig GS®DUIOHHS B®SWITS LOTDIAISTE, X =0 -6b
f(x)-4@ @Lib #ribs Smiotb o crens). @bs B)_1b Fains Smio wHiy f(0) =0 A is
B_1b F11jbg HmiLotd [Flevevriyeiemuied eLEmg). 2Ae1Ted @)% CHdHblameuL LI 6N 216V6V 6TGHLIG
FOUCHTSBSBFEF. -
I(HBHBHIHBTL_(h 7.52

f(x) = x—sin x e1687m &Fr11j1) GUou’t 67685 GHTL 19 6V 67 MILD 6T68T (Bl MIcY . CLOGILD 56T @) GhF T[T T
IS LSBT 4T MU 1.
&)

f(x)=1—cosx>0 Quaid x=2nt,neZ-6 f'(x) ydHuid eresreeusanss @bz f(X)
61657 F7L GLou’t 67688t GHTL 19 6V T WIS

x=2nr,neZ-m s 5G08ung ['(x)-61 GBuIH LorHmLd @eVH6VTE HTTGISHT6 (LHSGUTLD

aIdHH0HLp Cargamaeuieriig Qb QL ehsFmihs Amid) LoHNIS6T Bevanev.
|
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IhHBH1HBI_(H 7.53

f(x)=log(1+x) —li, x> —1 er6trm Fi6sT pflwichLd Festewio LoHmILd @) @hFTIThb Amidh)
+X

LD IL| ST HTCEST .

Sjay

F(x) = log(1+x)———

1+x

eteiGau, f'(x) = B
’ l+x (1+x)
. X
1+ x)2 ’
25066,

<0,-1<x<0 erasflev
f(x) a5 =0,x=0 67637 6O
>0,x>0 6168 G0

e1aviBas x>0 erasled f(x) Aevg FHLions agpiud x<0 eresled f(X) Hewgy Hi'Lions

@miigLo. ['(x)-61 @M x =0 -6 S &GLoGLNTS @GamUNed (Kb LOEHUITSE LOTDICUSTED, (LDSEGTLD
[

amS5051Lp CFrsametuieriig x =0 -0 @ @hbaFming Hmio iy f(0)=0 AGLb.
eIhHBHIHBT_(1 7.54

f(x)=xlogx+3x erettm F1i9n@ spilwicvr) @ent Geuefls6ir Lommitd AHFedBb%kI Q1 @hFTihs
2ANISH) LSBT HTCET .

5
g m@a;n@a’a&ﬁluﬁl_ gy x € (0,0) -6 aUTuMISHLILL (D UDBUN_SSHSEHTH 2_GTCTH.
f(x) = xlogx+3x.
e1aiGay, f'(x) = logx+1+3=4+logx.
GB55Hlem6V GTCITHECT I FHTGET 4+logx = 0-22$H7ds
BLOSHGS HDLLILG X = e @b

2%5Cau, #1i1) f(x) -67 priwevy Qavr Qeveflsar (0,e™) opmid (e*,0) AGLb.

x=e3e(0,et)-ab f(e7)=—1<0 Guogyp @iz (0,e™)-6b 1 (x) B’ 1107 @obigLp.

x=e’e(e*,00)-60 f'(e?)=1>00waid @HOBhs (e *,00)-60 f(X) Hi'L1o7E emyib.

f(x)-e1 &f x=e'-85 SLEG0UIE GBS LO®EHSG LOTDIAIFTE), LPSHEUTLD

UDSH0HLY CFremaenieig x = e -6 QL @ssmins Hmio iy f(e ™) =—e" @b -
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IhBHBHIHBI B 7.55
f(x)= ! eTesT D FIHIND G pAwevr @evr Covarflsamerd esuddlL (h @hed(Bhg @I hFTihs

1+x°
2ADIS) LOENIL|HDETT; HTCEST .
Lol
OFT(HSBLILL L FTTL X € (—00,00) -6V QUMTUINIGHHLILL (B AUDBUN_SHSEHTH 2 GITCTH).
1
X) = :
/) 1+ x?
2x

16U IG)LIMGVITLD.

@5)@9@!:5@ f,(x) - 22
(1+x7)
2x

-——5 = 0-225755 pL5@&s FoLliug x =0 ASLD.
(1+x%)

Cada a6V GTEETHET I HITGHT

25Ceu FrLy f(x) -6t1 pflwicbry Qe Qaueflaer (—oo,0) ommid (0,00) AGLD.

S'(x) <0,Vx € (0,0) er6d115160 f(x) U015 Qaralean, Qauaflufeh S L Loms @mriu@Lb. GLoyiLd
f'(x) -6t @M x =0 -0 S G&L0CUTHI )®HUNO (BhSI GH®D:G LOTDIGISTED, (LPSGTLD QUHSH0B(LY
Cengaeuieirig, x =0 -afleb @1_@hamihg OisLo oy £(0) =1 A@Lb.

eI BHIHBT_(1) 7.56

f(x)= " +xx2 1681 FTIN G pflwevr @evr Oleuerflsamend sewrddl (B @He) (hha @)L GhFTihs
2ADIS) LS IL|HDETT; HTCEST .
Sjay

OBT(RSBLILL L FTJL] X € (—0,00) —60 QUMTUINIGHLILL (B UDHUIN_SSSEEHTEH D_GTCTH].

X
1+ x?

1—x?
(1+x2)2

fx) =

f'(x) =

Ga5% [FleD6V GTEHTHGT S FHTGET 1-x* = 0-0 8768 x =1 o165 BL0SG DL GEMF).

25Ca iflweb Qe Cleuallser (—oo,—1),(—1,1) oHmid (1,00) AGLD.

@@L@G)JGTH (_OO> _1) (_17 1) (1) OO)
1 (x)-er @) - + -
pilwebysd settentn | L ons @nbigd | S oS eTmih S 11015 @mibigLD

AL L aIem6sT 7.6
e1a1Gau, (—oo,—1) mmnd (1,00) @i Oeveflsefley f(x) S Lions @wmigd, (—1,1) erettm
Qa1 Oauariluied f(x) H L 107 ermiLb.
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fl(x)-er @B x=-1-88 SLSGOCUTS e
GonWIS(BhE  1ODBEHG LOTMIQISTE®,  (LPSHGUITLD f(x)= X

QUMBF0)B (LY CFrngpamestuileirLig x=-1-6b 1+ x°
B @sFniihs Apiosas AeLujb. Bbs BLeFnibs —3 3 _] 1 2 3«

oo iy f(-1)= —% A&, BFCuTevGal,
-1

uLip 7.21

f'(x)-etr@m] x =1 -2 &1 G@&L0CLNTZE LOeHUuNO (b
G®ONSSG  LOTDIAIGTC),  (APSVTLD  UEHOIHLY

Cangamestuileiiuig x =1-60 @ @hFmihg OpLo oy [ (1) = % 24 GLD.
Luaps# 7.6

1. SLpdsHTeId FIiLE@p%G OsT(HdsIuL L @i Ceuefsefleh LOIGLm ommitb LBFS 1 mid)
Lo IL| BT HTCESTS.

i) f(x)=x*-12x+10 ; 1,7 (i) f(x)=3x"—4x° . [-1,2]
(i) f(x)= 6x§ — 3x§ ;0 [=1L1] (iv) f(x)=2cosx+sin2x ; [0,%}

2. SLpSHTEILD FTTLHEHSEG il Qe Oaueflsmard seuidbdl (h 21Hed(bhg @I @hFTihs
2AWIS) LOFNIL|FHECT I HTCEST%:

() f(x)=2x"+3x—12x (i) f(x)= LS (i) f(x)=
o

(iv) f(x):xg—logx (v) f(x)=sinxcosx+5, xe(0,27)

X

e
|

7.7 BysoiL_mb ais»HSH6HBApNT6oT LI 1TLIT([HFHBAT
(Applications of Second Derivative)

Beser_mid auensd Ospained @b Faiiler GLle), Gallay, araene) LoTHDLI L6Ter] LoHmILD
B)_1p F1716% mid) LB iyEeen FiLomeshss LweTL(HEeTDS).

7.71 @fa), Gaia) 1oPpnud asmare] wimmi Ljsiraf (Concavity, Convexity, and Points of Inflection)

(b QUMD SHS, (b eiTerluied 2057158 GLocbGpdid)
aueTWIIL(HLD Q31HCHT(H AUDTAUMTSHS, @00y &flaj
GLoMmUmLDTS AMLDBSHTE HALILGTETUNG) QIGTAIGDT
S1pCr15S) GLiley (CoecGrTdd) @alley) 6161dGmmLD.

AUDTAIMTSG R yaTtefluied  euegwiiu(hip

OsT1(HCHT(H cumTaIMIHE SLOYDLOTE HADLOBSHT 2AliyeTafuileh aimaraiemy GLocyGhTdhd)
GLey (SLpCET1HE) Gala)) eTatEGnILD. Qe H(HEGD 2 6iTer auanTuL SEeT aumuilevns eTerdbled
2ABNLIGVITLD.

uLip 7.22

| as»yuwIenm 7.8

f(x) eretm Fnn9neg I =(a,b) eetim Hoibs Qi Oauailuied QIessrmb cUamBHC)EwLY
FI168I5BFHS| 61651%. ALIOUITApGI [ (x) U618 BLbdHever aumml uHLIL(BHSSUILH SIS
(1) f'(x) ez Hobs QoL Qeauef]  [-60 S’ ons amid eresfled, f(x) Aeig [-6b
GLocvGrTdd) GLlay <24@LD.
(i) f'(x) ez SHobs Qo Cevafl -6 Hi'Lions @biGd eTesiled, f(x) Aevig
[-60 $1bCBB1sHH) GLHley AGLD..
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ugliumiiederg, y= f(x) ereim B $555 amaTalmIuieT GLOed  HETELD
S &1ed 1pigadleh elendaliL (HeTerg).

Gaxppip 7.11 (H1fayd BHedtenio GFIZHmer)
(i) Hmps e Cavarfl I -60 f"'(x) >0 erevfled, I -6b f(x) CLocvCrd:d) GLoley A@GLD.

(i) Smbs Qe Cavaf] I -60 f"'(x) <0 eraviled, 1 -60 f(x) SLpCr1sd) GLdlay AGLD.

GPICLjeDy
(1) [a,b]-6b CocbCprdd) @aley auameraieguisss 6Ths (b QL @hFTihs GLBLOLPLD LG

OLIBLOLD 4GLD.

(2) [a,b]-6b SpCHTHE Gallay aueareueTuiledr 6Th% p(h @I GhFTihS Fmuoaptd LEFHm
Fmiotd AGLD.

(3) 1 (b aUMSTUMTHSLD G (b LOLIGWLI(H Gi(bLoLd (Lommutd spGr sph LFSF my Fmiorb)
1oL (hGLp 2 685t (h. 2A4e8T6L spatrifin@ Gomu’ L. @) @FTihs GLIBLOLD 216V6vS @) GhFTIThd
Fmiotd @ BIHITLD.

UHATR] LOTDMLIL jeiTend]

| Is»ywIsnp 7.9
(b FMTLIGHT UG aUWLITENS eTLILeTafB6e) “GLoed CpTd:d) G Lhladleh @b b SLpCbrdd)
GLaunsCain” <cvevg “SpCorsd @hlaied @mHg CeGprdd @LlaunsGeam”
ormiEnCsT 2AiyeTeflsmaer f(x) -65T auenarey LOTNHMLI Lj6T el E6T 6768 HeLpHECDTLD.

@ Cappip 7.12 (cusmaray worpmrijsited GFugener)
(i) f"(c) snewmssshsg oppid f(c)-681 @1l Awg x = c -3 SLHGOCUTG LOTDISDSI,
e1aefled (c, f(C)) Aeog [ -G QUGG LOTMHMLT LJGT6N] 4@GLD.
(il) euemeray LommmLiLeTerr c-ufled f''(c) HTewidsdEsl eTestlev, f"(c)=0 AGLD.

@GPy
y=f(x) e16tim cueeralemruilelt eUamene) LOTHDLI L6Tells®er STeausng ['(x) <Aeis
Tl ILGTerEET6) UG6HT GMlevws LoTHMIEIMSI GTGTLIDSG AMIG HFILDTETSHTGSGLD. 'AILDAILDLILITCET
QUDGTUMTHGTICV (Fa_[T(LPDGIHGT ADM) HLDSHTEWILD TCHEILD PG hL b UTLILIL] 2 GTETH) :
(i) f"(x)=0 =ebevg
(i) [f"(x) @iyereflulleh Hrewidsdsd 21606v.
GPILjey
(1) f"(c) snewidsdsasis Qeevns Hlaeuuiaib, (c, f(c)) aamena) ommmil LeTeflwims &)(hdhes
1
QUMULILILGTETS). @ FTgewions, [(x)=x? eTenb auearaianguilsh ¢ =0.
(2) f"(c)=0 eraud Flaveuulled (c, f(c)) B ueanay LomMHmL LeTerflwims @eveurLoaitd @) (B
UM GTEN). 2 FTTesions, f(x)=x" eTaib auamarauaguieh ¢ =0.

(3) @ auewaray LomHmL LeiTerf] C5ds Flanevl LeiTefluims @) mds Galeseng wi Saiflwib @svaev.
2 grgesionss f(x) =sinx erasfled, f'(x)=cosx ommid 1" (x) =—sinx Goaytb @HedBbg
(7,0) A& R(h aueena) LoTHDL LeTarfl. Ae1Ted 2Ag [ (x) -1 CHdbs HlevevliciTer
<26VGV.
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IhBHHIHBT_() 7.57

f(x)=(x-1-(x-5),xeR e16510 aumaraueruier Gla) Qe Qeueflsmard Hnetns GLogyiLb

JGH&ILD QUMETE] LOTHMLILGTETEET @) BLILNGT NN HTCVTS.

Sjay

BT L FTjL 4-21D auflend LGOeMILILG CHTamar 24@GLD. QUIOLITIpS!
= (x=1)*+3(x—-1)’-(x—-5)

J'(x)

S

QUGS

= 4(x—1)*-(x—4) o
S = A=) 2= -] g /
= 12(x-1)-(x=3) 40
20
\I\Z/s ;X

f"x)=0 =>x=Lx=3.

uLip 7.23

6Le) Qe Gaueh s L1 auanesst 7.7-6b 2L L auaentiL(hsLILL (HeTerg).

Bevr_Gleverf) (-o0, 1) (1, 3) (3, )
77 (x) et @m) + - +
GLayd FeTeanLp GCocvBrrdd) GLbley | HCr1HE) GLoley | CocvGETdd GLilay

AL L auemeset 7.7
(—o0,1) ommitd (3,00) A Qe Gavarilsaileh aumeraienr GLocyGrTdE GLole| 2SLD.
(1,3) 61687 @ew1_Glavarludeh aueverauany SbGHT:E GLblay ASLD.
f"(x)-6r gPlwnesigr  x=1 wopmid x =3 AFweunednd si_d@GLoCUTS LoTnIENGI. 6165136,
(1, £ ) =(L,0) oppi> G, /() =(,-16) umar y=f(x) cTem CEoTAIDIIS ai>aTe)
LOTODLT LGTETSGT A4 GLD. G LOTHDS®S A (hEleL 2 6irar [ (x) -65T euenTLIL $EeHT eLpeuLd 1mluicurLD.
|
IS BHIhHT (1) 7.58
y =3+sinx er61n auearauamiuiest GLole Qe OleualEmend Hiess.
&jay
Carsaliu’ L Fnjunerg 2w  19fe QoLOeef]l o drer Faiy H@d. 6TeiGeas Qb
a10eur(s 19fey i Ceueflsafisid G5s% Hlavevll YeTTefE6T LoHmID aIeene) LTHMLI L6T6HEET
QwHaLD.
y=3+sinx areiruded @whg ¥

A
dy 2 4.0

., . dy
—— = COSX LoPMILD —
dx lx
2

BT LpS, Z,); = —sinx=0= x=nn.
x

=—sinx

(-7, ) eretim Qe Cavarflufenesr (—,0) opmid (0,7) eTaiLD

2 61 Qv Cevarflsenis 19iflésevrLb.

=27

—T O T

UL Lp 7.24
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2
(-7,0) e1a9ib QL Glaverluded, % >0. G @HeSwig (—,0) -60 FriL CrocbGmrdd)
X
2

&lay. (0,7) eranid e Cauefluied Zy <0 , Guad @HOwig (0,7)-6b &gy SpCrrdd)

2
X

Gl 2A5Cau, (0,3) er6iTug aueare) ommmLiyeTenl A@&n (ULtb 7.2480 umids). (nr,(n+1))
et681) Qungauner Qe Caveflamard HmaHIdCUTH (n @b wpp 16, el Oaveflseatle
GLhleydsetTeanoaws 24 Geuesst(hib. @samest GLomda MweurCmn ugmus md (nw,3) HbHuwema

QU@ LOTMHMLILGTENBGT 6168 HMIGUITLD. [ |

7.7.2 GYyawmL_mb als»BhGCHA) CFihamarsmul LiwidTUHHS DINISH B |HeT
(Extrema using Second Derivative Test)

QueLmd  umsH0slp CFrsmen: QUi  wmsHOsL  CFIS®EILITEIS
16lan6VLIL T BT, 21 mIh) Lo 1L |HET LoD WILD G LGS H6ETEOLD CLITGSTI H(B5HIH®ET OFTL TLL(HSSHIIS]
&LD. GLoavitd @) HleveviiLerarilseariley Fmiifesr @ ehaFihs GLI(BLD 21606VGI FMILD LOENIL|HE®ET
2w ks SHewns LweTU(h ).

@g,g‘)mlb 7.13 (G mb aisnHHCHAY GFizemne) )
¢ 61D Hlaneviiyerafluied f'(c) =0 e1aiayLb, ¢ -6 SevsTanLoued f'(x) HTewsISSSH%S| 6TGSIALD,
‘Goayitd  f'(c) sTewidssas ciaiad G&mesmed, f'(c)<0 erafled c-ufled [ Acwigy
B Gh&F b OL(BLOGMmS AL ujid, f'(c) >0 erestled ¢ -ulled | Aev1g QU GhFTIhS FMILDS®S

@ 2@Luyp.  f(c)=0 erefled, Qs Crngemenuiey @ @hFTihd Amid S jsmanrt Lupmu ®

kg,&@mi) Bevenev 6T6ITHCMITLD. )

eI BHIHHT 1) 7.59
f(x)=x" +32x e16810) F11719657 @) GhF T B M) LOS NI FENT > HTEH5TS.
By 1) = 45 432=0 = ¥=-8 = x = 2
Guoayitd f"'(x) = 12x°.
f(=2)>0 eeugmer x=-2-60 Faiy QL GsFIihs HAmio Hlieu ALy, Dbs
B hF1ihg Smio oy f(—2) = —48 A@LD. 616G, M Lyeterf] (—2,—-48). [ |
eIlhSHBHIHHT_1) 7.60
f(x)=4x°" —6x* cretrm Fr9esr @ @5Fmiihe Hmid) LDENILEMTS: HTEHTS.
Sjay "
x-g0L1 QT(Bd &I euamHuiL, )}
f1x) = 24x° —24x° |

= 24x3 (xz _1) + ) - ' ! ' -
= 245 (x £ D) (x—1) \/\}
f(x)=0=x=-1,0,1,

256 hlenev 6T6¥H6T x = —1,0,1 AGLD. uLLp 7.25
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@rGumaps, f"(x) =120x" —72x* = 24x* (5x* —3).

= f"(=1) =48, f"(0)=0, f"(1)=48.

f"(=D wppid [ Adwewer ifews. 25Cou @6t 11d auensd6swp CFngmenuisLig,
x=-11-0 QLepsFming Hno wHIyseT BBEGLD. Auenew, x=0erafled, f'(0)=0.
x=0-60 QuaLid aumsHC%1pF Grrgmenunesig QL @hamihsd Amid) wHiysmarts unHm)
6Thd HEFAIMGUUILD H(HAUHVanev. 6TOGa, HTLD (ALPHGUTLD AIMHHCEHLY CFTSHMETWI LILIGTUHDS

Gouassr(b1p. sprflichryd HestenLo et ClauerlE6T i’ 1 auenest 7.8-60 AL’ 1L auewetiL(WSSUILIL (HGTET).

Qa1 Glaverf] (o0, —1) (-1,0) 0,1 (1,00)
S (x) -er @] - + - +

. e L 1os F L 1ors S L 10T L 1os
RIS SHDI | @i goib | @oiien it

2L L QIeneseT 7.8
APSVTLD QUMSBFHCELY CFrngameuiietiuig, x =—1-60 f(x) A% QL GhaFTihS FIMInsHam
SADLUJLD, 2Ahg B @hF b Amiotd —2 AGD. x=0-60 f(x) A1 B @FTihd CLIHLLGH®S
ADLUYLD. b @)_@hFTTTh GLiBLoLD 0 AGLb. x =1-60 [ (x) %6018 QU GhFTThS FmiLo Lo nNenest
DADLUYLD. Ab% B)I_GHF TS HMILLD —2 HGLD. u

@GPy

Quesermid aewsE6HLp oamu/d Guigl, BID @I @FTihs Amid) Hliysament uHm
ST Gum wpiquingl. A5Cal HTD @F GHLOLFeN APSVTID aImSSE0HLY CFTHMETMILI
LwIGSTLI(R & HEUTLD!

IS FHIHHT_1) 7.61
x’y’ -6tr @L@hFihe Qumio opmid HAmio wFiyser  x+y =10 er6im G196 LO%
BTGB .

Sjal
Qs L Faieu BT f(x)=x"(10—x)> 676 6TLSHETLD.
QuUeumapsl, f(x) = x*(100—20x+x”)=x*—20x’ +100x°
eTerGau, f'(x) = 4x° —60x° +200x = 4x(x> —15x+50)
f(x) = 4x(x*-15x+50)=0=>x=0, 5,10

Guoaytb. f'(x) = 12x* —120x +200

f(x) -6t Gpd5 Hlwev erteatrgser x=0,5,10 A&, Qaibascsrsemlch f''(x) -6 obliLjEH6T
apedmGus  200,—100 opmid 200 @b x =0 -60, @ @hFTihg Fmio iy 1(0)=0 AGLb.

X =5-60, @Lehamihg Gu@s iy  f(5) =625 A@ib. x =10 -60, QL GhFTihs FAmio oFliL
/(10)=0 A@Lb. |
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LuapaA 7.7
1. SipssTaD FIiLysers@& Ghle) QL Oaefls6r oHmID QIeTa) LOTHDL LGTENE®ET
HITGEOTH:
() f(x)=x(x—4) (i) f(x)=sinx+cosx, 0<x<27 (i) f(x)= %(e’“ —e)
2. Qe mid udHECELY CFngmesiavws LTSS B @hFmihd Hmid) oS sm6nd;
BTGB .
(i) f(x)=-3x"+5x (1) f(x)=xlogx (iii) f(x)=x’e""

3. f(x)=4x +3x" —6x+1 eraim #nning giwey QoL Caelsdr, QL ehsmins mid
SN156T, GLblay Devr Cauefls6T LHmID aI®6eTay LOTHDLI LGTENE®ET FHT6H5T 5.

7.8 2 H10ds HWIGGHFHANND LI ISTLIT(FH6IT
(Applications in Optimization)

2 HIDd FHIHGHGT 6I6hLg AMIS) liysaer (Q@pLod 166V
Fmiord) U L S HUILT(HEGHL 65T FHTGESTLIG] A SLD.

2AMIF) LDFN L] ACOG 2 FLDS HEVISHGHIMET HTHGLD (LG
ug 1 : CHemeulTerr HeTeSH@BL G Falq i LIL SO CUEDTS.
ug 2 : erhsd ATaumwl OLIBLOLOTSS Aeeud) FAmioonds Couess(hGLOT  HBHHTES
FLOGSTLITL 19 GDGYT S HITGHST .
ug 3 : QEr(hSsLIULL S EUUTHF@BLGT CHMAUITET 2AeTenal GLIBLOLDTE A6V6VE/
® Fmiorord s Geuessr(hLb. ®
ug 4 : sewddled ORI’ L S HOUTHS@PSG ahDaUTnDl TP THESBHS
Qa1 Gevuetsamar H1esGauess(hLb.
ug 5 : opd wiysmer siemid wpewpuiewet Glamesst(h (LALOLIH SHebevd LEFSm
2ADISBET, LSV QUM HI0)E LY CFTHE®ET 24606V BTGB TLD UDHHOH(LY CFTHGT)
OuIBLDLD 21606V FIMILoLD HTewTBe6e8T(H'LD.

eI HBHIHHT_(1) 7.62
BLOO_1D 12 2ev& LSE Aemayedl w Oocbedlws &7 $H(b 2 6Teng Lopmitd Cleueliimddlesr
eLpSHTeO (Bbg Fmlw FFHThiE®er Gaul'lq LSSHIS®ET LoIQUILGET eLpevld FEMbE G’ 1qenu
2 (hautds  l(pLoyECmTLD. Gx6iTel) eTetTesIOGUGTDTCY, 6Thd Oeul' (h AHBLLF F6T AT
2 (hUMTHEGHLD?
Sjay
x = Oeu'g e1(RFSLILMBLD RaICGUT(H AWt F&HiTHISGT HTLD 616575,
V = 1oiqliugett epeurd Gumrii(hd O’ 1quiles &6t 216176 6T6HT .
bongLletr @ epwevgaflaid x BerapeTer FEEmS Qauliqui 19687 Horid 12 —2x. L10IQsS
196871y QL 1uiesT 41piD x . eTeTGau, a7 ey V =xx(12—2x)" 2@ x =0 cbevg 6 -6b Heor
2ATQ) LFFWILDTI®SS: Faiesds. 6TeaiGal, x =0 ebevg 6 eratled Gy Sl F&1). 61a1Ga),
V =xx(12-2x)*,x €(0,6) -2 QubLoriL(hs5 Causss(hLb.

QUG LpS, Z—V = (12-2x)* —4x(12-2x)
x

= (12-2x)(12-6%).
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Ay = x=26. 62(0,6) ez
dx X X

x=2¢€(0,6) eret1ugy Lot" (HhGro GHdmblaney 6768sT. GLoy/Ld
dv 12 — 2x

d—_@'g @Y x=2-2 S.4&00ung WBaHuIedHhs 12
X

G®DSHG TDIENS. 6TeaiCar x=2-60 V Az

B GpFmihg  Quey  EnIme AL, Qs v ¥
Q1 Ghanihg Qupo Fes1 Hemay V=128 S0GS6T. X X
e1aiGa QU HeT HameiH@G 2 AVGHET o't <-——— > 12« »
uLLp 7.26 -

Gouessr(hLD.
eIhHH1HBT_(B 7.63
(1,1) ereim yarauied Bmhg, @PIv@ aiLib x+y’ =1-61 1bgeTer emiyeTef 8%
SA(BSTDLOUNILD, 6TLIL6TeN] 105 21h)%5 O\FTanevailavid B)Hd@ELD?
Lo
(1Y) erair tyarefuicd @abss e1is @ ystafl (x,y) 5@ 2.eren gmud d =(x—=1)* +(y—-1)* .

d -6v sesEHausNSL Luble, BLb auFhssns D=d> =(x—1)7 +(y—1)"-60 sewsfHCGaurib.

Qi@ s GuuTLassig x°+y° =1 %@, QUeuTeps), Z—D =2(x—D+2(y—-1) x? , @i
x x

Gl e x° 4 y° =1-90 euanaudL (b SerbHLeurLd. eTeriGay, 2x + 2yﬂ =0 = Ll - X
dx dx dx y
dD X
Qsewaevtt’t (TSI, B GLimieug) o 2x=D+2(y—D|— ; Y
(0.,1)
B 2[xy—y—xy+x] (LD
Y
dD xX—y o 0 x
6TeiQal, — = 2 =0
dx y
(05'1)
= X=y
uLtb 7.27

(x,y) a0 x°+ V> =1 160t QUL L SHGHT LO%) SADLOGISHTE

1 1 1 1 1
2 =1 = x=+—. %5C8eu mdh) FHTIHISET [—,—], ——,——J 6TGSTD L6Terserleh
N7 NZRNGS 4 W RN !
ElewL&@LD.
, D,y X
QUG psl, 1 =2 7
d’D _(d’D
GLogoiib dax* Ji1o >0 dx* 1o <0.
(5] &%)
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@168t MLD aUeS&6)5Lp CFIFmeTuiletruLg L)% A(HBTLOUN6D LoHMILD L)% C\BTeEmeaile) 2 GIT6rT

. . 1 1 . 1 1 .
yeireflaser wpeawmGui (E,Ej LopmILD (—ﬁ,—ﬁj A GLD.
6165136, LO)BSEG®MIbS LOMMILD L5)E AE)% ST ThRISET PG J2 -1 LoMMILD J2+1 2AGL. W
IhHHIHBT_H) 7.64
([ 612 A6V (1 BT HS GHDMhD BT 6T X' LGT&LD LODMILD D WITHIT 6T Y LGTGILD

2 Husd) OFunyd Smetr Oseseor g @big y = 1(2)_ >x
—X

615161 Fihang alleweuuded LIS 6T6aTMIT6eL, AH% LIGRT uTaaill GLINIQIGNE GH®DbS BT 615G LODMILD
D UWITSHIT 614G AEUDDIGT 2 Hh% 2 NUSEHET cT16tTes1aUTS B)(H%H% Garuessr(hLb?
&jay

P LG Gadmhd T 6T+EetT aflewev T p 6T6515. 6Te0TG0 §p(h LG 2 WifThd HiT 615681 allenev I2p

. GBS HIT 615:El6T Fhand allenev 2 wITHT

40— 5x
10—x

BI6T GTHINEG Lesstalgeal R = px+2py = px+2 p[ ] . 245G 1D R -s0GLIBLOLDTS: %

Gouessr(hibd. R -g9 x -£011 QT (bS G euenasuilL,

80 — x2
R =P\T0 5
dR p[x2—20x+80]
® dx (10—x)* ®
d’R _ 40p
dx’ (10—x)’

QuiOuTLps, iZER =0 = x*—20x+80=0

Groayitb @O mbg x = 10+ 235 eramt Qumaurtin.

2

. d’R
x=10—2+/5-6 7

2
X

< 0 Guoaid @He0whs R Cupio odllieou x=10—2/5 -6b SewLuyib.
x=10— 2\/3 6Taafleh y = 5— JE AGLD. 6TTGR, HITLD GH®MIhd LOMMILD HTLD 2 WITThd 6T (FHHGT [HTGIT
erln@ wpenGus 10— 25 LoHmId 5—+/5 Leirser 2 g OFuiu Geuass(HLd.
|

IHBHBHIHEBT_( 7.65

ObT(RSaLIL L Uiy OFaIaushis@heT FFHITLD Lol (HGL Gamhd FDDeTamald 6HTesr(h
BBSSLD 61681 16 )I6 .
Lol

OFaIIVSESSGHT LSS  HETHIBET X,y olais. ereGey, OFaleusddlest ugly xy=k
(QB1(RSSLILLLF)). OFeI55S6T FDmenay 2(x+ y) . BT 2(x + y) -8 xy = k 616D SL (HLILITL @L %
Osressi(h Fmiorii(hss Cauessr(hib.
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P(x)= Z(x + E) 616 .
x
k
P' X)= 2{1l——
()=2[1-%]
P(x)=0=x=+Jk
X,y AEWmar O FaISSSGHT L1 BOTHISET GTTLGT X = Jk GTGOTLIG 6(Ih [HlaD6V GTGEIT A GLD.

QUG Lpg),
P"(x) = %wm@m P”(\/E ) >0.

— x =k ~a96b P(x) Hmiio oiiawLs 161 uip.

x =k o167 xy =k -6b (9gHuI y = Jk rewt OumevrTip. 6T6wGar, O\BT(HSHBLIIL L LTI enL

O\ FaIaIEHISEHET FHITLD 1oL (HGLD HmiLo &Hmenallenestt GLmml(Bd@LD.

LuapF 7.8

[S—

6T6016Y 2A[hh GTGITHGT S BTG

. Qe () 1ews cTevTHeMetT Fo ' (HG OFTens 12, GLoayitd 16T OLKEGS O\HTaws GIL(HLOLD

2. @essi(h 1% 6TevsTEe e OILI(hd @G0T 20, GLoaViD HiF6HT Fa_(h&6b FMILDLD 6T6s6H ik

GTGOSTHENGIT S FHTGIST .

3. X2+ y? -651 Geomibs infees x+y =10 crand Qbmass(h Srevss.

4. (6 G L LD O\FalIa1% el 6il6h AeLoSBLILIL (B HLDLT) Garcl) eLpeuLD LTSI TS:SLILIL Geesst(hLD.

40 15111 Gauelld &119) eLpeurd LImgETESUILBHLD CHIL L SEGST GLIBLD LITINIGDETS FHT6ETS.

5.0 OFaius angeleres usESHD 24QF8> HaTalDG AFAL L (Herarg). Gomuym
LoMmMILD SLPLIYM Rrhis6T 1.5 CF.L5 Herelleyid Lomm LS HISe 6T phiseT 1 CFLE Seralleib
Qa1 Cleaver] L1’ (HeTeng). HM1HS LIGHSEGT GmbE LTLILGTENN @ <SG (HOTT, HHHCUHISET

GIGNTGIaITS @)K Cauets(hLp?

6. 0 eugmui @ BHow prigu OFaeus GouidFasd HaudsHng Gl AdLDS:S
S L1 (HeTeniy. Lobhanss@hd@h CUTHILDTET Led aulphis GuouidFsed e 1,80,000 Fgyr
WLy ugtiuere) @wsa Gauessr(hb. H%mmlett GmisGs Gaued amindsd Gsmauiehanev.

Goued) 2S5 CHmaLITes GnhsLL F Garedld sLoiMudes HeTid 6T6tr6ur?

7. 10 Q&5 ygaperer el GHeieiT ALSSILBLD O FeIaIEHhIGGHET LOIGWLI(H LTI WL

O\ FaIeIBHSHEH60T LIfILOTESSIAISEETS HTCHTS..

8. QsT(hSaLIL’L  FHDDeTa)erer OFaIalshis@ber, FHTD Lol G  GuEBL  UTlieLS;

O\&1688TIq (5EGLD 6TGWT 16 MIa .

9. r G yguperer 2y QUL SFIT ADLESILBLD COFaIaISHISGEHET LOLIGLI(H

OFaI6UBSEHGT LIfILDTCOSIBIS®CT S FHTCESTSH?

10. (b 2 DuUSHTSTT p(h FHIT 29 FTEdBWD 108 F&y7 OF.L5 Cevarflliymrs LrlienLwb
Oaretor.  Smpbs OuLigeduws angeiemnss NBLOLYSEDTT. AHSULF  HestATINHHTCHT

O 1quIesT LIfLDTGESIBISEGT d; FHTCHT .
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11. @@ 2 peeruier se1 enay V =nr’h. Guaib r+h=6 eefed a1 ereder LAIGLI(H
LommILD LOF DI oSN IS FHT6HSTS.

12. @gip a OF .6 opmid 2 wigtp b COF.L6 Qe p(h Oeunmid Fa bl sk CLoawFuiledr LHF)
@aUSSILUBEDG. BF6HT 21quie) LDDNES ®ISES Fniqi LOSLICUML 2 (HeeTuiles FHeur

AT @ Fan LDLIGOT FH68T AT ew6uL! GLIT6D 5 LDL_ThI& GTGSTLIGNGH S HTL (h%.

7.9 FwFF§ Hedtswio oPHID OHTHNT, GHT1(HGCHIHHT
(Symmetry and Asymptotes)
7.9.1 F105F§ Hedtemio (Symmetry)

SLDGFHTEILD QUDATAIMTHGT PaI0UTGTMID §p(h FIDLILYLI LIGTDL ASTaUS FLOFE] LIGETOLI
(b Yeraflanwitt QummsCaHT 216060 p(h CaHTL L GLIT(hGCHT QDML HacHdhS.

Lo} £ 1.4

0.5F

-10  —05 0 0.5 1.0
705 -

—1.0F

uLtp 7.28 uLtb 7.29 uLtpb 7.30
BITLD @UICUITAPSEI LpE@MUITE FLoFET SGTELOWI BLDSHTGELOT W] QUEDTUIDIIGLITLD:
(I LILLD 216V6VF] 63 (1 QUGTAUGIT 6p(1h GHTL L1 QLT mIdag) LomOmH L GH6T 197SLeILTS
@ B)BbHT6Y, 2Ah%d CHTL L L1 QLIT(BSS] LIL LD 160G QUGTAUT FLOFS T SH6TeLOW GLINMICTeNS) @

61651 EICmITLD.
P(h UDSTUM] (b YeTaflewws OuT(bdsl 0 CHTewdF HLONFWITE) QIS LOTHITLOG)

B BhSHT) b aameTaleny ALIeTenlewil OuT(rds 0 Csrewid FLod L C\BTe8L &/ 6TesTSGmTLD.
P audaTar] LU CaT(he@maent Oumbdg FLods T Csmreser s @)HoseuTid. GOILTsS,
IBTLD 4l AFFFHGBL G FLOFET HGTLD LoHMILD AFledwirt QuT(hES FLOFET HeTLD ASIAINHED

H(bHICRUTLD. HewSTIBSHEHT UTUIGVITS, (1 UMSTAUDT f (X, ) =0 AeHI

o y-2addFl Quimds FwELy: f(x,y)=f(-x,¥) Vx,y eTafld aumeraimy y-dmsl
OUTBSSH FIDFEFT AGID Avvg (X,V) AdIFH aTITUIGT LOKIGTET 16Tl 6Tes6)
(—x, y) ~uJ1b auemenaue L% Q) BHEHT6 AIETAIMIT y-HF®FLI QOUIT(hdd FLOFET HSLD. BTLD
V-UFFI6Y 63 (15 HGVTGHITIQ DU DRUSSFTEV, HGBTessITIQUIGH 6p(1h LidHHEH) 2 GT6T aUETaIeTUIGH
LG@EYLD SHesTewTTiquiledT LomILIGESHeh 2 6iTern auanerauauiiesr LGSl spestenmrs GumevGey
BB GLD.

o x-AF®FL OIS FLoEEFT: f(x,y)=f(X,—y) VX,y 6I66) QUDATI®] X AL
QUIT(BEHI FLOFLT AGLD AVG (X, V) ATF UTaITUIeHT LAGIETET LieiTer] 616sfled (X, —y)-ujLb
QUMGTAIGT LEZI BIBHBT QUMGTAIT X ~AF®FL QLTRSS FIDFET AGLD. HILD X -AFF6H
(b HGHITGHTIG U DAUISHTGV, HGUTGRTTIQUIGHT (1 LidEIH6D 2 6ITeT auearalauiies L@EhyLp
FTGESTTIQUIGHT LOMILIGHSEIGD 2 GITeT auenarauanTuiledr LGHub spastenmrs GumeuBer @)(hdGLD.

o Ybowl Oummds FwEFT: f(x,y)=f(—x,—y) Vx,y 6Iasleh eumaraley AbHeuwill
OuUTBSHI FLOFET AGID 2AVG (X,V) ADSH QUIDTITUINGT LOKIGTET L6eiTer 6Teshe)
(—x,—y) -ub auemereueny LbF B BHHT6L aumeTaiey Abeuilt QOUT(BdH FLOFELT HSLD.
2AGMaIG ASeuwirt Oum(rdg 180° &LonmidbGLITS] QUEGTIGDT LOTDITS.

XII - sewflgaiwicd 50

‘ ‘ 12th_Maths_Vol 2_TM_CH 7_App of Diff Calculus.indd 50 @ 16-12-2022 17:13:29 ‘ ‘



B [ [ [ ® . EEES

2 SIS, GLODEGTL AIMTAI®ISST X =1,y =x" wOHOIDd y=x AHwamas wpanGuLs

X-AF &, Y-2AFr, LOHWILD AHeduilt QOIT(BS G FLOFEFT F6TTLD O\HTCHTL e ASLD.

7.9.2 Gx1smad 0H1HGHIBH KT (Asymptotes)

y=f(x) er6rm auedanaiegents 0o -uded O\51(Hid OFHT(HCHT(H, C\FBTmevd OHT(HCHT(H HGLD.
ASTAIG] AUDGTAIMIT LOFIGTET L6Ter] HhgLolenws OB HaGLOGUTS aIMaTaIIdE@Ld GHTL 19 NGLD
Qevr_ i grgip yFHuigeans CpHHGLD euamsuileh 2 6rer Cs1(h O\gTamevd CFHTHGCHT(H AGLD.
OsTamevd O0HT(HCHT(HEHGT eLHGST NI AUBLILI(HLD. HEGUUITAIGST

1. evL oL’ LG Osnawevd COFTHCET(W, c16d1Lg X -H5HNHG Qevewnunensi@p. y = f(x).
GIGHTD QUATAUMTHS, }LIEO f(x)=L i6bevgy XILIEO f(x)=L erasfled y=L eretim Csr1(h
SavL_1oL’ 1 g CsTemevd O\51(HCHT(H AGLD.

2. fldvdGdgl Osmaand 005T1(HCHT®, eretigy y -A5fHG Bomesnuneigsi@o. y = f(x)
TG auaTaE®Ih@ 1M f(X) =10 oehag lim f(x) = e erafldd x=a eretrm Cs1(H
BlDevdGHSS/ @@n@ng&;n@Gﬁn@ A4 GLD. o

3. FMGS OFmavevd; CBTHCHTH, @b Fuihg Osnmand 6FT(HGHET(H CHTE@Huls 2 dren
LIS Cameanaiuilest auflenarl Lu@GEue 2 6irer LcbamiLiLd CHreandesT auflavFamus el
AL BL01%5 B)(HhSHT6V QI(BLD.

Fihg OFmeanevd OFT(HCHTL 19 ettt Gum BT OFTGSemw LUGHLITD IGdHIT CLmEVTLD.

eI BHIHHT (1) 7.66 i
1 o
f(x)=— etetim  Fjlest OB T®EVS 2
x
OBT(HCHT(HEMTS HIT6VTS. 1
Oaranevd 0FT(HCHT(H
gjal | | \2 X
.1 - -
lim 1_ o wHpid lim==ow. eeuGay, ©
x>0 X x0T X ~1F3 e
CamaulLined Blavewd@ss Osmamavd, 05T(HCHT(H g %
x=0 ADVG y -AFF AGLD. Lide
. . . Y
Be10®TIMTUITETS @) U I F FEENLI UL 731

QUT(RSSID FIDFET FHTMLD QUTUIHSS GTGTLISTED,
¥ =0 SH6bevgl X -215&1D (b OFTmeVS O\5T(HCHT(H AGLb. 2A5Ceu Balaumaraiamrssd (OFalas
2UTalearuid) Hei_ol’ L opmIth HlenevdGd gl O1FBTm6vd 015T(HCHT(H%6T 2 6Bst(h. u

eI BHIHHT_1) 7.67
x’—6x+7 o . . . . .
f(x) = T 61651 FATIING FIUIbS OFTamevd C\HT(HCHTL 19 SIS HT6ETS.
&)
TSI 2 arer LevmIIyd Cosmevanuies eufloFwneg (aflds 2) uGHuied o 6rer
LevIMILILd Camanauuilest auflengeawail. (aufleds 1) AFHLD cT6tTLSTR BSNEG FAuhs OFTamevd;

CsTHCSHT(H 2 651(h. B)FMud: HTeweT O\FHTGHmW LGHauid Cs1ess(h euEdbs Cauesst(hLb.
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x —11 y
x+5|x"—6x+7 0‘
x>+ 5x
—11x+7
“11x — 55 20 —20 0/ 20 T
62
y=x-11 20
BID Qi@  BHeowrs  ubHy  SeUEEULILIL
Geueserig wevanev. BLDS G GrirdGaTL 19 6T 40
2 (haUTSH@GLD 2 (BLiyEeT 1ol (HG euduwid. c1eGa,
o ; —x—11 wy@n. m
Fmikg Osramevd OFT(HCHT(H ¥y =X AGLD ULt 732

Qs  aumenaimiuies ULSEOBHE, uaTaleIu/d FTuIhE CFTmevd CFHT(HCHT(H
Y =x—11-1b spcirevm spatrmy CUp(BAIGEDG. 2AestTed Gaul’ (Haublebaev TGTLINS HaIGHS%.

eIl BHIHHT_(1) 7.68

2x% —
f(x)= f 8 616 U TUIGT OBTemevd C\FT(HBHT(HH®NS HTCHTS.
x p—
Sjay
2_ 2o
lim 2x 8:—00 LommILDb lim ;C 8:00.
x——4" x2 — 16 x—4" x° —
e160Gay, X = —4 opmub x = 4 y
2ASar OFhIGSSIS C%Tmevd 615T(HCHT(HHET S4SLD. x=—4 | x4
8
_ %
. 2xh - ) 2
lim —— = lim— =2 x
I-=
' / \
) 8
2 _ —72 .
LoppiLd lim 252 _ Jim L - uLLb 7.33
X—>— X7 — X—>—o0

2

eTedTLISG) @Bh&I VY = 2 6T6HTLIGI §(1h é?xﬁml_LDl_'l_g Osnamevd 0H1(HGCHT(H AGLD. BTLD B)H6sT
OaT@Haw LuGHmw CFTeEs(h aU@dHILD GILIDGUTLD. -
7.10 ausnaraisny aus®JHev (Sketching of Curves)
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AIEBUI ST PYID LIGH AINKE6H1LHSH6T

"sFlI®UF FdmalSsTSTET Qafllieur Quniaddame’
- S S19my () afsv60amid si9ef sto

Do g, AT HIHeVD

2ASTDTL ITLDeNIEOG) BITLD LIS QUGHBUITES FITLB®ETLI LNM) HT6wT Calesnqu/cTend). Liey
Grrybigertleh Frrumm Lommusest LommIseid@ a1mu Friifest Lo n96b TML(HLD LOTDHDHIGEET I HTGHT
GouesstiqueTeng). AHBUTETD Fov FHLocVEmend SGLp FHTessTGLITLD.

s @ 'L eangel 2G0Tsd HH5H Fo1s5 FHOLHDUILBEGTNS 6T6iS. HBGHT ATLD
2155 @GL0CUTG UTLiLD AHSFFSEeTmS. 24T5H)60 eTDLBLD LoTHDG®S CHTITULOTS
2ANTSHE  (LPIQUILD 6TesHe) AhSd HBLIgest uglded agnHUBLD THDE®S GTRAIITH)
Few155)(hals?

@ o FSOVEPTE @AUSGHIULL @B Chiau’Ld &by eugeld OHTiquiled SHevoresst @

BriuiuhSermg e1es1s. Qb BHlasLpaileh Sevoresst (et o wiLb, HILTrnNesT 4L, Hilesr Hevr
A6 ASImal BTGl QuTBds LoTnIFTDS. @B vl FTev Qe Claueflufieh
U@L 2 wiSHest LomHmLD, ATSSeT LomHMLD Goumanm SHenailL wpiqulLD eTesleh b
&1ev Qe Olauarluifed TMLI(HLD H68T HGTANGHT LOTHNES WS GTAIITD] He8TdE(Haug?

o @  OFunesiCsrer  geasarsSdlmhg  leantleaefluisy  araii(BEeTng).
JSNMESEO G LTHISTULTET HTTE5S60 NOTHVSmBH: HTHTeENES LGS &
S(He QuTpSsLiL (HeTeng). aflesaseurd CroblevuproGung) LesLiLL & HHaulesT ernHm
Gsrewend ommIHe T (b GO L Hmev e Geuarfluiled, el g smaufesr @)
agmnmd GCamesshigser GFiu/b 616lled b HTev Qe Olaverluied eessTdeLd Liwicss g
SIS TRITH HessidE(Haud?

B51GuUTetm CHTNB@HSHTET DL FM6NT, Ahdd FITLEMET DBHCHLY LoHMID LIGH)

aIdHHOHLpall LwesTL(HSE Criluieh Carymu oIy Lopmitd aIeHUT(H eLPGULD HTEETGUITLD.

@@ LoTBludesT Qod'iFTIesig) ADBHOBUPSHTCT FH(HHHIFHHMGT HITLD
Wb 2ASHwmubisetleh LuleTnieTGarmip. (b FiIeis FaiLSsbleD
2G5 A (extremum) HTGHTLG/, LONHMILD FTTINGIZHI QUMTLL LD QUGDTCIS/
Guietim euemSS6ELpeNeST LWIGTUT(HS®ETL LHPuLD Lg &&IeTGermid. Qb
2ASETuISE6D 6p (15 FT71968T Lo 1emL sp (b GBI L LeiTeflufled Lol n9(hHlesrm

LommIGILOT (R LIWLIGSTLITL  1Q GBT e HhiseesIT6H HTG8TGLITLD.
y=mx+b Gunetim Grilwed Frmi9er odlnlenend snessiuens i, Criluied ‘ Y
2AceVTH FAHINeT LodlienLd HewidsE(Haudl HlQGILOTESIS GTGTLIDS [HITLD R ()

<2ADIGaurtih . aflebGlamid adifeflL 6t
(1646-1716)
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9 HTIGWILOTS, f(x)= Jx+1, g(x)=2x-7 ereim Q5 FTTyE®ET 6T(HSHI%H0\HTET(R.
x=3.25 Qb @aunmletr Lol Emend; FewrdEl Coucts(HLOTETIT6) 61%) BLOGE 6TaMBTH B)(HHGHLD?
£(3.25) -6t7 Lodliemuid; sessidE(Hauamgail. g(3.25) 61 odlienLid Hess1dd)(haig) 6161iEms @)Hd@GLD.
1(3.25) -et7 Lo 1emL1 Hew1d:8)(haud)ed Flmi 19ewLpemit bTLD 2L IGLITLOTGTED, X = 3 -&@& A(hEleh
f -atr Ggmmuws Lo sessrLgmSETeT Grflwich FrrenL BT et @uigyid. GLogyitd b Ghifliied
Fnjienest  f(3.25) -1 GCHmgmw odliewL HaewT LWGTU(RSSGUTLD. (b FATLINGHT GUGDTLIL LD
OGS TSH Pevevroed B)(hds% Gauetar(hLomesied 1% Grifliech Friung @mds Gauessr(hLb. GLogyLd
B)F6HT LOMIFEVUJLD D GETGOLD GTGHTLIG| BLOG S OHfluyid. sp(B FATINetr euadrLL SFleb QBT (HdSHLILL 1
(b LeiTerf] aubluins eresstesslovr s GriGsm(hser @ plilaid Seunmled GsTHCHTH Lol (HGLo
2Ubg Fest Fiilwimet Camymui diienu Sefds @uisiib. a6t 6Teslled ieiTem (3,2)-68T 2i(BHleh

J-6b1 euewgLiL b p(h CrrGHT(h Guimed CHTHMLOGTIGHEGLD.
6
6 N G

L 4 b =Vx+1
F)=vx+T S @)=+

D —_"] )
. K7
— o] 7 — TN T T 43210 12 3 45 67 8500
I
F M
UL p 8.1 uLtb 8.2 Cs1(HCHT(H
Gromsessrr L hisefled(Bhgl, Seunnled 2 drer Csr(hsefley x =3 eretim yerafuied f(x) -6t
® QUDTLL §&15%M65 OFT(HCHT(H Lo (HGL x =3 -Gamest f-681 CHmymul LodlienLid Fij @UIsVILD GTGSTLIG] ®

Osaflaundleiimg). <ngriemruied C&T(HESLILLL  Fagewu x=3-60 OGri&GCsTl(WF FAjUTS
LompmISTCoTid. @bsd HHSH CHikOs(HHILCL LeTefl (3,2) @er 2AmFeD, 2 66l g6
LOTMISVIS S 67 ML FTT19687 Lo1N6b 67 HLI(HLD LOT ISV HeISS 2 F6)EeTNS). AU BHCBLPEGILT
LwichL(h$E) auansui(hselesr smdbams ABpsiL(hdHGarid. @& Caimo%(HeSLILL L LjeTermulesr
2ASFled Camamw LodlieLd seissH)(Haudled LWIIGTTSTS B hdHGLD. ABSHCIHLY, 2L 6TIq LOTHI
FsFmF MLl Aev1Ted euansuf(HH6r sp(p FAFfe N6 apLBLd CHTFmw LTHDS®SHS
&rewr 2 gayfleTngl. GLoguid NgHuiLed wpemmuiieh euemgwmids C)sTamsuiiLedetr LoFiL HTewiayLd
LoDMILD QUEDESHCNHLPF FLOGTLIT(HE®EN STdhSHa b auansui(hH6r LILGHTLI(HEl6tTne.

aIHUI(HE®eTd FHD 19671 L6 LOTHIE®eTd GEmess GLou'id Fjyseilest 6% H@IGLD
O FISHICAUTLD. LIV LOTHIHMETS C\BTTL FTTLHG@BSS, sp(h LoTPUIGT LOHTew GLodid Fryiesig
"B 0)5Lpailetr" OungIdsesdwwTs  "UGE amBsCEL e ABLPSILBHSFHCaTLD.
BID R6TMIS@G GoHul’t  oTPIE@eTUELul FATHE®ST 6T H(BHHled GCsmerer Gesessr(hib?
2P CHrMaUSGHT GTafl FLpeeVd HTETGUTLD. sp(h Hlmauetid GrTL (Bl LdbBEhISET LOHDILD
Guestnssmanuyip 2 Husd) CFuiISesing. @b BHneuesisdesr Revruid Gu(pLooTs B)(Hdsd
Co@anunest 2 s AeTamald; HTeTGaessqueTeng). Qb Bloiballed (CHTL (L1 LjdHHLD, GLicwT)
Byessr(h LommlEerledt FriLimest aurey,01Feuey LoMMILD @GUTLI FTITL|BeerT 2416y O\F Ui Caessnq u 6T ).
B51Bumeb sp (1 Gl 19 uGHT H68T Aememar 6T(H G I O\FBTEBsTL 16D @G/ BENTLD, IHGVLD, 2 WITLD GTGST eLPGHT M)
Lo WIEeIeT FITLITS 2 6Tendy). GLOGILD §p (16 (HTL 19 65T QUIT(BSTITSTITLD LIGV HIDDBMGTF FIT[ThIGT ).
eTIG6 2G| LGV LOTYIE®ETSF FIhEHITens). @aleumn peTmnidh@ Comul' L ompleemerd; O\ meyrL
FTILSM6T CHameueILLD, (LPpHENLISHIUSMSBULILD H(BSHHleh ClbTessT(h SHeuDmIdhsTeT "aIemEd:0)H(Lp
H(5SEI(hSEMET" 2 (BAUTHGASID CHaaumest peTmTSeingl. GLosyid @yess(h LoHmILD eLpeTm)
LOTYISE®ETUIEDL W FTTLE@HSHE T "auamBuT(BR" LommiLd Heunmlest LGS TLIT(HS@STULD HTTGLITLD.
Bbg ASENITIWIGSG) AGSTDITL uTLPeT6) 2_GTET LILIGTLIT(HEHEET S HTGUTGUITLD.
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@' HDMN6d GBISHBHHRIFHBT

Bibs AFEmugHest wpigailed LomessiauiHeiT 196sTal(BeUaTaINGD AMBESBLILIT.
o (6 LomWlenuid Qsreser Ffifett 6p(1 LeiTamlufevmest Grifluich GHmymu oIy Hessiddl v
o Gpflwed CGaxmymus odliewutt Luweiu(hdd) FesstlliumesiseT @evevToGev (b FLIeh
Gamuws LIy HrewTed
(1 FTj1965T auenHuT(h HrewTed
®  GTDITL QUITLPGIIG) G(BLD H650Td: GH@H%: G Chfluieh GHmrmut Lo i LoHmILD UEDHUT(H HEGITL
LWIGSTLI(H S I H6V
R6TIGHEG CLoPUL L LoTHlE@meTujenL w1 FITLIGHT Lighd) aIensd:0B(Lp HTeuT6eD
o Quasw(h 2evevg ASNG Gomul’L omplseenuel w FajLsenssr Grifluieh Gamymu
Lo&)IL| HITEEsIGH
Q6T MI%@ GLoMLIL L LDTWIEE@TU|GDL LI FITTL FLOLIQ SHTESIHT B)6VEGUUIT 6TGS SITLOTGH 560
o FIDLIQ GSHTGT FITTLHG@H:G AU 166 CHNMSEHerTLl LiwiesTLI(hSS5iHe0

8.2 Gofluied GHruymus 1wH ] iPnId 21e»nHUd(hHHeir
(Linear Approximation and Differentials)
8.2.1 Gmfluied Gxmuymus wgi'n| (Linear Approximation)

B n9fafled, (b yeirarfluieh sp(p Frifest Camamus toginlewest AMlpsrii(hssHGaurip. Grfluieh
Gammws toglndenesits LwichLu(RdS) OsT(hdsii L eTefuiest Simbled Farilenes LodnN(HGauLb.
196871 s LomMlyewL_wi GLod'iFF 68T auansuiL L APLpSHLILIHSSHICeauTid. @&iayLd LwicsLTL (Hé@
2 IS @(HSSLD.

fi(a,b) >R cretiuens auensiiil$sdhsd FOIUTHD oPpmid X € (a,b)cTeriayd GBI .

x 61681 Leariluied [ auersuil $Hdas]. TGal

o JE A - /()

A (D)

Ax Al oy erestled (1)-6d7 eLpeurd I ]
S(x+A0)— f(x) = f(x)Ax; - (2)
2AFTIE, f(x+Ax) = f(x)+ f(x)Ax, ..(3)

Qi@ ~ eretrug “Caxmgmu wHnH@HE” Fiob. Goayd Frgmoryf]) x @elwhsl  x+Ax &

ompoCungy f(x) iy f(x+ Ax) @ LoTDIaI®SS SaIesEEa LD, 6TasTGar Ax Fmlus LomHMLOTEGLD

Af @icvevg Ay Oaveuie msayid @)Hd:@GLoGUTE FLociTLT( (2)£9 1968TaU(BLOTHI LOTMIS) 6TAHHEVITLD.
Oeerlu§i’ iged ermu®BLb ormmid = Ay = Af = f(x+Ax)— f(x) = f'(x)Ax.

f(x) wnpnd f'(x)Ax g uwestu(hSS) f(x + Ax) -6tr CHmgmw odlientid sewsiddl Froestum(h (3)
LweTL(Hauamss Smesreunid. Guogud @b GBI L X,&@ y(x)= f(x)+ f'(x)(x—x,), xR,
eTadTLIE (X, f(X,)) 6TedTm LeiTafluied f -d&mest C\sm(hCHILIq6sT FLoGTUML ML H(hFTDS. B!
X, 5@ 2ABED [ -6r Apbg CHmymw e HmEsTng. @s 1968TaIBLD UMTU®DSESG aULf]
AUGSHSFGTNG].
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|mmuu_m)g) 8.1 (GoBilwisd Gxaymuws wHiny)

f:(a,b) > R e16iud»s auenHUiG&55F FITUTSLD, X, € (a,b) cTeviayLd C)FTETSH. X, 665D
yerefluiled f -6t GHmamuws oy L -65T cuenguienm

L(x) = f(x)+ /' (x)(x—x,), Vxe(a,b) A& - (4)]
FLoastut(h (3)-edl(pbg Os1(HCHT(H
f(x+Ax) = f(x)+ f'(x)Ax, A Lx) = f (x)+ f'(x) )(x —x,)

GTGITLIGDS [HITLD FHTGUSTGUITLD. £ (x, +Ax)
0

y=f(x)

Bz f(x+ Ax) -6tr G mymuws oIy Hesst
LIWLIGY)| ST RTSHTELD. FACT | LECEEEEEE
Qi@ x -GS 1L X, -0 B(BAIGLOGLITS]
f(x)-dsner pp Hobs  Csmymu LolienL

(30/ (50)

x, 1687 Yerafluiled f -6t Grflwich Cpmymus ol 7 x'o A T
LOFNLIL), SBHITDS)- UL LD 8.3

g0ewresileh, yaira x,-60 [ O idflujemr wig CsTHCSHTL 19 6T auLf)
GTGTLIGTGY X 63T LD X, -8 OUh(BhIGLLGLITS Criflwed Gemymu oy

Gevp = f(x) = L(x) = f(x) = [ (xg) = " (x )(x = x,) - (5)

uFHwsmS CBmhiIGEHTIDS. Cogid f(x)=mx+c, eresfled gGHeID p(h X € (a,b) -d@ F6T
Gpiflwed Gamgmws oy  L(x)=(mx,+c)+m(x—x,)=mx+c= f(x)2&D. Qbs Hevuisd
@ Gamgmuws o nesig 21hg FriuTsGar 2 eirang). (@ aflwiiy’ (Heusns @evaneuui?) @
sIhHIHIHHM_1) 8.1
S(x)=1+x,x>-1 er68tm FT79D& Crilwed Caxmgmu whliewu x, =3 @b H1cvrs. PawsL
uwestu(RsS f(3.2) -2 Loblnd(hs.
Sjal
FLoaiin(h (4)-@e9whs L(x) = f(x,)+ f'(x,)(x—x,) e1ew mid 2m)Geurmid. x, =3,Ax=0.2
ommitd f(3) =~1+3 =2 Grogyib
e1aiGau f'(3) = L _

) = -
2J1+x 2J1+3 4

1
L(x) =2+ " (x=3)= %+% 61657LI% Goemauuimest Crfluich CHmmmus LoblienLd H(HEGTn).

@reumaps f(3.2) = 42 ~L[(3.2) = % +% = 2.050.
2 asrenLouded sessilimenauitl (calculator) LwettL(hgSestmey /4.2 = 2.04939 . [ |

8.2.2 1QmipdeiT : Hafndeml, FTjiAsnlp, LPHID FHAISH 1TemLp
(Errors: Absolute Error, Relative Error and Percentage Error)

BILD (b dliewud Cemamutiu®dsioCung) b Do anudSesing. Qbsll iflaleb,
Foastun(h (4)260 Griflwed GHmamus oy eperd TMUBLD 19LpuId HHSHe CETTGaurLib.
19DLEGTGHT LIGV QUESBEMGTLI LINMILJLD STGETEUMLD. h = X — X, 6165 6T(H%%, X = X, + h 6T68 HlDL HGLD.
Bgerred Fioestun(® (5)

E(h) = f(x,+h)—f(x,)— f'(x,)h e168T LoTmiLD. ... (6)
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E(0)=0 er6iue»sd Hauesildbs ommitd x, 616 LeTefluieh [ -er OsrLjdSld SesrenLoufesimed
%irr(}E(h):O GG TLIGNS [HILD (LPGSTGL LTTSHIGTGarTiD. Gogd [ Uil GHdbHI GT6HTLIGTCD

gLoasiun(® (1)@ whs
limZY) _ iy L3 = ()

-0 ) h—>0 h

~ (%) =0.

f eredim Fgy x, @0 aumHUiSssEs erefley, h yFHwusms CBHEGumSAIL, E(h)
GausLons LdF S CVB(BhIGaIMmSS HTGEIGTLD.

l D IsnY .2

P GO L AeTmaudid Hiloneflss Geauess(hld 6165T%. ST HieHeOlwiLomest oL
Ood' oy erestiii(hid. Hev Grymbigefled BTLD Aeunmlesr Camymu Lodiienu, GHmymus tobind e
wpamuile H1esstHleTGmrLd. @b khlewevuded

gastitfenLp = |Qowiodliiy — Cammus LodliL| 61687 euedTwImISSILBHEDS). |

6160186 FroasTLm(h (6) Criflwich Carymus oy wpenmuied ermu(hid SIS HHEGTNI).

eI(hHBHIHHT_(h 8.2
Grilwed Ggmgmw S ® wpem eperd 9.2 -er GHmgmw odiewud  Sesuillimesr
2 FaMIGVITLDG) HIT68TS.
&jay
Griflwich Gamymus odindi' B wpewmufled 9.2 -6t1 GHmmmw oglienLd HiewT Galesiq ueTeng).
FLocirn(h (3)-edr g f(x, + Ax) = f(x,)+ f'(x,)Ax e1607 2 6irengy. @&n@& pb QurpdsLones |,
® x, Lopmid Ax afluieunennd Ciiey GlFuiw Geuassr(hLb. BLowpewL w Bbsd Caiay CLomsessi GHmymws ®
LGN FLOGTUML 196 QUGVLILIGEHS®SG HGSSILILITGT 2 HeMNVeUTLOG) HesTHEI Gdaiqul aIemSHuileh
B)555GauessT(HLD. 6TasIGa

f(x)= Jx, x, =9 opmid Ax = 0.2 616w 5710 CHie) CFuiGaurid. @aested f'(x,) = % LOMMILD

J92 = £(9)+ £1(9)(0.2) =3+ % =3.03333 e7ew AL SGL0. .

SOCUTEl, U (S UTTLILSDHTS, Sesflliumeaet LweTL(hdHlemed 9.2 =3.03315 erewr
oL LIIDSS  HTewtevTid. HID GHagmuws oy ApFed epesTm FFLD DU hIG@rEG FAwins
2 oG HTewreuTid. 61aaiGay 9eorp  3.03315-3.03333=-0.00018. [Goaitd @hi@ sp(pour
S(x)=+1+x,x, =8 wopud Ax =0.2 erewa)ib Caiey GFuiwieurid. etesiGe f ommid x, -6 CHiiey
FeNSSHETLOUIDLWIHTH B)(hd% Cauersng uihehenev].

e1aiCey  Gomsesr.  1(h&GISHTL 1960  Feflinfentp 6161 3.03315—3.03333 =-0.00018-
SN NDLD 6ThF 246TTa 1VGMLD GTGTLIDGS GHDGEGTNEI; 4681160 g CHTITWI LD 1L 6ThS 6T %SG
Qoo HNING A(BSTLOUNG) BETDTS 2 GTENL| GTHTILMSS: Fn il QSNE1E Qes(h ererw
BleDeLEET S HTEESIGVITLD.

Hleev 1 : Gz 6p 2emedlest Qouindiiy 5 ommit Gt oIy 4 61651%. 25651 Sl enLp
5-4=1.

Bleav 2 : aGsm spatiiletr Glouindiiny 100 opmutd G mgmuws iy 95 616818, SHBLITZI <SG
Fatlfantp 100 —95 =5 . e1a1Gau 1Lpged Blanevuiledt Hestlinfeantp @)yesstmib Flevevenit alll &EG@melns

2 GITOT ).
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Qs @1w Camumw odliysefleh 618 Hnbg CHmamu oy ommitd er6s1? sph CHmamui oLy
Fobsst @eveneowiT e16tTLg LN Seiinfer Fiwnsg Osflaiiiugleenev. HGH Fiowid FaFieLp
20vg FHNSUIImL (ECLp euawTwmIsSiiL (HeTeng)), %eidsd)(HGaurionesimed ibs CHrmmus
LodIL) GTRIIGT®) FNbES GTTLIENSS HTGEIRVTLD. GLouiodliiy LFFuid e16siled BLd GHmymus Loy
OLod'iodiydb@ 6Ths HMAIDG OBIESHLOTE 2 GTeTH TGS BHLOSGS O&fluyip. OLodindiiy
LFALOeOE6V 6765160 AL 1DGSTUIHLDTMI QU TUIMILIGLITLD.

| aenyuwisn 8.3

QLo yFFuioHme 6Testleh
S L, DDSI |Qouiodliiny - Cxmgmws Lodiiy|

FLienLp =
THIEE Ououiod)iLy

FAISLIN®L = FrjiflenLp x 100. |

@olly:  seilifeomy Herefun@ g 2.6@i®. HCs Fwwid Failow, Fsisl L
ASWDDINEG AHVSGSHET Q)eVaE6v.
GLom&essTL hlenevderfleh

APSGV Flavev : FTjifentp = % =0.2; 55635101 19enLp = %XIOO =20%.

@)gesor_ib Hlewev : FramifevLp = % ; FSHTHLI 1enLp = % x100=5%.

B0 w1 @evsrmeugy GHmgmus oy wpsed Gt oblindi e e g& Hmbss). FarifeLp
2I60VG| FHNHLT 1IDLD HesTHE_ 6TH6T CHTITILI LoFNIDLIS H6w5Td:E)(hH BT CmTGLOT 215657 O)Lou 1oLy
O b mI:S Cauessi(hLD 616TLINSS HaIGHTSHERLD.
@ GLogitd Hlov T(WGSIGHTL (HBET HTGHTGUTLD. @
IS IHIHHT_1) 8.3
(b CFrLiy mIwguiest auigauld CEHIGTLOTS 2 6o 6160 6T(HdId: O\BTeTGaurib. Agid 5 CFLS-
BOmhg 5.2 OF5-H% wrmid Gung agnu®id eueerLyiniest GCsmrmus & ftienu Cpflwieh
Gamgmus Loy apedmulleh Fressis. GLogVILD HFH6T FHTHLT LNLOGUILILD HTCITS.
Sjay
b v oaTer Ganengdlet eueenugliy S(r)=4nr’ eleiUmS [KeeTeydaf&. BHLOLOTED
GHSHTSmSL1 LwGTURSGSE Fflwines mmmdemsd sessdll Lpiquid e1ermmeid Grfluied Gxmrmus
oIy apewmenwit] LweTL(RSS) CHmrmus LoblIenLd HTessiauTLd. FLoasTLT(h (4)-6bTLig
UGTLITLIN6ST GHTIms LoTMHmLD
S(5.2)-S(5) = S'(5)(0.2)
= 87(5)(0.2)
= 81 QFL5?
FIIUITGST HEssTdSL1Q6TLIIG. QUGGTLITLILIGST LOTMMLD
S(5.2)—-S(5) = 108.16x —1007 = 8.167 GFL5>.
0 _[8.167 —8x]

T

FFHNISL 19emLp = Frjifentp x10 x100=1.9607% -

eIhHBHIHHT"_(1) 8.4

(b Cpjeul’ L o (paweruilest gt r =10 OFLS ompud @ wigid h =20 GFLb. o (revemuilesr 7LD
10 Q16 @eOBHg 10.1 OFL5-A5 2H oM GEesTmS) 67657%. GLOGYILD 2 WITLD LOTMITLOG) 2 AT/ 67686
o (pewenuilest Her 2Aenadleh aHUBLD LTHNS®HS FHessidE(H%. GLogd BT FAFINeOLp LOHMILD
FSHNBL1 19DLOUINLLD FHTGET .
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Sja)
o (meneruier sev 2oy V = mr’h elaiiuens Hlaneiey g fGauTLb, @Vhi@ 471D ¥ LoMMILD O WiTLD
h @, V(r)=nrr'h=20rr".

V(10.1) -V (10) = cj{—i (10.1-10) =2072(10(0.1)) .

r=1

6165186 H6T 2Hamailed a7ML(HLD LoTMDSGSeT oIy 407 Qa8 .
68T 2A6Meied TMLIHLD FHIGHeONILDTGYT LOTHMLD
V(10.1)-V(10) = 2040.27 —20007 = 40.27 Qa8 .

4027 —40x| _ 1

G ) = =0.00497;
TR ST = " 02 201 ’
LommILD F&&5L1 19ewLp = Fagienrp x100 = %01 x100=0.497%. -
LiuGjpa 8.1

. f(x)= Yx eretres. x=27@e0 Criwed Csmymw wdieus srests. Griwe Camymuw
wdieou LweTu(hSH) J27.2 651 LodIenLId H16855.
2. Griflwed Gsmymu ot (B wpemmuied (DesTaumarestaudmIest GHIImus Lo ILEm6N S HT6EsTH.

2
(i) (123)° (i) 415 (iii) V26
@ 3. 19657@I(BLD FITTLH@HEG, O0FHT(HESLILL L LeTeNsefled Gnrifluich Carymus todlienLid Hesrs. @&
(i) f(x)=x"=5x+12, x, =2 (i) g(x)=x>+9, x, =4

(iif) 7(x)=——, x, =1
x+1

4. PHAILL QUIqal SHL 196 2ATLD 12.5 OFLO-S@LIuHevns 12.65 CFLhe1es 2enSIL(HHeSTDS)
6163116Y 245687 LITI96h e7MLHLD LOTHME S H6vTd:S)(haud)ed 1965T6U(HAIGTAINGDN HTCEST%:
(1) seflindeLp (1) #7j 9ewLp (iii) F&eisL1 9L
5. uesfldaLiquilevner pm Csnanddlest Agip 10 GFLS. g6t <umid 10 OFLEOBhHS
9.8 OFLH-A45 GaMEGTNG). 1965Tau(HeuesTaUNMIeT CHTITL Lo IIDETS HT6EsIS:
(1) se1 2emalled aTMLHLD LOTHMLD (11) euewaruriged erHL(HLD LOTHMLD

6. | Berd 2.6rer @ Hevtl 2aFedetr 1pLp Aewevey Cwrid T 6TedTLIS T:27r\/z TGl
g

QET1(RISLILL (HeTengl, @bi% g @B LoTmlel. [ 60 ghu®d 2 FEaIsll LSS ThL
T 61 Sewu1dSL 1960 aTML(HLD GHTITIW FHTHLI 19DLPEUI HITCESTS.

7. RIF  oTe¥TessHlesr  n-4Lb LIg  epeVld FeTHEL LIL(BLoGUTEl apUBL FHBL  DeLp
GHTIMUILDTS, b 61687680168 FHaiL1 LNewLUNGT 1 LDL_1hI@ SLD 6Te8ISHHTL (H%.
n
8.2.3 alsmamui@mxeir (Differentials)

Qi awosiBsdr" upy AP pSILBSS OEST(HD HTD QUMBHOELY H(BISHI(HGIL
LwichTL(hS&IGaurid. @@ Frocsum(® (1)g3 SeuesliGuimLp.
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_ ey i
= /() =im - (7

gy St 07

dx Ax—0

Qi Z—fe‘rmug,j aNgSungmisetiles aEssHer erevamev Lodlliewud GMlGs Qe siv
X

ar

I/
e d
onmid dx @eunmlest NEBLTE (QUGHSHTE) H(HSGIIE OUTIESSAPETATHTEGHLOT? CaunieiFLons

uweTu(hSE GSBUTR %@L @)% x -goL1 QUThSH Y -6 aaBsCIELp eTevLILI(BLD.

UDBHOELD 6TedTLGI df LoHmILD dx 65T QUIGSHTGLOTDI df -H@&LD  dx &L CLT(heT CFT6Ten
apiquion? Hev Crrmiseney b erareuILd. T(WSSHIGHTL LIS, [(X)=mx+c QbIG m,ceTeTLes
Lormle e, eTestle y = f(x).

eTebeuT x € R opmib Ax -g@ Ay = f(x+Ax)— f(x) = mAx = ['(x)Ax . eres1Gau FLocstm(h (2)
wnmib (3) Gwur. @@ x womid y(=f) Qeunnled agnu®id wrnmid CriGHTL 6T g
ahuBEestmg). Qbkleevuiled

Loemss . & o8
Qgeinned df =Af =dy wHmid dx =Ax 61607 61(HSSHIGOHTETIL M) UDBHC)BLY % GTGOTLIZ]

2 ciremioued  df ommid  dx-681  NEBLOTGHD. e1eiGau  f -6h1  euewau§l L 1eTeU(BLOTM
ueFwImIIGUITLD:

| als»yuwienm 8.4
® x -687 AFfliy Ax 2 1 687 ommiLd 616beVT x € (a,b) -FGLd [ :(a,b) > R @b audsuid5d% ®
FjL 6T651%. [ -6bT auansui(h

df = f'(x)Ax. .. (8)

676 QUTUWIMISHHILHEGTDS). |

f(x)=x eresfled Froesrm(h (8)-6br Lig A
dx=f'(X)Ax=1Ax  2AFTaugH dx = Ax,

BF x -2F860 TDHUKBLD LOTHDLD. cTTGR ®@8¢“®
goaiun(h  (8)-airig  f-681  auSUTB f(x+dx)f-----m-m=-\ - Qg)“

df = f'(x)dx. <2B$8 TCsaUd R dy = f'(x)dx

v = f(x) -Ssmest auansuL eoL HresstGLITLD. y= (%) } —

A = f(x+do) - f(x) ersmgs = f(x)

ereorm  Fm9er  Glewerfluiiiged  ermu(BLb

LTHDS®SS SBSSDSI. ['(X)  eT6hILISI

(x, £ (x)) er6trm yeirafluded O\ (HGHmL 19651 5 X i >

Fiuiedaldh  HhEema.  CBTHCHTL (H 0

SoFuilsd [ Qv anuBid orHmid dy uLLb 8.4

2AeVevg  df  oT6d1E. 6TeiGou  GLOMBGUTL LILG Criflwed Camymu oy Lopmyb aesui®

dy = f'(x)dx uLip 8.4 @whg A ~dy=df = f'(x)dx eretiug GOsefley ommid f'(x) er6drLIg)
af

Gamymuions Af ommid Ax -681 aNESLOTSS HT165TVTLD. 6165 Ga - eT6sTLINS df LommILD dx —6b1
X

—

B0 % QLITHET CHTETETETLD.
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@GP ey

R FITINGHT AUDBHOBUPALD p(h FATLSTGHT 6T6TLIGI BHTLD ABCAUTLD . (b FAjL [ -6
auesui(® Frgm LorPludlest Faiuns Lol (KLo6VeVITLDGY, 2 6TerfL 1960 erHu(HLD LomHmLD dx = Ax -£oujLd
FTTHSIGTETE]. 61000, df 6T6STLGI X LoHMILD dx 6T65TM @) LOTMILD HGTRYHGHTIGH FITTLITE 2 G
Af = df e16teng L 1D 8.4-@)e0(BbdI HTERTRVTLD.

QU (B LTI &% Flev FITLEET, AUDMIGHT aUanH:CELHSGEHET LoHmILD auenHUT(hEH6T SBLp 2 6irer
2L L auenessiuileh 60%m(h gL’ (heiTereor.

676:6’;1 FjL UDEBH015(Lp i (Hser
1 | f(x)=x" f'(x)=nx"" df =nx""dx
2 | f(x)=cos(x* +7x) f'(x) =—sin(x’+ 7x)2x+7) | df =—sin(x* +7x)(2x + 7)dx
3| f(x)=cot(x") f'(x) = —cosec? (x*)2x df = —cosec’(x*)2x dx
, | f@=sin'® Fiy = df =—_x
1-x° 1-x°
5 | /)=t )= df = ——dv
I+x I+x
6 f(X) — ex3—5x+7 f/(x) — ex3—5x+7 (3x2 _ 5) df — ex3—5x+7 (3x2 _ S)dx
® 7 | f()=log(x* +1) f(x) = 22" df = 22’“ dx °
x" +1 x +1

2A(HS 5! HTLD U HuT(H H6 16T LIGESTLS@TLT LIHMIS HT6STRUITLD. )b (LpIg 6 H6IT U HSH0)HLHEIGHT
QUMTWIED LONMILD QUDBIH0)HLpN6HT alblEeantl (9esTLmm) Hewr_ e, (5)-1b uesnINn@Lor (Kb SGip
BlemLieserid SIriuL (HeTengy). Lommene LUIHEGSE1H LUl (HETeTS).

asnBUidHHalsin Lo |%er (Properties of Differentials)

@i mirip Quodiormlsermevnes Qouiod)id FrjLseen Lor” (HLb H(HdHed CET6TGaurib.
(D) f o omledd Fmjy erevfled df =0 .

(2) Fwehd ity f(x)=x erafled df =1ldx.

() f emasudLsdag whpib, ¢ € R erafle d(cf) = cf (x)dx .

4) f.g c161L6y auansiiL dodsan c1afle d(f +g) = df +dg = f'(x)dx + g'(x)dx .

(5) /g ersituc auspsuli dadasem arafled d( fg) = fg + gdf = (f(N)g'(x)+ f(x)g (x)dx.

(6) f,g GIGHLIGH QUBUIN_SFHI:HEHT 6T65HI6H

gdf — fdg _ g0/~ f(0)g'X)
g’ g’ (x) ’

d(f/g)= Qiug g(x)=0.
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(7) f,g c1657LIGHT euenSHUI&FHdbEaHT GTGTLIGIL 6T h= [ o g eueTuInISSILL L &/ 6T6s60

dh= f"(g(x))g'(x)dx.
(8) h(x)=e’" craxfled dh=e’™ f'(x)dx.
) dx.

(9) erebeuT x -&p f(x)>0 ommid g(x)=1log( f(x)) eresfleb dg = 0
X

IhHH1HHT_ () 8.5

f,g:(a,b) > R cret1iest auansui &5 FijLseT eiestley d(fg)= fdg+ gdf erew blmieys.
Sjay

f,g:(a,b) > R eretiue aumauilsHHs FAJLSGT 6IhTUgL 68T h(x)= f(x)g(x) oretis. h
GTGTLIZ] QUASHUN_GH5S FTITLH6TGT GBS 6TedTLST (a,b) @6 h 1D UDHUN_&555F). 616
auegwemiig dh = h'(x)dx .

SN0 OL(B:H6D allblevwils LuweTu(ReS h'(x) = f(x)g'(x)+ f'(x)g(x).

Bsecy dh=h'(x)dx = (f(x)g'(x)+ f(x)g(x))dx = f(x)g'(x)dx+ ['(x)g(x)dx

= f(x)dg +g(x)df = fdg + gdf _
eIhHH1HHTL_(H) 8.6
g(x)=x" +sinx eraxfled dg -0 Hets.
&joy
FIIY g UDHUIN_SFH55F TTLMSS Halclldsan. Gogyd g'(x)=2x+cosx.
® Bsesied dg = (2x +cosx)dx. m ®

eI BHIHHT_1) 8.7
10 Q#d ugip 2 arer Camengdlest 7id 0.1 OFLd GmETNG 6165160 AHGHT H6vT Aemaileh

GHTTMUILDTS GTAIIGTEY GHEDMDILLD?
&ja) 4
Caxmeng et a1 2eney V = 5711*3 6161 [5TLD AWCGaurip. @i r >0 er6dTLIgG ATLD. 6T6C6
wai(® dV =4rxridr wompid AV ~dV e1enGey

4V = 41(10)*(9.9-10) cm’
4710%(~0.1)em’
= —40mcm’.

[ |
2471p 10-@eS i) 9.9 % GomElsingied dr = (9.9 —10) O\l erewrt’t LuwicsTLI(hSHu 6T Germib.

Lominquid 9leoi_uded au(HLd ' —' GBu(h CH1ensHetr H6v1 ey 407 QFLS’ G®MAIMSS GHDGEH TN

LG 8.2
1. 1965TQU(BLD FITITLHEHSG aueanduT(h dy HT6Ess
. (1-2x)°
1 - 7
W y=5 Tk
2. f(x)=x"+3x er6tm 19D df HM655T% LoHMILD
(1) x=2,dx=0.1 (1) x=3 mmiudp dx=0.02
e1eoGuTE df -8 LobnI(hs.
XII - sewflgaiied 70

(i) y=(G+sin2x))** (i) y=¢" 7 cos (x*-1)
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3. f eretim Fnng OFs1(hSsiuC L x, Ax oNiysepds@ Af wpmid df siess. GLosyib

2Aunedn RLILN(HS.
(i) f(x)=x-2x*;x=2, Ax=dx=0.5
(i) f(x)=x"+2x+3; x=-0.5, Ax=dx=0.1

4. log,, e = 0.4343 erand05168(h log,, 1003 -651 CHrmws LodlienLd Hresss.

5. (p ogsHlest nqligHullesr oL ip 30 OFLE. ABDSH ATT(H AF6HT FDHDeTe) 6 CIFLS
25 5fSEGSTNGEI 6Tes 6D
(1) Gsmgmuinns LogEest eI L LD GTRIRIGTE QUATIHEIGTETS)?

(i) 265 @GMIHEG OluL” (HL1 LT ILITENS) 6TaIeIeTe) FFHISHLD ASH I B SLD?

6. @ GO L upeanlesr apL e H L GHL' L CHTT QUQILDTE 2 GTeTS). (LPL L ullest
UTLD RL QMG 2 6TCaT 5 LOILE A& §p1°19 D& GleuarfIGus 5.3 OIS A4S LD 2 GITeNS) 6T68 )
L 1q 65T CHTITILI FHET AT HTGETH.

7. 1o6sigestlett @1 ded @Lomuiest (HLoesiuesr) &mis@ OauL' L Mg eI’ L alq LD 616514 OET6T .
@@ Crmwneflsg @rsss GLomil eliflaemr aisnsiet o(mhg 6HT(HSSILL (HETETS).
Bss5s @Lomuilest 24710 2 1615 @eOHbg) 2.1 105 A% A S HSHGIOBUTS AS6HT GNISS
O’ 19681 LTLiLy GHTTMUILDTS 6Tk H6TeY AHB % GLD?

8. UHSB1%b 2 (BUTSHBLILL L (b bHTHEHGH UTSHET6TTH6 6T 6T6ssT6usH5mBUN6tT (24ulThiISeeh)
2By V() =30+128° -1, 0<t <8 er65LT60 oSN LIL(HESTDSG). QIS t T6tTLIS)

AFT(HE®T GHDSEHGHTDS]. HTevLd 4-@ed (b 4% QUIBLLOTH @)(hd@GLoGUTE ermL(HLD

G GUTSHSHTETTHEGHT 61688165815 LOTHMSMHS: HT685TS.

@ 9. (b Lo6sTIFGHT X Loesst]l GIdHle SNGLD ¥ UTTHMSH@BSHHTEH OBTL L] ¥ = 524/x ,0<x<9 @
e101d  Qasr(hgasliul (hereng). x-e1 oy 196teu@onm  orpioGuUTE  HHHEY
QUTTSMSBEGHT 6TevTewT % emSHUN6) eTMLI(HLD GHTITII LOTDHDS®SHT: HT6VTS.

(i) 1 @e9(mig 1.1 Locwsfl? (ii) 4 @S Bbg 4.1 Locws]?

10. 5 au' auqeug 50 Oauliugdlertey Frns il HGSTDG 6T65TH. ASGH ATLD
10.5 QFL6-@eSmibg 10.75 OF L5-25 215)5M5@10GUMTS 215687 LTnfed ermuhid GHmmmu
2B E A oHmid CHTrmw F565% ASSH I AEQIDHDDT; HTCE5TS.

11. 10 OFf uss Heay CFHTETL P(h HT FEHITSHT LGHHISERSEG 0.2 CFLS HSH NG
aujewitd LFUILHSeTnGl. auaEuI(HE®ents LwGTURSS) b% ST FEHITSHEHGT aufewiL
uFEN@ CHIImuLonS 615568 %68 OFL5 enmalin@ aufesid LwGTUHSSUILL L &) 6T68S
H168815. GLOGVILD FHIGVONILDTS GTRIRIGTR| QUTGSILD LILIGTLI(HGBLILIL L F GTGTLIGHSUILD HTCETS.

8.3 L 1T HwaTd GBI FTFL|HET (Functions of several Variables)

X GT6STM LOTMIWITeVTENS | 665N FITTOLI (FleD6Tay Fa FGaUTLD 5 y = f(x) 6T65Tm) FT171965T HGSTELOGIU
BTG Lilbgl OFTETET AFHT eUILLFSMF auIGautip. Gungeuns y= f(x) ereiim Fmiidesr
QUGDTLILLDTGYIG] XY -HeTHEI6D LD 63 (1§ AUDGTAI T 2AGLD. GLogyih x = a @6V [ -5 U BI:005(Lp
f'(a) etediug x=a @b [ -Qetr audaTarerdsTest COsTHCHTL (HF FIuiedad GPISSEDS).
2ABpSSHD pctTmISh@G Gomul’ L omPlsamenu e FaiLsetes Gaseauenwits Lupm) umidGHLp.
Qi@ petTmig@ Gomul’ L Lompleaenu e FIiyE®eT APbg Csmerer Hev s um(hsmaer
2 (hauTd@GBauTLd. 1pHedled @B LOTHIE®ETUEDL LI FTTLE®ETSH HTETGUTLD. X LoD y b
2AdLohG FiL F(x,y) 6165%. F -6 auewyuL b euengwl (pliflionesid xyz @ev z = F(x, y) -6
aueLL LD euenTGeuid. GLogyitd @)k LommlEeT 2 ot wi Frjilesr QOFTL FdHg FetrenLo, LoHMILD LIS
UMHH0B1peN6sT CHTL LIT(HFHETUILD HTCRTGLITLD.
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TBWSHIGsT LTS g(x,1)=30-x" -1, x,yeR emeiuamsd S1eaGud. C&T(HSHHIILL L
yarefl (x,y)eR* eresfled z=30—x"—y" eT6dTLg) auadTULGED z G FTIS®SS GBGEDS).
eaGay  (x,,30—x" —y*) er6tim yaitafl xy-gerdded (x,y) yerelsg 30—x"—y° owigsdHed
o erengy). o Hrgesions (2,3) € R? eresfleb (2,3,30 2> —3%)=(2,3,17) er6t111gy g -65T uedLIL SblasT
LBgI6iTeng). BTD y =3 etenr 1(hGSIFHCsTETLID g(x,3)=—x"+21 er6tim FAjL x -8 Lor”(HLD
FITTHSHIGTETS]. TG | (1 UMGTAIMTUWITS B)(hdb Gouetsr(hLb.

BgButed x=2 eten T(HGFISQST@TLID g(2,y)=26—1" et6tim FAiy y -3 Lol (BLb
FihEITengl. Qs Qb BHlaevsaflad Sl d@GLD FAJLEET QBLIQE FTTLSTTS PBLILISGT
QUMIULLD Q(h LUTUDSTULOTS BBEGLD. z = g(x,y) -@OBhg FHwL SGLD aueTUTLiL (b
ugaieneriid essiorp (paraboloid) eresrii(hip.

2(x,3) = 21— x" eT6871LIg) (b LiTauaanuiLd, g z =30 —x* — y* 616D QuaeTLITLILLD Y =3 616D
STApLd QL' (HLoGUTg) HLLILG AL, (ULLD 8.5-08 Fnens). QeGured g(2,y)=26-y’
TG (B UgeueeTwid ; @& z=30-x"—)" eT6im aU@eTUILLD X =2 GIGM SETLPLD
O’ WioGung) HleoL GEHlesimgl. (ULLd 8.6-208 FMessis). 19TIHLD QUTUL HIGET GLONBEESTL
aNaunghigmaer elafléEeTmet.

z=30-x%-)?
z=30-x%-)?

UL b 8.5 UL LD 8.6
X,y e165tm @)1 Lomlsefleh 2eiohg gy F -got GureuGar z = F(X, y) 6T68Tm FLOGTLITL 6oL J;
Qsnest(h wptiflonessio R -aib snemtevrip. @)g R’ -6b 2 676 euanerLglienLd @GilsE@Lb.

8.3.1 sp(p LOTPUAD DIsHIOHDH FIFLIFHBATOT 616000 LODHWID CBHIL_FFFF FHedTem1oudsdt
iSeTLITFsmaa ([Hsnadta] I jIhev)
(Recall of Limit and Continuity of Functions of One Variable)

Q@ omlsefls) AdLohg FIFiIest CFTLTFHS Hettenioawis LuHM) LIQLILSHES (LPGSTESIT 6p(1h
Lormusleh SiewLomhg Fi96sT O\ 758 HesTamLoamL [BlaD6u1a) JoTGauTLD. XI-241D U@L 1960 165160 (HLD
QUTWIGDEOWI [HTLD LT SHHIGTCTTLD.

f:(a,b) > R eretip F1iy, x, €(a,b) er6dim yeirafluied OB Fdiuines eTesfled (Nesreu(hLd
BlubFesIEamanr blavmey OFuius Galess(hLb.

(1) x, @b [ euedTWIGHLILL I (BSSLD (2) lim f(x)=L erebewev Loy o 6irengy
(3) L=/(x,)

XII - semflgafweh 72
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Guomasessr.  @yessn_meugy  Hlubseeseow Filwnslt yflbg Osmeraudlevsmesr Ol Fddld
FSTLOUGT LpIHEN FH(BbGI 2 TS X -65T Lol x, -£2 CUb(BhI% Qb(hhis f(x) -6bT Loy L -gg
Om(mhI% OBBAIEF OFcvarems lim f(x) = L 61607 6T(LpHIEGSTCDTLD.

BQetiewid Oseflansad, Heveduwionsaud yiflhg CFrerer Qessimeug HLbSmesenl
AGTOLOLT LIGHlewwid Qsressr(h Lommm) 6T(pgIGaurmip. @)% @esesr(h LommlEertleh HeoLDh FTijLEer e
O FdFHeowit upm) M 2 FayLb.

I aenyuwish 8.5 (FIi1der 61sdsmad)
fi(a,b) >R wppib x,€(a,b) eretis. L-61 spaiGleurn(m Hevwenioligdh (L—eg,L+¢),.
e>0-3@ f(x)e(L—¢g,L+¢), xe(x,—0,x,+06)\{x,} cTULOTIY X, -5 S P (hATTDLOLILIGS)

(x,—0,x,+6) < (a,b),6 >0 @updb@LoTenTed x =x, @b [ —6i7 6TevaweV Loliy L 616815CmLD. |

GLomseser.  ABTLOLILGE  aublunest  Hlubsemesenws o (H iy LweTU(hSE LD
SIS EEOTL_QIITMI Fa MGVITLD :
Ve>0,

f(x)—L|< e erguomp 38 >0 woppid 0<|x—x)|<35.

B)&a651 QIITEBET X = X, LoHMILD X687 Loy x, -@eO (B 8 HTTSHDSETOTTS B)(HSGLOTGITED
f(x) erabiugy L -@adlwbgi & srasdpaeenis GpdeLb.
19685TQU(BLD UL ThI%6T € oMmID & -&@ Qe Guiwitest O fFeoL elemd;@GLD.

L

F /

-~ 1

1

—t P 1

-5 4/3 2 -10 ¥ :
14 5 .

1

-2 1

L L
-7 6 -5 4 3 2 -1

——o— -
1 2 3 4 5 6 X

uLitp 8.7 UL LD 8.8

Westeu(pLd Flupgamenser (1) =(2)erasfled x,-83 ST X, -65T ABBTMLOL LGHUIGHT | 6T65TD

FTTLIGHT X, -HHTGT 6T6VeM6V LoGILIL| 2 GTeNZ) 6T6TLI™S BHTLD X1 -Lb euGLIN6D Lig SeTGarmmLp.

(1) lim f(x) =L, (euevgy e16bemev) (2) lim f(x)=L, (L g eT6benev)
Q) L=L,

Xo @b [ 6165 FTTL QUETWIMISHLILIL I F] GTGHTS.
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2gnaig f(x)=L.snGung L=L, =L, etesfled FriL) f Aesig X =X, @6b OHTL [ Huimceig)
DUSLD. 63 (1B LOTIleoWs Q\BTeysTL FITIjLBeMGH 6TeLa6v LoHMILD CBITL TS HedTamLouleh SiessTenLoll L)
P(h WPSHW LBISTHDIFGTNSI TTLI®SS Faucslldbs. @b Hlaveuulled x, € R -6 iedseniols LGP
(x,—rx,+7r), r>0 A5 QBEGL. Qb LTHE®eNS: OCFTEIL  FATLFIGT  6T6LEMEV
wonip OsTLidfls setedw unn) < (u,v) e R* 67 ueaaniol] LUGH®W  UdTLIDISHS
Geuetmqujarendgy. s1awGau (u,v) € R* wommid > 0-4@ , (u,v) 6T65m LeTafluiesr SiatsmenLorii@d)
B (u,v))={(x,») e R* | (x—u)’ +(y—V)’ <7’} 6T6h1m) SGRILOASLD.

(u,v) 61681 Lo UGSt 7 -268sTemLolt LGS) 6TedTLIg eoLowitd (u,v) Lommitd 47id r > 0 GlsTesr
R Hnbs e’ (h AGLD. AHeBTLol LGSO BESI LOUID BB L T Ak SHieemui il
SATTDLOLILIGSE) HSLD.
8.4 G)(p LOTPFHGIT D _sHL_W I FFL|FH6NT 63T 616DV LODMID GHTL_JFF 5 HedTenIo
(Limit and Continuity of Functions of Two Variables)

| als»Juienm 8.6 (FIFIA6T 6TevsmaV)
A= {(x,y)|a <x<b,c<y<d } cRF:A>R set15. F 1965TQU(BLD  [BILIH ST BT
Blevmey GFuuyiomestmed (u,v) @b F -@eir eTebamev L eT6uriii(hLb:
L -6t1 spai0leurt(p HessadLolitigd) (L—e,L+¢), € >0-4@LD

@ (x,y) € Bs(u,v)) \{(u,v)},6 >0 = f(x)e(L—¢&,L+¢) GTGRILDTMI (u,v) -abr P @
O -uassanLoliugd Bs(u,v)) € A @pdb@LD.

Qg lim F(x,y)=L 616 61(1pS6OITLD.

(x.9)>(u.v) |

“y
dl R
F L+¢
—
L
o L—¢
9]

UL LD 8.9 F1965T 6T6LEMEV

P LomWudled edLopbg FaiLE®er UdHibGurg @ ommlufleh eLohd FIiifesr Teheney
HTSYILD (LPEOD [BIL LILDTGTS] 2GHLD. @i, (u, V) -&&HTes ai6leurt(, FISENILOTGT LT QUL ILITSe LD
(x,y) er6trg) (u,v) -89 OB@HIGLLCUTSE F(x,y) -68T Loy, spGr todliiy L -g9 O\pnhis Gauctsr(hLb.
(CriGs1(hs6mTs @ebevTs LT®SF®TULD CFTSE) 6T6venev (Lpenants UL LD 8.9 eleTd@GEeTng).

(5 LoTIUGGY AHDLOGS FITILIH@HSETEN 6Tevawev allfE6lT (6Tevawev CHNMAIEET) LGV LOTHSET S
QMETGISTL FTTL|&B@HHGHLD QILIT(HHbSILD.

SOGUTSH @ LoTPluiled AedLohg FriLserles CFTLTEHd settevioewws 19esrupy) @)

LDTWIBGTTGUTES FTJLEGTIGT GBTL [TFFS HesTewLOWI GUeTWIMIIGLITLD.
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| aenyuwishp 8.7 (OBHTL_jFFd ZHeitenio)

A= {(x,y)|a <x<b,c<y< d} cRLF:A- R aameniy F (u,v) @b Qsmjdfwmengy
6160tl6v 19esTaU(HAIGTAINED Blevmey C\Fu Caless(hLD .

(1) (u,v) Q6 F auewquwimidsiiue (Hereng) ) ( 1)1n(1 )F (x,7) =L @upsEng
x,y)—>(u,v
3) L=F(u,v). |
by R?
R SEETEEEEEEPEERD R
: : F F(u,v)+e
: : —
! ' F(u,v)
' , F(u,v)-¢

uLLb 8.10 &6t OFmL & FdH6santo
@G ey
(1) ub8.10@6d L=F(u,v) eTadiuig (V) @b O\ FESSHetTeanLomL cITHSLD.
2) f(x,,%,,...,x,) -6 QOBTLFFHS s6stewLow)id CLomad Pl LpedmuiCevCus euengwimid:siiLi(hLb.
@ wiplser®Lw Frjyseier COFmLjdsdg serewn unpmus e T(HSHISHTL (HE®ETS

HTGSTGUIMTLD.
® eIlhHBHIHHT_1) 8.8 ®
. 2 . . 3x—5y+8 . 2 . .. .
2AdSH (x,y) € R -G@id f(x,y)= S erafled R* @b [ O fdSwineng) cresids
Xy +
HIL(h.
&jay
(a,b) e R* eratigy aGsaitd b Leraf e1681%. (a,b) Qv f -6t1 Q&1L idHs sereoin Lpy)
2ATTUIGAITLD.
2gnaug  (a,b) Qb [ -61 COFILjFHS SSTOLDGEHTGT  oLpGSTMI  [HILIHEHECTEGTU/LD
FILITTSBGUTLD.
3a-5h+8 .. . . . .
f(a,b)= P GTGHTLIGI QUADTUWIMISHHLILL L F). TG (LpH6L bLIbHeT OLou i imElesTn).
a +b° +

A(HSSHT% ( 1)11’1(1 ) f(x,y) e16Vam6v LOENIL| 2 GTETSHIT GTGOILILIT I3 Caueser(hLb.
X,y —(a,

lim )(3x—5y+8):3a—5b+8 wopnd  lim (P +y*+1)=a’ +b> +120.

() >(ab (x.)>(a,b)
61136 6T6VEGV LD ILNGHT LIGESTL|HGIT Lilg

li 3x—5y+38
li _ (x,y)lir(la,b)( ¥—3y+8) _ 3a—5b+8
im f(x,y) : - - £
el im 5+ D) @ b
x,y)—>(a,

= f(a,b) = L erestdl(555m).

QuiGuTg) lir(n ) f(x,y)=L=f(a,b) er6tiug Heiestdsssdsd). cTeaiGal (a,b) @b f -6ir
x,y—>(a,

O\BITL TFES SETLOEHSHTCH eLpGST M (FILIhS®GTE®ATULD [ Hleawme) OFuIHeTnG).
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Guogitd (a,b), e1etiigy R® @eb 2 erer rGsaiLd (b LeTaf erasiLigned f ereim Fagly R -6or
616v6VT LaiTaflsalapitb O\BTL TFFG HeSTEwLOUOL LI 6T68 (LPIQ6 G)FUILIGUTLD.

eI(hHHIHHT_ (1 8.9 -

fy) =—2—, (5,3)=(0,0) wppid £(0,0)=0 eremn FjeoL aTBSHIS QHneTGaLD.
X +y

Qs gy f,(0,0) -8 sai7 R -657 Lomm eT6veu LaiTafseNeuid QBTL & SSHaHTaLOLEOL LIS

6168 [Flmie) .
&joy

et (x,y)eR*-$@b [ aIupssiul (HaTarmss Saessab.  LpHeied
(a,b) = (0,0) Qv f-cor CFILTFHS Fesewioamws FlumiriGutp. eT(hS&ISST L% (a,b)=(2,5)
eradfled  f(2,5)= % . Cunaesrr 1(hsH1$HTL(H GurewGey  lim xy=2(5)=10  opmib

(x,y)—>(2.5)
lim x*+3°=2"+5"=29=0.
(x,)>(2.5)

611Gy lim zxy 5 :E.
(=235 X"+ y 29

(2,5 = 10 lim zxy =, a1aGau (2,5) @b [ OBTLTFHS SeTEOLOL|EDL LI GTEHTLIG)
29  (x.y)-(25) x +y

Osarflaurdng.
B&/Guneiin aunghisamend Gsne(® (a,b) = (0,0) As 2.6rer erGaun(p Lereflufien [
O&TLTEHS  Fettemioujiwigl eteieurid. HHGUTZG (0,0) Qev CFTLFdFHewwid  HTesTGLITLD.

auangwedpuissug  £(0,0)=0. 2ABSS&H HTD  lim zxy
@ 00 x% +

> 6T6UEDEV LOFILIL| D GTATHT IGV6VS/ ®

Beveneuiit 616l LMTd% Gauesst(hLD.

wpgadled (0,0) aupld GFevaid y = mx CridGsTL (HriLmasuiled 6Tevamev LOFIIGOL FILITT&EGUTLD.

. . mx’ m
lim ———=1Ilim 5 =
@200 x"+y° =0 (14+m )x”  14+m

=# £(0,0),if m#0.

61a01Gau m -6s10laUaIGaumTes LodliL%Hehd%: G OlauaiGaummest 68T Lo IL|H6T FlewL_GEleT M.

1+m?

. X
e1a0iGey  lim 5 24
(x,»)=>(0,0) x +y

687 Loy @evamev. 2gerned (0,0) @b [ QB fFSHuimesig 2i6vev.

2

e1a1Gau (0,0) -8 $aily LoHm 6TeLeVIT LeTeflEeflguDd | OFBTL FFFNITCTS A GLD. [
eIl FHIHHT"_1) 8.10
2
g(x,y) = % (x,7) = (0,0) opmid 2(0,0)=0 eralled R> @b g Qs féfumens cra
X +y
TR
Sjay

FIjL g eTeveur (x,y) € R $@Lb euadTwimIGSLILL L G 6T657%. GLoPNSGETL 6T(HSSHISHTL (HHMNL]
Gurred (x,y)=(0,0) A& 26T6T 6TeO6VT LGTANB@HSSGID, g OFBTLIFFWITGTH 6T6o 6TaHHTS
Fiflungdseunid. (H&g5  (0,0) Qeb g -6r OFTLITFHS Fettenroamw Fflumisserd. (0,0) @eb
g -5 eTevanev 2 6iTeng) Lommitd L= g(0,0) =0 erevfled

2ley] 2ol _ (2 +57)I
‘x2+y2‘_x2+y2 = x2+y2

2x7y

X'+’

|g(x,»)~£(0,0)| = <« .. 9)

_ 0‘ _
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Q)i sLF)  euflilled BT 2lxy|<xP+ )P eTehTUDS AN, x,yeR ereviLi
€) xy Y Sl Y

LweTL(hH G cTaTenss sauasilss. (@5 0 < (x— y)’ -@ed@mhg e g (x, y) — (0,0) 6T6TLISHTE

2
x| >0 erand Hevrshstimg). Fosiun®  (9)-e9whbs ( l)in(loo) fx Y —=0=g(0,0) erand;
x3)=>0.0) X* +

Sl sHeimg). 25Car (0,0) Qev g gL fdflwnengy etesiug HlemssiBENG). cTarGeos R -air

a10eurT (s LeTeaflufieid g OB FdFFnesISTSLD. u
Luama 8.3
: 3 -xy . : : : . :
Lagmgy g(x,y)=—F——F"—=-4& e LFlI BbSGLoTeTeD, lim g(x,y)-g
X +y +3 (r)=(1.2)
Lo (h .
3 2

2. eT6Va6L LN B hS@LormesiTed,  lim cos[uJ -8 oSNNI (h%.

(x.9)-(0,0) xX+y+2

2

3. (6, 9) = (0,0)-5@ f(x, ) = \/y;%f/y; srafleb,  lim  f(x,y) =0 e1ew Hlpioys.

(x,»)—(0,0)

(x,»)—=>(0,0)

4. 61606V LGNNI @ hS@GLoTestTey,  lim cos(e Sy j -0 Lo (H%.
Y

2

. X A .
5. (6,2) (0,046 g(x,y)=— jy > oppid g(0,0) =0 ersirs,
® (1) sparQeurp y =mx,me R GriGsrl (HL1 umewsuieyip . yl)lLI(lO ) g(x,y) =0 e1607 HlmIays%. ®
(ii) @aanp y = kx’*, k € R\ {0} ugaueenuir’ Lmensuieyid . yl)lil’(lo ) g(x,y)= e 61637 [H1MIGY .

2 2
6. Fngy f(x,y)= xy2 +yl , PG (x,y) € R? -4@1b Qs FéSwinevgy 6165 Hmiays.

e’ sinx
7. iy g(x,y)= , x=0 wnppip g(0,0)=1 eretrs. yerafl (0,0) Qev g

X
O\&TL TFSWITETZ 6168 [6MIa 5.

8.5 LIGFH MMHBHCHAYHHB6T (Partial Derivatives)

Qa1 1916060 p(p LoTWluied HedLohS FITINGH QUMBHCBLNS H(hSHI(H®AI LGV LOTHIH )
2AdLOHG GLod'I FITLE@pSG cTarauTn eNfleaju(hdsiais 616U LHMY) HTETUTLD. LpHedled @B
LoTPIEmend; O\BTe8TL. FjLsmar 61(KdgIdh O\HTeaTCGourd. A= {(x, Wa<x<bc<y< a’} - R>
oppid F: A4— R ereiug spp OLodid&F i) e1651%. (x,,y,) € A 61651%; (x,,¥,) 6T6dIm Yeraflufled x
e16trm LomWluded Lo’ (Kb eamu(pid rpmESNCEHuF @b anu(hid LoTHnESaHd HTessTGLITLD.
GLopdaplweurtmy F(x,y,) e16rLg) x -£9 1oL (BLD FThEIGTET FIiL A%@LD. CLoayitb @& y = y, 616D
FTupld z =F(x,y) e16tn euearugliytd Geul’(HLb sp(ih cueeTaUMIWIGLD. 6TeiCau z = F(x,y,)
e1adTm  euedaTeuaIuilett OBT(HCHTL(KF Frdiemay x=x, @b F(x,y,) -1 x -1 Qur(pds
AUDBHOBUPDAI X = X, -6)  HTGHTLIGGH eLpeuld  SHTewieurtd. @CsCumed z=F(x,,y) 616
auearTaUauilet Fuiewey F(x,,y) -6 y -0l Qum(bss auensd0lswpamar y = ¥, Bleb Anled eLpeuLd
STGIVTLD. Qb (LpSHNIS H(HSHIFHFTHIT 1965TQUI(HLD LGS aIEBHOHUPAIGT QUTUIMDSE
BLOGLD o1 d5GEINILIGTH HGDLOUJLD.
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V=, 6181 sengdled
(ECEEL(C) OEICIEL (C I auamaTaET
- Z=F(xy,)

X = x, 6TGHID SHenddled
2 airen QUG _"‘ z z=Fxy)
Z=F(x) y

UL Lo 8.11 LIL LD 8.12 7

| als»yuienm 8.8

A={(x,y)|a<x<bec<y<d}cR’ F:4— R opmd (x,,,) € 4 e16i15.

(1) 1imF(x0+h’y0)_F(x0’y0)

h—>0 h

6T Lo HTewTSBEEH 6Tasle0 (X, V,) € A @b F -G

X -£0U1 QUT(BdS LGS AUDBHOHLY 2 GTeNg) 6T6aTeVTLD. )b 6TV LoIL| g—F (x> 70)
X

61601%5 GMIGSLIL(HLD. ... (10)
(ii) %grg O, 2 +klz—F(x0,y ) 6T 6TeUMeV LOSNIL| HTewTSBSHHH] 6TasileL (X, V,) € A @b
F-$@ y-2 Quipss LUGHaimas0alp 2 6Terg 616euTd. Qbd 6T60e6V oL
%—i(xo, V,) 6Te81d@DIESLILI(HLD. .. (11) |
@GPy

1. ety 26bevd  ASNG Copul't  onPlsmernd  GETesT.  FTJLE@PSGLD LGS
I®SHSLpaITeIs BB LpemUNGOHTEHT U mIdELILI(HLD.

2. OF er61ug) “U@d) F ” 6165TmILD OX 6TGTLINS “Ligd) X ” 6TedTmiLD Lilg &5 Couesst(hLd. 616a1Ge
88_1; GIGTLIENS “UGS) F au@Ssed UGS x 7 e1evill LIq&% Gauetsr(hLb.
Qs “Cs1 F au@dhsev GHT X7 6TGIQ LD Lilq SEHEUITLD.

3. BC8s%Gurmed %7 GTGITLIMS “UGS) F au@Gdse UGS v Acheug)

“Ca1 F au@dhHev CHT Y™ 6T6vILI LG SHHEUTLD.

4. flov  Crrmhiserled or (x0,¥,) eTadTUS  F.(X),V,) <ALV oF (x,%) 6TGvT S
Ox ox (X5 )
GDFSLILIBLD.
B5/GLimed or e1aiTLg F, (X, y,) 6hevg oF 6T68T% GMISSBLILIBLD.
ay (x9,30) 3y (XO, yo)
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5. x -1 Qundg F -6 u@gd) aimssbsipamald; saipGLUTg salestldss Galetiq uig),
oy y -0 orWledwinsd &) x -£oL1 OULIT(hSS UMBHCEWLY HTeweT GauessT(hLD. HBTAIS]
6Ths ommlevwitt GumksE LGH amss6Ewy FHiewr Caics(hGLT s HailT Lomm
ADNISE LOTPISE@BLD LoTHeOWTSS: HBSLILBLD. BDSGITRSBTGT BHTLD AuHadn “Ligd)

UDBE0)HLp” 6TTHCDITLD.

6. A -6t1 paICaT(h LeTefld@Gd F -4@& X -£0U1 Qun(b$s UGS auanss60aLp B)(HSESLOTes ey
A-5%@ (Z—I;(x, y) 2 @reng eTesGmimip. @k Z—I;(x, V) GIGNTLIg LomILIQuID A LEGTET 6p(1h
Olou's o1y FAFLTSLD.

7. (4) -6trLig euedSHOHLpaletT 6TevevT IHF@BLD (Fa 'L 6D, GBS, UGISH® LODHMILD
Fhifel al4)) HSHIBIS@BLD LGS aIBHCSLHANNSGLD OWLIT(HBSILD.

(1 LoTWUI) AewLoh FTTIING 6 (B LeTariluleh auenss0)5Lp BB GLOTEITE) b1 LjeiTeriluieh
gLy Q1L 7&Hg Ferenio QUNM(BSHGLD 6T6ITLINS Fle6uIa)) FnfGaITLD. X,y 6TeTn B)(H LoTmlsemeh

2ADLohG FAgL F b1 Z—F(x, ¥) LopmILD aa—F(x, Y) -8 auemguieom OFuiGHTD. (x,y) @b F -4
X y

UGS aImEHOHLD FTes5155555 6Tailey, (X,y) Qb F QFMLidHg FeTenin 2 GTensT@BLon? Q%)
G1IGugID Qoununs @)hds Gauessng g HauSuLlevamey 616U NeSTaU(HLD 6T(HSSHIGSTL (B
oGS
silhSHIHIhesM_1) 8.11
® xy =0 eresfled f(x,y)=0 opmib xy =0 erestled f(x,y) =1 cr657%. @

() 9B g—j;(0,0), 3—f;(0,0).

(i) (0,0) @ev [ O FESwIHMSGI 61607 K WIS,
EE]

R*> @b x,y-idasafer 105 [ -6 iy 1 eretiuansiup onm eTever L iisefleind 0
GTGITLIGNGULILD FHIGH)S.

Q) ¥ 0.0 = L Q0= O0 ;11
ox h—0 h >0 h
7 0,0) = 1im/&OHO=SOD _p 171
8y k—0 k k-0 L

(il) @smes Flmies y=x ereim CriGsTL (B uneguied (x,y) —> (0,0) erenbdCumgy [ -ebr
6T6VGV Lo 1L HessibE(HGaumip.  lim : f(x,y)=0;a0eseflcb y = x e165rm GHIGHTL (K11

(x,y)—(0,0
Lmenguiled x=0 676316V f(x,y)=0. DUGITG) £(0,0)=1%0; 61681G6)
(0,0) @b f QL Fefupns. -
eIhHH1HHT_(H 8.12
. 2 . . 3 2 o aF . . 8F
2Adidg (x,y) e R -G@b F(x,y)=x"y+y°x+7 eTestled . (-1,3) wnHmibd a—(—2,1)
X Y

AN HTCESTS.

79 wasu(B 6T LoPnID UGS aImSS0ELF:EET

‘ ‘ 12th_Maths_Vol 2_TM_CH 8_Differential and Derivatives.indd 79 @ 26/11/2024 11:09:40‘ ‘



Sjay
AERR)) aa—F(x, y) saissl (B Asmer  (—1,3) @eb wHudBHCeaurid. y -g9 ommleQuinsd
X

Oaretsr(h x -£9 OWT(rda auaHuI(HBeurTLD.

OF (5= 2y +yx+?) _axy) 3, 37)

ox ox ox ox ox
= 3x2y + y2 +0
=3x"y+)".

AU Z—F(—1,3) =3(-1)*3+3>=18. y -2 QUI(BSSI LGH AUHHCBLY HTewT
X

3 2 3 2
@5/Gued 3_F(x’y): Ax'y+y’x+7) _ 9'y)  0(*x) , (7)
dy dy dy d
=X +2yx+0
oF =X +2yx.
atanGas —~(-2,1)=(-2)’+2()(-2)=~-12. -
y

GLomaessL.  6T(HSSHISHTL 1q.6 Z—Z(x, Y)=3xy+y* eredtug wmiquitd @@ LoTHS®6TS;
Oamess FmunT@Ld. c1eiCos Qbsd Famifesr x-g0 QOUI(bdE SHebevg V-2 OUT(rds
UGS aamssH0HLp HTewT ApquLd. o Figewions G(x,y)=3x"y+y" erar 61(555i% Cbnetmed
oG oF oG 0 (6F ?

. ‘ ' ) O°F .
P 6xy. G(x,y)= ™ 6TGOTLIGITGY ol a] =6xy creud Ll SEng). Q5 o o6 %

@oFsiu@Bd. @5 F -Qetr  x-gor1 Quids Quaimd aflosl ugd aumssblelp e
ADLPGHLILIBHEDS).

2

oG oF 0G 0 (OF )
Guogutd — =3x"+2y, G(x,y) = — a16b b —=—| — |=3x"+2y.
LOGYILD 5 x“+2y, G(x,y) ™ GTGTLIGITGD & ay( axj V. Qo v

GUldbHILD. @F X, Y -go11 QuTpds F -1 seuliyll uGd) auewsd0lsp 6168 AMLHHLILIBHSEDS).

GTGoI &

B)g/Guired 62 [Z—FJ =3x"+2y 616018 SewIsEI_uTLD.
x| oy
2

GLogyiLd i (x,y) -89 y -20U1 QUT(hS G LGS aUDBHOIEWLY HTGHT 68 Ij 616014 HlawL_GENS). D5/

y
F -6ty -go11 Qunmd s @esernid auflevd u@d) auensd60s51p Hiesst eTesiiL(hLp. 6Ta51Gar a7GHaiLd
P(h 2L HewiILD {(x, Y)a<x<bc<y< d} CR*188 agupidsiulL F eeim Fai9na@
1965160uHLD GBI (HEHET 2 _GTerTeT :

(), ST (o)

ox’ dx \ dx 7 9xdy ox\ dy v

ST (o) 22 o)

oyox ay(HXJ gyt ay(ay
GLom&eserL. 2eesidID F ~6i1 @yevsrimib auflend L@ auass0)51pdS6iT cTeuliL(hLb. @alaummy

ASSLILQUITET UflanFu el W L) QUBI:CEBANFHFGTUILD QUETUIDISEHETLD.

T(WSSHISHTL LTS 83_F:£(£(6_FD LoMMILD aS—F_i i(a_F)
2 S ovox oyloy\lox)) oxdyox ox\aylox )/

yy
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LGS aUDBHOELDS:H@BHBTE CLOGVILD 6B 6T(HSHISHHTL L& HTGHTGTLD.

sihHH1HHT_(H 8.13
2 2
x3+5y 6760‘;7@.) %,@, a f , a f
ox Oy Oyox  0OxOy

2ADSH  (x,y) € R? @& f(x,y) = sin(xyz) +e
AENIIDDDT; FHT6ETS.
Sjay

Zl (x,¥) -8 1psHe9led BeTsH(HCauid. | 6T6dTLIGI @)(IH FTTLHNGHT Fa 1 6D 6T60TG0u
X

af a : 2 a X +5y
= —sin +—
ox  Ox (07 ox (e )
0 2 315 0 3
= H—xy)+e ™ —(x"+5
cos(xy )8x( V) 8x( »)
= cos(xy*))* +e" 3x7.
B5/Gumev,
g . isin(xyz)+£(e”3+5y)
d oy y
= cos(o) = () + e L 45y)
oy oy
= cos(xp?)2xy +5¢" .
® ®
A5, ,
of _ i(%jzi(yz COS(xy2)+3XZQX3+Sy)
oyox  oy\ox) Oy
0, 5 2 0 2 _x'+5
= —(y"cos +—|3 g
5y O coster )+ (3w )
= 2ycos(xy’)+ )’ (—sin(xy2 )2xy)+ 3x%e" 5
= 2ycos(xy?)—2x)° sin(xy?) +15x%" 7.
Boigluins,

2r oo o : »
A A 2y 4 5¢7
oxdy Gx(ayj o Lcosto )2 +5¢7% )

= —sin(x?)y? 2xy + cos(xp?)2y + 5e° 7 3x>

2y cos(xp”)—2xy’ sin(xy”) + 15x%e° 7 u

Qhig wpsedled FID dn 'L 6 afFlwiyd AmSHwHdS FhiEed alSlewid eLpesImTaISTS
OLpssed aiblwwuyd LTRSS TCond  cTeL®SS Seuallds. GCogid  f, = f, A5
2 GTATESHIULILD HTGETRVTLD. B\ SMOFUIGVTETHT? 24606V 6TLIGLITSILD _GRTELOLITESIST? O_G8TeLouIeh
flov yerafigafled fev gniyserds f, = f. 25 Qs Geaumn Cspmid f, = f, 35
B BLILSDHHTET HILIBSEETWI FH(BLD.
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Gaxppid 8.1 (HGearuym 1961 GaxHpmid)

A={(x,y)|a<x<bc<y<d}cR’, f:A—>R eem smiy 4 Qe f, wpmid f,
sreiGlupnl el CFmLfSunemgnsad Qi@ A Q6 f, =1, eIeusIs
BB GLD.

BbiblemsLicssid @i ri@GHuled FlidasrihEesTng).

eIl FHIhHT_1) 8.14

y 2 2
G (x,) e R*-d@ib w(x,y)=xy+ 2@ 1)) LoMHMILD 0 BHITGEIT.
v +1 oyox Ox0y
&joy ow
wpsedled —(X,y) HrassGuiTLb.
ox . ey
a_w(x )_ﬁ(xy)+ Y +1
ox Y ox ox '
. Ow o'w . C A
O GIE) x (x,y)=y+0 er601Gou orix (x,y) =1 e16014 Hewi_SEHSTNG).
2
1
Guwann, Py = 2, W+
oy oy oy
@ :x+(y2+1)ey—ey2y. ®
(»* +1)?
o’w
cT1681G6y & (x,y)=1 -
| assmyuwismp 8.9
A={(x,y)|a<x<b,c<y<d}cR® a1as. 5101 u: 4— R’ eT6b1Lg)
O’u  Ou ) . ) )
pes + y =0,Y(x,y) € 4 eTaiomn) @(HEHGLOTGITC) u A% A -6 LMeg) 6TesIauTLD. @&

@evmevreadetr FLoetTum(p eTeurtiL(bLb. |

Qovrievrerdesr  Frochiun(h  Qeauliudgsl $Hev, 1lesiesfluicbyeurd, e L'l (b AHweniled
Qe BlsLpEGTNG).
eIhHH1HHT_H 8.15

2S5 (x,) € R* @b u(x,y) =e > cos(2x) eravfley R* @b u Forewigy e1ew bmieys.
el

Qb u er16vrm FrriiLy @evmfeurerlest FLociTum L [Flevmey O FuISle T 616818 HML 1 Gauetsr(hLb.
u (x,y)=e " (-2)sin(2x) ererGar u_ (x,y)=e >’ (=2)(2)cos(2x) ASLb.

8GsGLTeh u (x,y)= e (=2)cos(2x)eremGeu u W (6Y) = (-2)(=2)e ™ cos(2x) 4@ LD.
U, +u, = —4e7* cos(2x) +4e™ cos(2x) = 0. e1awGay R* @)ab u Loriawigy.
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LG HS 8.4
1. 1968au(BLD FITLHE@HSHG OFT(HESILL L 16TefEeTe) LGS aImBSH0BLSHHET HTCETS.

1) f(x,y)= 3x? — 2xy + y2 +5x+2, (2,-5) (1) g(x,y)= 3x° + y2 +5x+2, (1,-2)
(iff) h(x,y,2) = xsin(xy) + 2°x, (2,3,@ (iv) G(x,y) =" log(x’ + ), (-L,1)

2. 196516u(BLD FNTLS@SS f,, [, Sn68s. Gogyid  f, = [, 61601 ST (H.

3x
y+sinx

(@) f(x,y)=

(ii) f(x,y)=tan™ (fj (iii) f(x,y)=-cos(x’ —3xy)
y

2 2
Xty +32%y, erevfled 6—U,6—U,Log')gmb au -804 HITGHS .
ox Oy oz

3. U(x,p,2) =

oU U dU
4. 1f Ux, y,2) =log(x’ + ¥’ + 2°), eraafled — +——+—— -4 sretors.
Ox Oy 0z

5. 1968TQU(BLD FTTLIS@DSHS &ry> v &y LODDILD &, ASNIQIDEDDT HTCESTS.

(i) g(x,y)=xe’ +3x’y (i) g(x,y)=log(5x+3y)
(iii) g(x,y)=x"+3xy—7y+cos(5x)

1 2 2 2
6. W(x,p.2) = (x.y.2) £(0.0,0) craxfleh 2”+8 V;+a = =0 erawd; 11" (B
x2 + y2 + Z2 ox 0 0z
. : . OV oV
@ 7. V(x,y)=e"(xcos y— ysin y) eresfled =t e =0 o163 HMIayS. @
o o
8. w(x,y)=xy+sin(xy) eresfled N Hlmieys.
OyOx  OxOy
o’v 0%
9. w(x,v,2)=x"+ 1 +2° +3xyz er63fl6D = 6TGHT .
(x,9,2) y Y. or0s 220y Hlmiey

10. sp(p Hlmyeiesiid &IGauT(h aumraptd @) IBLOTes FETILTHTE®ST 2 NDiidd) CFUILGTDS).
2ADBled A QUDE FILILTGTIHET X GTCRTeRlE®BU/D, B aUMB HSIILITGHTEHET )
CTGRSIGRIISHMHBUILD D GTETE. QUM augey HmIDd CFeveyd Friyser (epumuied) wpedmGui
R(x,7)=80x+90y+0.04xy —0.05x* —0.05y> wmmin C(x,y)=8x+6y+2000 eTed
STLILL (H6TeT6yT.

(i) @evrud gy P(x,y) -8 &Hi6ssis.

(i1) Z—P (1200,1800) Lommitp Z—P (1200,1800) AHuicunemd H6851(H (LPIQ & BEET GG S.
X y

8.6 L0 1ompdkeir GmrsHIL Frji1dsin Gufluisd GHrymwr wH i wpmie asnHuid
(Linear Approximation and Differential of a function of several variables)

Qg ASHWMLSED ATLoLSEHD (B LoTPluied edLohg Friifesr Crflwed Camrmuw oy
ommitd euensui(h upml BECHTLD. Qi@ HGH Cuestn H(HSHISSmeT @)T6ssi(h LoMMILD eLPGSTMI
LomWIEefled LD FITLE@HSGS: HTRTGUTLD. Cungiaits, @CHBUTGTn L6V LOTIEE@H®L W
FIFLINHGLD QIGHTUIMIHEHGCUTLD.
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|mm wisnm 8.10

¥ m
A:{(x,y)|a<x<b,c<y<d}cRZ,F:A—>R,LDQ°)QIL'L) (x,,¥,) € A eT6875.
(i) (xy,,) € A4 er687m yemailufled F —etr Gpiflwed Comymus Lofliiy

L(x,y)zF(xO,yo)Jra—F (x—x,)+ or (y=x,) .. (12)
ox (x0:30) ay (x0-%0)
(il) F -et7 cuenasui(h
dF:a—F(x,y)dx+a—F(x,y)dy, .. (13)
ox oy

@higdx=Ax, dy=Ay 6168 uTUMISHILBHEDG).
|
Bt eLpest i Lommls@peLwi Frjifest Grifluich Gammus Loy ommith euensui(h AEuiauhemr
LM SIGSSTUTLD. L6V LoTMS@eL W QLouindiyF FriLsend:@ Hb Grfluiech GHmrmu todliyb
USUIT(HLD ITUIDIGS UPIQUILD 6TeSeID eLpedTml LoTWIEET 2 e wl FagGur(h BTD BlmidHs
%6 GaurLD.

| aenyuwisnm 8.11

A={(x,y,z)|a<x<b,c<y<d, e<z< f}cR’,F:4— R opmiub (x,,,,2,) € 4 616575

(1) (xy,y,2,) € A er1651 LyeiTemluiled F et Cpifluwied GCapmmus odliy

oF oF oF
@ L(xayaZ)=F(x07y0,ZO)+g( i )(x—x0)+a—( (y—yo)-l-g (Z—ZO); (14) @
%05Y0-%0 X05Y0520) (x0.20-20)
TG QUTWIMISHLILIHEMS]
(il) F -air euenasui(h
dF = a—F(x, v, z)dx+a—F(x,y,z)dy+ a—F(x,y,z)a’z , ..(15))
ox oy 0z

Qi@ dx = Ax, dy = Ay ommitd dz = Az 61681 Ui EIL(HEn).

O&1(HBHTL(H HeMLD
z = F %, ¥0) + £ (0,30 (x — 2o) + £, (36,36 — ¥o)

Qqald FellasHletiig, sk Lommlufleh emLohs

(X0, Y0,f (¥0,¥0))

Fy f -6b1, x, 61681 LeiTemldames Griliich CHmymu

o)L X, eretip yerefluied  y = f(x)-ebr
auIUL Snsmes OsT1(HCHTL L& GBS
B#Guned Quess(h  oTlsefled AHLOBS  FTILY
F -6t (x,,¥,) e1681m yerefldsmes Crilueh Camamu

gl (x,,¥,) 616D yeraiufley z = F(x,y)eretnn

UMTUL $H6T OFT(H HMTHWHSH GMIGEGSTNS). uLip 8.13
O\&1(h SeMLD eLpeVLD
Griflwed CHmymu Loy
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eIhHH1HHT_H 8.16

w(x, y,2)=x’y+y’z+2°x,x,y,z€ R , e1a5fleb auawsu§(®n dw SHessrs.
Sjay

wpgedled W, w, , LoHMID W, HTGETGLITLD.

w, = 2xy+zz,wy =2yz+x" ohmid w, =2zx+y.

61601Geu (15)-6b7 Lig euemHUT(hH

dw=2xy+z")dx+2yz +x")dy + (2zx+ y*)dz . [

eI(hHHIHHT_(H 8.17

U(x,y,z)=x"—xy+3sinz, x,y,ze R erasfled (2,-1,0) v U @atr Criflscd Comrgmuw oy
BTG .
o

(14)-681 Lig Gpifluied GHmrmus oy
oU

(x_xo)""g

U
oz

(Z_Zo)-

(X9.Y04%0)

Y=y +

(x0,Y0520)

U
L(x,y,z)= U(xo,yo,zo)+§

(X05Y0+20)

U,=2x-y,U, =—x wppib U, =3cosz.
(X0> Y0529) = (2,—1,0), ere01Gau U (2,-1,0)=5, U,(2,-1,0) = -2 wopmud U_(2,-1,0)=3.

2456al, L(x,y,z)=6+5(x—2)—-2(y+1)+3(z—0)=5x—2y+3z-6 erairgy (2,—1,0) Qb U

681 Gpflwed Gyt Lo ILIm@Lb. -

uuaps 8.5
1. w(x,y)=x"=3xp+2y%, x,y € R erafled (1,—1) @eb w -eir Crilwed o LofIL| Hressrs.
2. z(x,y)=x"y+3x*, x,y e R a1a8led (2,—1) @b z -a81 Crflwscd CHramus oIy Hictes.

1
3. v(x,y)=x" —xp+ Zyz +7,x,y € R e168fleb auansui(h dv -£09; H16Es.

4. V(x,y,z)=xy+yz+zx,x,y,z € R crasfleb auewaui(n dV -£0d Hi1essia.

8.6.1 srn9smz F1jL] a9k (Function of Function Rule)

Qs wIPlseT X,y @b Amiohs Fajy F o oereiis. Fev Grumisefich @bs ommlser 4G
LdiLssmsd; Oamessi Caumy sph omplufiesr Frjumsead mdseuLd, eTeGou iy F Gr b

LOTPIEDUISSBTGHT FTThSHIGToNS). 6TeiCeu FjLy F -3 BT (b Lomm) FTLTSS: H(hd) c;_F -e0 UMMt
t

L1q $&6UTLD. @)% HNHOFUICTENIG HHevev, Qang FlemL9ds (wLpiqu/Lb.
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Cadm 82 o W@y )

W(x,y) eretTLg) e GTGHIN UGS aIdBECIBAPSEHET 2 GITeT aVV \3W
x Oy — —

0 0

X,y ereim @ Lommlseney ALDhS FTL 6T6sI%. X,y 6I6im @)m v 4

X Y
LOTIB@IBLD ¢ GT6HTD §p(1h LOTMIGDWILI QUIT(hdsdh] QUDBUIL S Lq ULl FITTLIEGT dX l l@
dt dt

6T6oM6D ¢ -8011 QUT(BSEI W -1D UDHUINL_ & 1q U1 FTTLITGLD.
[d_W_ a_@ﬁ_@]
dW oW dx oW dy 16) dt ox dt 8y dt
=t ;

\ dt Ox dt Oy dt uLip 8.14 )

Gromsessr. CEDmeeand led:d QR 6T(HSSHISHTL L& HTGESTGLITLD.

eI(hHHIHHT (1 8.18

F(x,y)=x"=2y>+2xy wnmid x(¢)=cost, y(t) =sint,t €[0,27] e1681m Fr719mH@ GLomBesrL
CHMmG®SF FilLIMTTd:HaLD.
&joy

F(x,y) =x*—2y* + 2xy ommiid x(t) = cost, y(t) = sint 6167.

F(x,y)=cos’ t—2sin’ t+2costsint erehigmed F eIadiLgy ¢t 616im sk LomMlufleh awLobs

FATUTELD. FhiHed) efglevwils LwesL(hs%

Z—I; = 2cost(—sint)—4sintcost+2(—sin’ £ +cos’ t) EJEWE
= —6costsint +2(—sin’ ¢t +cos’ t). -'l*'
LOMIL|MLD . -
8_F@+8_FQ = (2x+2y)@+(2x—4y)@
Ox dt Oy dt dt dt

= 2(cost+sint)(—sint)+ 2(cost —2sint)(cost)

= —6costsint +2(—sin’ ¢ + cos’ t)
ar

dr u
eIhHHIHHT_1) 8.19

g(x,y)=x" —yx+sin(x+ ), x(t)=e”, y(t) =1, t € R eravfled C;—g -804 SHTGTSTS.

{

&) 4

ST auenTLL SSLT LIWIGTU(HGS) 7g -804, HTGVTGLITLD.

t

dg dx

og dy
) Mo ==, ==, — oDMILD —=— -505 HTGBTGLITLD.
BsD& s o di Do — - &

og og dx 3 dy
= =2x—y+cos(x+y), ==—x+cos(x+y), — =3¢ wHmib— =2t.
™ y (x+) 3 (x+) = o> =
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d_g dg dx ag dy

G
eremea dt ox dt ay dt

= (2x—y+cos(x+y))3e” +(—x+cos(x+y))(2¢)

= (2" —1t* +cos(e” +1*))3e” + (=€’ +cos(e” +17))(21)

= 6e" =3’ +3e” cos(e” +1°)—2te” +2tcos(e” +17). n

Groaib W (x, y) erettm &y Hev Crmiserled x = x(s,t), opmid y = y(s,t), s,t € R eresayid

Bwssevid. 21BN W eT6dim FIjLy s oPmID ¢ @aunednd FATHESIGTOTSTE HBSEUTLD. X,y
61687 @)(1B LOTWIHE@BEGLD §,¢ -£01'1 QLTRSS LGS auewsd00%1pad, W -&@ x,y ool QUT(BSS LGS
UDEBHOHLPALD 2 GTeng 6Tavlley eTauHd CHHmE®SL LweTU(RSS) W -G s Lommid t-gor
OUTBSSHI LGS ADBICEHLPIMaIS BESSTHEIL LpIgU/LD.

/(gg.fj)mlb 8.3 w(x(s, 1), ¥(s,1)) \
W(x,y) ecdiugl x,y eiasim @b omplsefle) Lobs B -
LA
ow ow X

= 8_ 6165 LIGS) QUMBFHC\BAPI: BT OVHTGEITL FITITL| 6T6HTS%.
0
x = x(s,2) ommid y = y(s,t), s,t € R e1681m) @)1 LOTW)HG@BI:GHLD
s Lopmid -1 OuUT(rds UGS aIdEHOHHGEHET 2 6sr(h
67631160,

ow OW ox oW oy

= —+ -, .. (17)
os Ox 0s Oy Os

w-_ 8W6_x+8W6_y. .. (18)
\_ ot Ox Ot Oy ot )

uLLp 8.15

Quium_riugSuiey  Cuomsetr.  CepmsSnG  Blemuemid  Cmauieamev  6Tald  &H(h)
oMW EHlesmg). CLomasessr. CHMDLD 1OSaYLD LWIGRIGTETE]. T(HSHIGHTL L MH X =rCcosO , LoHmiLD
y=sin6,r >0, 0 € R 61651) FHLO®6VS H(hIHev G516 Gaurmip. (&g FIGh el audded (HbgI Hi(He
ageaisbng wipm)  GunsaL  Cepméems n WIMSET QBTG FTTLEHEHSGLD
OungieLoriL(hSSeuLD.

Flov 61(0S515STL (h BT HTESTEUITLD .

eI(hHHIHHET"_(H 8.20
Fagy g(x,y)=2y+x°,x=2r—s,y=r>+2s,r,s € R erafled % % AEIQUIDHDDT; HTCET .

or’ ds
iy de 3¢

ST QUeDTLL SSLT LIWIGTU(HSS) 8_ 8_ -804 HTGRTGLITLD.
og ag ox ox dy . . Oy
ox - dy or  0s " or "o LD Os

, dg _ dgox dgay
MG —= = =—+4+—=—=2x(2)+22r)=12r—-4
2 or  dxdr dyor (2)+2(21) T

GLogyiLb, % = a—ga—x+a—ga—y=2x(—l)+(2)2=2s—4r+4.

Os Oxds Odyos ]
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Luapas 8.6

. di
1. #miy u(x,y)=x"y+3xy*, x=¢' hpub y=sint, erafled 7? -0d Hness GLogyiLh

t = 0 -6b 26T LS IDLIG HIT6VTS.
. du . .
" 6T60fle) — -£03; HITGBTS

2. u(x,y,z)=xy°z’, x=sint, y=cost, z=1+¢’ y
t

. . Ldwo
3. w(x,y,z)=x"+y +z°, x=¢€', y=¢€'sint opmib z = e’ cost, eTasfled — -0 HI16TTS
t

4. U(x,y,z)=xyz, x=¢ ', y=e 'cost, z=sint, t € R er63fl6D a;l—U -804 HI16581%
{

d
5. w(x,y)=6x =3xy+2y°, x=¢', y=coss, sER  srasfled d—w—%és HTG8TH  LONHMILD
s

s =0 Beb 26T Lo ILIG HT6HTS.

_ o . . O ,
6. z(x,y)=xtan"'(xp), x=1>, y=s€', s,te€R erasfled 8_2 LOMMILD 6_Z ASIUDEDD
S t
s=t=1 Qb &1t
X . . 2 2 U U R
7. U(x,y)=e"siny ereirs. Qi@ x=st", y=st, s,teR. oo, BTes
S

ommitd s =t = 1 @eb Seumem o) (hs.

8. z(x,y)=x" —3x’y’ er6t1s. @@ x=se',y=se”’, s,teR. Z—Z LOMMILD % -804 HTGHIS.
S 4

® 9. W(x,y,z)=xy+yz+zx, x=u—-v, y=uv, z=u+v, u,ve€R erafled aa—W,aa—W BITGETSH ®
u  Ov

LOMMILD (% , lj @6 AU LoFI1DLIS HTEE5TS.

8.6.2 101119 HH T FAIFLISHGT LOPNID DLW 1VF631 GHDMID
(Homogeneous Functions and Euler’s Theorem)

| asnyuwisnm 8.12

(@ A={(x,y)|a<x<b, c<y<dlCR? F:4— R er6tis. QUIT(ESBHLOTS UDTULIDISHILIL L
Ax,y-4@ (Ax,Ay)e A el F(Ax,Ay)=A"F(x,y), VAeR erauorm p er61m
Lol @ w@LomestTed FjL F o 6168TLIg) A 68T LOGTES FLOLIG SHTGS FATLITS BB ESHLD.
b omWled p , gy F —681 Lig 616w IL(HLD..

(b) B={(x,y,2)|a<x<b, c<y<d,u<z<vwcR’ G:B—>R eeisg. QuUIBSSLOTS
UIUDIGHIUCL A, x, Y,z -5& (Ax,Ay,Az)e B erestled G(Ax,Ay,Az)=A"G(x,y,z)
V A eR erayuommy p er6stm 6p@ ommled) @B @Lomeuted Fagly G 6168TLIG] B -8 Logmeet
FLOLIG SHTGST FTLTE B(HEGLD. b ommled P, G -6i1 Lig erauitiLi(hLb. |

@piy
61hg LoTWlanid; OF16ET(HLD aU@GSHES Fo (HLD GTGTLSTE) LLFFNISSHT6) UGLILMSS HTdHEGa
A X, Y,z GIGHTLIGS QUIT(RGBLOTSE QUGDTUIMIGELILIL L HTHS Fa MISGTGMTLD.

XII - sewflgaiiied 88

‘ ‘ 12th_Maths_Vol 2_TM_CH 8_Differential and Derivatives.indd 88 @ 26/11/2024 11:10:00‘ ‘



B [ [ [ ® . EEES

BFHCuehin  FITYSET  FASTIEET  UDSHOHUPF  FLociUT(hEefley  (AgSwimurp  10)
APSEUILDTETIDIEATTGLD. Fl6v 6T(hSHISHHTL (HH®ENT S HTGETGLITLD
F(x,y) = X’ =2y" +5x1°, (x,y) € R? 616575 196571
F(Ax,Ay) = (Ax)’ =2(Ap)’ +5(Ax)(Ay)’ = 1°(x* —2y° +5x1%)
e1eiiGau F 6T6dTLIg) LG 3 @ DL W FLOLIQ SSHTGHT FITTLITEHLD.
LODILDLD G(x,y) = e +3 V* GIGHLIGI FLOLIQ SSHTET FT[TL] 6DV
a76t7 6Testleb a7GBaitd A # 1 ommitb gGFeILD p -5&
G(Ax,Ay) = e +3(Ay)* # A’ G(x, y)
s1ihHBHIhesm_(1) 8.21
x* +5xy—10y°

L 1 @ oL w FLoLIg GBI FTTL] 6Te8SHBTL (H%.
3x+7y

sy F(x,y)=

Hjia) etebevT L € R.
F(Ax,Ay) =

(M) +5(Ax) (M) —10(Ay)* ?»_2 x> +5xy—10y°
3hx+Thy A 3x+7y
e1eiGau F 2461/ Lg 1 2 6L Wi FLOLIQ SSHTGH FITL| SAGLD.

J =AF(x,y)

OCwimestri(h AUIeVflehT FLoLIQSHTeS FTTLSGT LbHTest GCHmmebend Hlemuessidlesry) SGup
HTSTGUITLD.

l Gxmpmip 8.4 (puIvj GaHMmmID - [Hlemiicwndssnn) )
@ A:{(x,y)|a<x<b,c<y<al}cR2,F:A—)IE\E2 1681 &1Ly A -G8 161 O rgFFuirmest LGS ®
QUMSEHCELY 2 DL UISTEAYLD LG P 2 GOL I FLOLIGSHTGISF FTTLTSYLD B)(hGLOTETITE)

RS )y S ) = PP ) ¥ (r) e,

B={(x,y,2)|a<x<b, c<y<d,u<z<v}CR’, F:B—> R’ er6tis. F e16him &rij1| B -cir
L5G1 OBTL TFAWITGT LGS aIamESH0\HLp 2 ML WIGTEQLD LG P D DL LI FLOLIQ SFHTES FITTLITEGLD
BB GLOTEsITGY

a (x y,Z)+y (x y,Z)+Z—(X y,z)=pF(x,y,2) V (x,y,z)€B. |

GLom 68T @g,m/_r)w n wnﬁ?&wm& O\BT6BTL GTHSORUT(H FLOLIG SSHTCH FTTLSGEGHLD GLIT(BhSGILD. BB/
ALPS6) QIS LIGH) aUanESH0\HLp HTEOTLIE LIWIGIGTTHTES BB GLD.

eI HBHIHHT"_(1) 8.22
u=sin"'
( N

ey
i@ OST(HSSLILL L FITTL U FLOLIQSSHTTH 606V, TG AuIevlesr GHMMLD FITL u -&G

J 6TGoTIGY xau+y(2—u=%tanu G168 [Flmiay .

V

LGRS (piquing). @wrnennp f(x,y)= \/fi—i//_ =Sinu GTGLIG| FLOLIG SHTeNIH]. TOIe8EsT6h
X TAY
Flen ) = =2 £, ), ¥ 2,020,
Jo o
89 wasu(B 6T LoPnID UGS aImSS0ELF:EET

‘ ‘ 12th_Maths_Vol 2_TM_CH 8_Differential and Derivatives.indd 89 @ 26/11/2024 11:10:05‘ ‘



1
Qg g 5 9 LI FLOLIG SSHTET FITTUTGLD. 6736, Auieurflest GHmmiiLig

SnCung f =sinu ettt (NgHuIL,

. O(sinu) ry O(sinu)

lsinu
Ox oy 2
ou ou 1 .
Xcosu—+ycosu— = —sinu
ox oy 2

BQBLUDAPLD COSU A6 QUGS
ox 7 oy

@pny :

—tanu.
2

.. (19)

Bibsd Hesidand GBIl wines &esdd(hs6T eLPEUIHLD HTGHTGUTLD ; HGT6Y Ahdbd: Hessidhd(h

BOTLOTGOISHTSH B)(BSSLD.

- wW(x,p,2) = 10g(

uuaps 8.7

. 1968TQU(BLD P@IOUT(H FATLLD FLOLIGSHTHISHT BGODEUIT GTTSHBEET(H FLOLIG SHHTTS]

GTGBTIGY AHGHT LIIQ EDUILLD FHITGESTS.
6x°y’ -y’ +9x'y

1 X,Y)=xX"y+6x +7 i) h(x,y)=
(i) f(xy)=xy (i) h ) ==
W . 2_9,2
(i) g(r,p,2)=Y2 Y T2 iy U(x,y,z)=xy+sm(y : ]
4x+7Ty Xy

CfOGy)=x =2X°y+3xy° + )’ eretin FY FLOLIQSSHTEIS) 6TeS BmiayS. f -6 Liganwid

SIS (B [ -5@ Aieviflest CHnmebamsd FRLIMTds.

. g(x,y)= xlog(zj GTGYII) FITITL| FLOLIQ SHTCE| TG HMIQYSB; g -6 Lilgadidh HessibEll (b,
X

g 5@ AU1evfledt CHHMSMBF FHLITT &%

2 2
Cu(x,y)= f/;i-—yy , 6TGvfleh xg—z+y2—izau 6TGoT 16 )16 .

2 2

: v(x,y)=log[xx:; j,@mﬂ@b x%erg—;:l 61681 [Flmiey .

. w . .
, 6T6d6) X —+ Yy —+z— -0 HITGHTS.

ox dy oz

55y +7y*xz* =75y’ ow  dw
x*+y?

XII - sewflgaiied 90

‘ ‘ 12th_Maths_Vol 2_TM_CH 8_Differential and Derivatives.indd 90 @ 16-12-2022 17:32:11‘ ‘



___IEEEN ® N = HEEN

Luapa 8.8

OaT(hSSLILLL  BAcTE LAHn AL sefedmbs Fiwner SHeevg Wsab egphL®LL
L uilmend Caxibhol%(h ssayLb :

1. s e’ L aungat euriinfest 27ib 10 QFLE. 275S)68r 2emalleh CHramuioms 0.02 Q\FLb (Dewip
2 6o g 6Testled 6T LTLiIed armu(Bid CHrrmus FESNHLI 1DLOUI FHTCVTSE.

(1)0.2% (2) 0.4% (3) 0.04% (4) 0.08%
2. 31-657 541D L1q eLpev F SIS 1DawLp CHTmwiLoTs, 31-651 FH6TSHLT 1DewLpenuirt GLITE) 6T H6T
LDL_hIGBT@GLD?

1 1
(M 3l (2) 3 (3)5 (431

3. u(x,y)= et , 6163116 Z—u —GT LoIL
X

(1) e (2) 2xu (3) x’u
4. v(x,y)=log(e" +¢e”), eravtleh o + o 6T LD NI
ox Oy
(1) e"+¢e” (2) ! 3)2 4)1
e +e’

5. w(x,y)=x",x>0, erestlcd g—W—GZ'STLchQL.IL[
X

® (1) x” logx 2) ylogx (3) ! ®
, O :
6. f(x,y)=e", erafled 6T Lo
Ox0oy
(1) xye” (2) (+xy)e” (3) (d+y)e” 4) (I+x)e”

7. (B 6T FHITSHT LGS Henay 4 QOFLh oHmid g6t 19w 0.1 COFLS eT68fleh H6T H6TE)y
Few1d B 196D TmLBLD 19eLp
(1) 0.4 g1 Qs (2) 0.45 ze1 O\FLd (3) 2 Fewr C\FLE (4) 4.8 Fev1 Q\FLd

8. P H6W FEHITSHEGHT LI%% 2Aea) X, -@eOBhdI X, + dx 245 LoTDIDGLITS] HSGHT UESTLITLIL]
S =6x* @eb arHUHLD LoTHDLD
(1) 12x, +dx (2) 12x,dx (3) 6x,dx (4) 6x,+dx

9. (b F FHTSHT LGS 2AeMe) 1% ASSfSSOCUTH AF6eHT Fes1 Aanalled eTDLI(HLD
LOTHMLD
(1) 0.3xdx 18° (2) 0.03x.8° (3) 0.03x%8° (4) 0.03x°:8°

10. g(x,y)=3x"=5y+2y*,x(t) =€ ommid y(t)=cost, eTesflev % 657 LodNILy

(1) 6€* +5sint—4costsint (2) 6 —5sint+4costsint
(3) 3¢ +5sint+4costsint (4) 3¢ —5sint+4costsint

1. f(x) =L, 67631160 AF6HT e suT(h
x+1

-1 1 1 -1
(x+1)2 dx (2) mdx (3) mdx (4) mdx

(1)

91 wesu(B 6T LPMID UGS aImSS0ELF:EET

‘ ‘ 12th_Maths_Vol 2_TM_CH 8_Differential and Derivatives.indd 91 @ 16-12-2022 17:32:19‘ ‘



___IEEEN ®

‘ ‘ 12th_Maths_Vol 2_TM_CH 8_Differential and Derivatives.indd 92 @ 26/11/2024 11:10:10‘ ‘

12.

13.

14.

15.

(i) i

(i) L

u(x,y)=x>+3xy+y—2019, eresfled ou —~6HT L)L
OX|(4_s

(1) -4 (2) -3 3) -7 (4) 13

Fjy g(x) = cos x -6t1 Gpiflwied Capmymus Loy x = % Bed

T T /s T
(1) x+5 () —x+5 3) X_E 4) _X_E
w(x,y,2)=x(y—2)+ Y (z—x)+2°(x— ), eTavfled g—w+a—w+a—w—687m57£u_/

x 0Oy Oz
(1) xy+yz+zx (2) x(y+2) 3) y(z+x) 40
fp,2)=xy+yz+2x resflev f,— f. -6t Loy
(1) z—x (2) y-z (3) x—z (4) y-x
LITL_FFx(hdhBbiID

fi(a,b) > R erettuems auanHliL gsdsd FATUTELD, X, € (a,b) eTevwad Cl&TeTs. X,
61651 Lereulled f -6t Carmus oy L -65T auemyuienm
L(x) = f(x)+ f'(x, ) (x—x,), Vxe(a,b) eravweumL.
geulingeop = | Qo oy - Camymu oy
OLod' oy s Huiommg) cTeshled

gﬂﬁl_ﬂ@)w:|@wlﬂw§uq — Gsmgmw gLy

Oouind iy
F@isliflenp = gmflanyp x100.
x-6br 2ASSfy Ax 26 opmpid erevevT  x e(a,b)-$&b  f:(a,b) >R
QUDHUI_SSH5:E FTjL 6Tedrk. | 68T auawasui(h df = f'(x)Ax
R LIPS HAMLOGS FATLBE@HSEHTE 6Tevame aidhls6r (eTevemev CaHHDAISET) LIGY
LOTYIE®6Td; QETGHTL FTTL|B@HESGLD GBS/ LD.

A={(x,y)|a<x<b,c<y<d}CRZ,F:A%R Lopmitd (x,,¥,) € A 616515

l.mF(XO +hayo)_F(x0’y0)

687 Loy eI IOLMle (x,y,y,) € A @b F -d@ x -goLl

h—0 h

OUTBSS LGS aUDBHOHLD 2 GTETEI 6TTGUTLD. Q)bd 6TeHEWEV LKL aa—F(xO, V,) 6Teold
X

@D&GsLILLD.

lim F(xy,y,+k)—F(x,,,)

lim f 68T 676UV Lo HTewIIOLMIesT (x,,V,) € A @b F -4
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Qa1 Oaverluiled auenTumidHiLBd @ Gout oL wi \ (x 3

gy f(x) eretis. [a,b] Qe Ceuefluileh f(x) Fmjumeg) X, p— N
2671 @ilyLer Qs Casdmquglsbame; gneug [a,b] x=b

-0 f(x) -7 iyser 1esuicTenTTEGaIT 26V
GO WIS GauT @hdbEeuTid. UL LD 9.2 @6 &HTevrs. uLip 9.2

[a,b] et Qe Caueflevws n 261 Qv OaveilEeris,
a=X, <X, <X,<--<Xx, ,<x,=b ereiotml  [xy,x LIx, %1, [x, 5, %, 1,[x,,,x,]  ereuL
197 %HaLD.

TGseib sp(p OowiGwiessr &, , x, | <& <x, eraubuig, [X,_,x],i =12, -, n eresrmlui(pd:@Lommy
Ca1115018(5 5@ Lb. BT Fa (56D,

Zi:f(éz)(xz —x) = (6 —x)+ f(E)(x, —x)+--+ f(E)Nx, —x,) (D)

XI1I - sessfigafiwieh 96

‘ ‘ 12th_Maths_Vol 2_TM_CH 9_Apps of Integration.indd 96 @ 26/11/2024 11:10:57‘ ‘



B [ [ [ ® . EEES

oTad eT(hdg O&TelTs. T (Baev (1) eretiugs [a,b]-ad  [x,,x1,[x,x,],---,[x, ,x,] eTeib
19leyseriley f(x) @)6iT (FLOGH Fa 'L 6D TGO ILI(HLD.
<& <x erad Hlupseeeows UisH OFnwuoTm  eTeduewDD U &, Lo BET
Qriuged, [a,b]-ab  [x,,x 1,[x,x,1,-[x, ,x, ] ereub =G flelemwens@pmrws f(x) -5
GTGBTGRTNN LIGV [fIDGST Fo (BHed 2 6oor(h. S (WIS SHID OFuwiedumi’iqesr HLp  n—> o0 LOHMILD
)—) 0 erafled, i’ (B OFmanss (1) Hewg, wpigaynl LHNNmesT AHTaug A 6Tew

max (x - X
i -1

@SS BTG M6y, Lol A -ullewesr [a,b]-6b x -1 Qunpdg  f(x) -6t FLoeir Glgmansud(h
eradrLry. Grogyitd a -el(whgl b -4@ x -gor1 Qunbd g f f(x)dx erew1d @GO LiBEMS. a=>b
sTaled f F(xX)dx =0 <o,

GPILjeDy
Qs AsHwunusHled [a,b]-60 CFTLFdFwmes eupibys@GLulL  f(x) -6t FaiLsaen
' (HCL H(pSHev CFTeTHCTLD. FBLNewid, FiesT(Hourfl CHmLrdSuinest eurLbLSH@L UL L
FNILS@BSGLD [a,b]-60 f(x) -6b7 [fLo6hr Clmeansui(h 2 GTTSTEHLD. UDTWNISS C\FHTaHUTL 19 HDGLD
eTdliomn Ui &G (auamrwnT CFTasui®) Gr GnluiL mes f LwieTU(hS SIS G).
Osresui(hgsrer uqriumL g Csnnéams Blneu 19nC8% a6t Hryesid CFeflauns aflerhi@Lp.
wngﬁ?@ﬁ? X @un@S?@Lu@JLD QTSI S(HLDLIG. LD GI(BLILILILILG @g,/jg)@g;@asasuu@ﬁg)@ 61601 G6u
® f f(x)dx  eretTLIS 6T f fW)du 6revIa)ID GTUPSHGUITLD. AEDBUITEV, f f(x)dx = f SW)du @ip. ®

[xifl,xl.], i=1,2,---,n erayib parOleunp UGH B Ceuafluileyid o eirer x, ,&, LoHpIDd x, AHw
eI  LeTafls@pld  Mmax (xi —xl._l)—>0 etesTLBTe) @Gy yerafluiled @elfletrmey. & =x, |,
i=1,2,--,n e1e81% CHIHOS(HLILIGET eLpcuLD

b n

[ f(x)de = lim PIACH CAE A A2)

n— and max(x;—x;_; ) >0 -1

2AGLD. FLOGTLIT(E (2) ifLoetT CBTeSuTL 19 et Lo DB ausHSHTeE @)L gi-Lpenaest afld) cTeTLIT.
gi =X = 13 29 e, n 676'675 GQ)U',/%)@QJ@’:’U@W @Q)L.D,

b
J‘j(X)dx B 1111—1;1;13 and max (x;—x,_;)—>0 < Z f(x )(x _x ) (3)

616818 KL GEmg). FLocsun(h (3)-£2 Fioett OsrevasulL’ 19 et LBl (HaugsmeETes

UG/ -(LpeaT afld) GTedTLIT.

A i
§ =" i= 12, n crand Ga OBl apaid

j.f(x)dx: lim Zf(x Y j (x,—x.,). (4

n—0 and max (x; —x;_; )—>0
61681 Lol GE/. FLocTLIT(H (4) ifLoetT QFTeHuTL 19 et Lo (HeusNHTeT H(H-LpedasT aild)
GTGHTLILT.
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@GP ey
b
(1) spaiQeurn x €[a,b] -&@Ld fLoctT QFTeawHui(H f f(x)dx 2 6ireng) e1auiled, fLoett G\ TanHui(h

f fdu  eretiug  meti@  eueTwWmiGSIULL  GuouiGwesiernT@d. 616 Ge

F(x)= f f(W)du,x €[a,b)] etaibLig [a,b]-60 F(x)-@etr #riiy euenmwimissiin(hEmg).

y
=/(x)
(2) <ergg x €[a,b]-$@Lp f(x) = 0 erevfled, FLoctT OFmensuiL_mest /‘ :
b
Ax

K

b

ff(x)dx elebTLgl  x=a Loppid x=>b Gar(hser, y= f(x) /A

X

GTGYILD IGSTRUET LONMILD X-AFFeT aupptIH@SL UL L u@GSufesr  *=«a 0
Qe LFLILETEaId HIBLD. UL LD 9.3 @)6b &HTets. ULLD 93
3) <meiss  xela,b]-s@&p  f(x)<0  erefled  Froeir y
A
b
O\&TeHUTL 1601 f f(x)dx  erediug x=a wHmib x=b o /.

Car(hs6r  y= f(x) 6TQID QUMGTAIGDT LODMILD X-AHFSFIGHT N ﬁ/

X=a

QIINGLULL  UGSHuled angeuicd LILILETe) @D )
wdiewud  H@Hb. ULd 9.4  FTes.  QSS®SBUI uLtp 9.4

H(BeISS), x = a Lommitd x = b CHT(HSET, y = f(X) 6TILD QUIGTAIGDT LOMMILD X-AHFFIGHT

QUTLDIINGL UL L UGG auiqalluich LrlieTey 24 GLD.

jf(x)dx

4) [a,b]-6b f(x) s wHiysemeruyip HGF FiouidbhHled Gom LodHis@aenu/id GLmid
etadfled, [a,b] erauid @evt Cavaflenws f(x)-@etr, spaibleur(pn 2 61 @evi Ceueluieyip

Qs iba @81 GolyLer @uwd@omm [a.c], [¢,c]), . [¢,b] e u@dh

b
B Oevaflserist 197&s0LHENS). cT6erGa, f f(x)dx -G ifLoest Ogmeansui(n
b q c “ b
[ reas = [ fedc+ [ fode++ [ f0de e,
BgamewigHleyr x=a wpmid x=>b Gx1(h&6er, y= f(X) 6IILD QUIMGTAI®]T LOHMILD
X-2AF et aubIINGL UL L UGEUGT auigalluich LrlieTe)

- ot

A GLD.

[ reas

jf(x)dx

]f(x)dx

Fnesimns, Fagy  f(x),x €[a,b]-F&T6T SLPSEHTELD UDGTAIMTUIS HBHIGUTLD. LIL LD
9.5 @eb 1S, @i, A, A, wHpId A, ASwmer HesllGEeLTesT aulqaLich LTLILIGTEETTEGLD.

b
168186 QUEDTILMISS O\BTemHUT(H f S (xX)dx er6bTLIgH
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jf(x)dx ]f(x)dx +7f(x)dx + jf(x)dx

= A-A + 4,
x=a oppitb x=>b Caxn(h%er, y = f(x) 6Teyid
QUMGTAIGT LODMILD X — AFFIGST  euLdIIHSL LI L

u@GHetr augefwed uglivene A + A4, + A, AGLD.
Guomasessi. w1960 (Bhg,  auqaiiied LIILETEE
FLoctt O\TesuT(h GHDSBTHI GTGTLIS] LGUGSTEIDS).

@I

uLip 9.5

Oevefliiuent wings GBI moed @I LTIILICTe FSHIT HVGHOTEALD, HCT AT HGIT
AVGHTERLD HevTSEI_LIL(HEGSTNG/ 6T6TLIZI H6TS OBerileuTHng.

eIlhSHBHIHHT_(1) 9.1

5 i 2wene) ugdH Qo Oaefseris’  9f$sH  wopnd (1) QLg-apeest &)
0.5

(i1) cuevgy-wpamast aiid) (iii) p(H-wpaest alldh) Abluiumedn FLoeh & 1 eS6b LiwicsTLI(HdE) f x° dx -6b1
0

Lo IGDLIG HewTd:S)(h%.
SHjay

Qi@ a=0b=05n=5f(x)=x

1136, RAICUT(H LGS e Cauerfluilesr 1%euLD,
b—a 05-0

h:Ax:
n

B Cleueludetr &/6s1(HE®ENTS FHIHLD LGTENSH6T,

x, = 0,

=
I

X, +h=0+0.1=0.1

X, = x+h=0.1+0.1=02

X, =x,+h=02+0.1=0.3

R
I

X, +h=03+0.1=04

X, = X, +h=04+0.1=0.5 %ab.

=0.1 A&LD.

(i) 1o 24676y Ax Q\BTEETL [FLOG Fa L' 1 QISGHTET @G (LPOGST NHNITCETF),

S = [f(xO)Jrf(xl)+---+f(xnfl)}Ax.

=S = [£(0)+£(0.1)+ £(0.2)+ £(0.3)+ £ (0.4)](0.1)

= [0.00+0.01+0.04+0.09+0.16](0.1) = 0.03

fo Y Pdx —ah Gamymuw oy 0.03 @Lb.
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(i) FLp 216716 AX Q\BTGETL [FLOGHT Fo L' 1 GVIGHTGH QUGG (LPEGT IS NUITEEIE)
S = [f(xl)+f(x2)+---+f(x”)]Ax.

S =[£(0.1)+£(02)+ £(0.3)+ f(0.4)+ £(0.5)](0.1)
= [0.01+0.04+0.09+0.16+0.25](0.1) = 0.055.

0.5

- | xPdx-etr Gy oy 0.055 24@Lb.
0
(iii) F1p 2emay Ax CETEESTL [FLOGT Fo L' 1 gIdEHTES H(H—(LPeDET NuITes)

S = {f(%;x'j+f(x1;x2j+-~+f(—x”l;x”ﬂm

o8 = [ £(0.05)+ f(0.15)+ /(0.25)+ £ (0.35)+ £ (0.45) | (0.1)
= [0.0025 +0.0225 +0.0625 +0.1225 +0.2025](0.1)
= 0.04125.

Luaps 9.1

1 {1.1,1.2,1.3,1.4,1.5} eraud 9feflavenujeir @ gi-qpevar  efiflavwi’s  LweL(hsH)

n

xdx -&@ Camamus oL HT168sTS.

-—

2. {1.1,12,1.3,1.4, 1.5} erapuid  i9fleflevawmuyieir - auevgi-wpavett  efidlavwis  LwehLI(Bd:S)
1.5
f x*dx -&@ G oIy HT6ssT.

3. {1.1,1.2,1.3,1.4,1.5} etaip  19feleweruy 6t B -wpaest  elblewit  LuwicTL(H S

1.5
f (2 —x)dx -&@ Gy LobiL| HTe8sTH.
1

b b
0.2.2 [ f(x)dx g wHnGe_ srcdemed gofHyid (Limit Formula to Evaluate [ /(x)dx)

[a,b] 6TEILD (O TRALT T, a=x,<x <x,<--<x _ <x =b GTEILOTD)

[0, %, 1, [, %, s wu (%, 55X, 1L[X, 15 X,] eter n Fotugd) Qe Geveflsentst 9fésiiuBEns).

b—a
n

eTar ey X=Xy =X, =X ==X, =X, =

syin. h=""9 qrere. @ x, =a+ihi=12-n
n

61601 d vl HEMS).

QUMTILIMIGS C\BTEHUTL 19 65T GUGHTIIGHDLILILG.

lim Zf(xi)(xi - xi—1) (@/@@f (Lpemest @95))

n—0 and max (x; —x;_; )—>0 -1

XII - sewshigaiich 100

x*dbx -1 Gt iy 0.04125 @Lb. [ |
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n

zlimb_GZf(aHb_aJ,

n—>0 n i-1 n

[ f@ax zﬁméiﬁjif(a+®—u)£}
a e r=1 n

@GPy

limb_aZf[aHb—a)fJ=1im{b_—“f(a)+b_—a y f(a+(b—a)£ﬂ
meen o n noo| p n ‘5 n
_im2=4S (a+(b—a)5J
n—© pn oy n
= [ Fox.
B ff(x)dx = limb_—aif(a+(b—a)£)
4 A n

= ;wb_" y (a+(b—a)£j.

a=0 wnpid b=1 erefled, ff(x)dx— 11m Zf[ ]—hlef[%] <USLD.
eI(hHBHIHHTL () 9.2

1
Fa_ L' L GOlGHT 6TGOEGUWITH f xdx -89 LoFI NI (HS.
Siay '
@nig f(x)=x, a=0 wHmid b=1.er61Geu

]f(x)dx = lim— Zf( j:jxdx-hm Z—

n—v pn n—)oonrln

= limiz[l+2+---+n]

}'l*)OOn
— lim 12 nn+l) (1+1j:1.
n—w p 2 n4>002 n 2 [ |

IhHHIHBT_(H 9.3

1
o L' L GOIGHT GTGLGDGVILIT S f x’dx -g0 LN (.
Biay ’
Qi f(x)=x", a=0 pnib b=1.erewCGsy

jf(x)dx lim — Zf( J Ide—llm Z—

—)Oon —)oon 71n
= lim— [13+23+ “+n ]—11 14 LA (n+1)
n—)oon n—o p
2
= liml 1+l =l.
o 4 n 4 [ |
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IhHH1HHT_ () 9.4

4
Fa L' L GOIGHT 6TGLGGLWITS f (2x2 + 3) dx -£0 oSNNI (H%.
Sjal
SDSEHTEID FHdHTEH®SBLI LIUIGHTLI(HSHGaTLD.
b n
ff(x)dx = limb_—aZf(cH (b—a)fj
a n—>0 n —1 n

Qi f(x)=2x"+3, a=1 odmid b=4.

616516y,
2 2
f[a+(b—a)£j= f(l+(4—l)£]:f(1+3—r]:2(1+3—rj y3=5 180 or
n n n n n n
AGDBUITED,
n 2 n n
f(2x +3)dx = hm32(5+18§ +12rj [1521 5?2r2+3? r}
n—w© p n n n~>oo n o gy
15 54 36
=lim| —n+—(P+2%+--+n° )+ =(1+2+---+n }
no®| p n3( ) n2( )
_ tim 15+%n(n+1)(2n+1)+¥n(n+l)}
n—)oo_ n 6 n 2

@ = lim 15+9(1+lj(2+lJ+18(1+1ﬂ
l’l—)oo_ n n n

= 15+9(1+0)(2+0)+18(1+0) = 51.

|
Luaps 9.2
1. $LpdET1aID OBTDHUT(HE®ET Fa L L 06T 6THMVEATTSH He88TdhE(H%:
(i) j(5x+4)dx (ii) j(4x2 —1)dx
0 I

9.3 GHTNS: HIsHIHHIBH Dy LILINL_F CHDYBIHGAT LODNID DIIDT LIWISTLIT({SHT
(Fundamental Theorems of Integral Calculus and their Applications)

b
FiLy 10)% eremlenouins @it f f(x)dx -@etr ogliewi Cgransuf(hserilesr g L 1 eSer

GTOOVSHANTE $HT6 HTeILL OFALD HqQesild eTetiLens Gole 2 arer 6T1(hdsIbHTL (h%6rtletr
aumuievrs LmigGsip. By L et (Newton) ommiid eSi9esfl”siv (Leibnitz) @upeu(pid 't 't Gy
HTVGH6 UDTWMISS OBT@HUN_®6V 1T 6T (LPEDUNGD FHT6HT QULOIUES ST @UDALPEDUITCHIS]
WS LoHmid @ETLID BHISTEENE AQUUDLS CHHDI®S QLI WTHS: 6IHTGHL F.
BsCaDHmbIEET p1H FITIIDSGLD AF6HT THT e 1d@GLD (Lpiguyp6Loesileh) 2 irer G\ ffeLs
BlaevBlnIS SIS BSBHDHMHISET IS FIeTHeEsISSENEGLD OBTmS HIcTTEETSSENGLD 2_6Tem
P OB U LB SSHIENS).
1965160uHLD (LpsE CHmmmiseT BlemLesnilestn) SGLo CET(h GBI (HeTeTes
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/(Zg,rj)rrl)lb 9.1 (p>ed CHTMEH HIWIHWIDH Diig LiLiswL_F GHHMID) A

f(x) eretrugy [a,b]eretim epiqui @evr Oeuerluied euenmwimidatii L Q& FESuines Fmjy
ommytp F(x) = f Su)du, a<x<b erafleb, diF (x) = f(x).2zm1015 F(x)-A15 f(x) -@etr
x

\cﬂg‘ﬂﬁ USHUT(hH ;’5@[0. y

\

((Zg,rj)rrl)lb 9.2 (GYyenL_Taugl GHTnDH HIsHIHRH Diig LiLisnL_G GHHmId)

f(x) eretiugy [a,b] er6tim erpiqui Qevr Gevarilufled eueTwimissILL L QT jafuiness &L

onmid F(x)-ueg f(x) -Qetr 6187 auensui(h 616sfl6v, f f(x)dx = F(b)— F(a).
\— “ J

@GP b
F(b)-F(a) g | f(x)dx eT6dTn euewgipidasiie L Glamenasudl e86st (fLostt G)pmensul 6b)
Lo ILITESISHTEV GTHNT (LPEDM ;Jemsuf (b F(x) 261 CFidssiiu(hLd settestidand Lomm) Haariul (n al(bLb.
e1a1Gar QuaTWnISSH O0FHTHUN_ 06T Lohliy HTeidGungl 1HT amBUT(HL 6T H6TeolF T
Lorpleow GEisss Comanicmev. F(b)—F(a)-g&mésons [ F(x)]l; TGO GT(LPSGUITLD. QUATIIMIGS
O\gTanHUd 696t LOSIIL) 6 (BEDLOS HETELD D GHL LI

Quesneugy  Osnews  meswsesils  Capmsdler  eumuileuns  196TRIBLD  QUTWINISS
O\gTesuii 696t LicsTL ST QOLmIEICDTLD. 6unHem HlemLestdlesrn) @)kiE HressGLUTLD.

ety 1 x [ f(xydx=[ fu)du,a<b

DASTAIG| GTEOGSET LOTMITLOCY B)(hd@GLDBLIMS Lommlenws LomHmIcISTed O\ Teanduil 696t L)Ly
LOTT .

LIGBoTL) 2 : j f(x)dx = —T f(x)dx

2ASTIG UDTWNISSH OFTamHUN_6) cTebawaudamar @ ommmid CFubGLITS aUITWIDISS
Osravsuieder GBuI®H - 245 LommiLD.

LiGssrLy 3 : Jf(x)dxzj;f(x)dx+'|.f(x)dX,a<c<b

b

Uty 4 f [0/ (x) + Bg(x)]dx = a f f(x)dx+p f g)dx @k, o wppid P

a

Lo M6 B6iT.

b d
dg(u
veirys ¢ x=gasie, [ f@di=[ 1) L di @i ge)=a wipid
g(d)=b.
BiLcssLTeg auunIds CFmamsuieded DrHui 6v wpemewis LLGTU(RHSS 2 FaE D).
GLomda Ml LiessTLBe6T (DesTaI(BLD 6T(HdEHISHHTL (HF6 6L LIwicLI(HSHIGauTLD.
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IHBHBHIHBT_( 9.5
3
EAVMICER I(3x2 —4x+5)dx .
0

Sjay

j.(3x2 —4x+5)dx i3x2dx—j.4x dx+j.5dx
0 0 0 0

3_? x’dx — 4jxdx + 5_3[ dx
0 0 0

5]

(27-0)-2(9-0)+5(3-0)

= 27-18+15=24. -
eI(hHBHIHHTL_ () 9.6
DB - I 2x+7
5x° +9
Sja
’ ‘ | 1 70 dx
E 2x+7 o | 2 7 B Zlog[sx’ +9], +~ [ —E
® 0 x+9 0 Sx"+9 9 (5x)+3° 5 50x2+(3J ®
J5
1
= l[log14—log9]+zx£ fan” —— :llogE+Ltan*1£,
5 503 {3} 579 35 3
\/g 0 |
IhBHBHIHBT_(1 9.7
1
MEAVIICER f [2x]dx, [] er6brLigh) LOCIOLIH LPAPSHET FITITL.
- 0
Sjay 1 1
1 2 1
f[zx]dx—f 2x]dx+f[2x]dx—f0dx+f1dx 0+, = 1= = 1
0 2 2
2 |

2

I(HHBHIHHT_(H 9.8

secxtanx

S 0 [N

Lo n(Hs —dx.
1+sec” x
Sjay
z
3
sec xtan x . )
[ = I—de GTGHI . secx = U 6Tet1 . 6116y secxtanx dx = du .
o 1+sec™x
XII - sewshigaiich 104
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x =0 erevfled, u=secO0=1 opmid ngﬂ@ﬂ@') u:sec§:2.

2

= [~ ftan™ = tan” (@) tan 1 = tan”(2) -2

' 1+u 4 u
eI(hHBHIHHT_(H 9.9
9
1
MEANICES dx
@ '([ X+ \/;
iy

Jx = u e16h18. srewGau x =u’, oHmid dx = 2udu .

x =0 erafled, u =0 opmib x=9 erestled, u=73.

3
= 2[ ——du = 2[log1+u]] =2[log4-0] = log16.

3 1
;|).x+f 0u2+u o L+u 0 -
eI(hHHIHBT_(1H 9.10

Lo nI(Hs -

Jl. (x+ l)(x + 2)
Sjay

2
I dx 61657 .
1

x+1)(x+2)
-

(
{ }dx (UGS 1965T6OTLOTS GH60 LGHTLI(HSS))
(x+ 1) x+2

= [~log(x+1)+2log(x+2)]
2 2
_ log|:(x+2) }
x+1
16 9
= log——log—
53 7%
= lo 32
527 m
a1 FHIHheHT_1) 9.11
3
INEAVVICER J. - cosf - do
o (1+sin@)(2+sin )
&joy )
j- cos@ .
= do 6161,
o (1+sin@)(2 +sin0)

u =1+sin0 erevrtt 9yl & Hewr_Lig du = cosOdo .
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0 = 0 erestleb u =1 oHmubd ngemfﬂm') u=2.
2

du__ tQ+w-u (11 2
'!”(lﬂl) ) I u(l+u) du = I(__ jdu = [logu —log(1+u)]

1 \u l+u

= (log2—-1log3)—(logl—log2) =2log2—log3 = logg.

eIhSHBHIHHM_(1) 9.12

. 2 sin'x
Lo n9(Hs I —dx
* (1-x%)?
Sy 1
2 1
1 = f S x3 dx 6165T%
O (1-x%)?

u = sin"' x ererts DTS & HevL_ gy, ,x =sinu oHOILDd du =

1—x?

1
x = 0 eravfleb u=0 oHmid x = —=eTevfled U =—
SN

% % i 3 T T
I = I u2 du :Iuseczu du = [utanu]} —Itanu du =[utanu]} +[logcosu]}
® < COSs” u g 0 ®
— 7 tog =% Liggn
4 g[ 4 28 |

eIhSHIHIHeHM_1) 9.13

i
2

EAMICER I(\/ tan x +~/cot x ) dx

Siay ]
2
j( tan x + cotx)dx GTGHT .
0
3 j- \/smx \/cosx j-s1nx+cosx j- sin x +cos x i
o\ Vcosx sin x % Vsin x cos x 0 V2sinxcosx
B \/—J~ (sin x + cos x)dx
\/ —(sin x —cos x)°
u = sinx—cosx erertl (s, du = (cosx+sinx)dx.
x = 0 ereafled u=—1 oy x = ge‘rafﬂ@b u=1.
1
du
=42 =V2[sin"u]’, =2[sin"' (1) -sin"' (1)) | =72 .
5= = V2] ] _
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IhHH1HHT_(H 9.14
1.5
EAVMICER J.[xzj dx, @@ [x] eT6dTLIg) LOLIOWI(H UPUHPSHEST FITITL].

0

Siay \y
O wpupdser Fagy [x] eretiug x-£2 oL 1OSHLILIL TS ,
4 [ —
21606V FLOLOTG Lodlieo Qumid &gy 616 HTLD HBIGaUTLD. v
DASTAUIG| NGTGTLE (6 (APLPSHET Lopmiibn < x < (n+1) eresfled
[x]=n ereiCay, BTLD OLmIcUF 1+ 7—* I
0, 0<x<l o
]=11 , 1<x<+2 S
5 z
2 . J2<x<ls V215
uLLb 9.6

@gamiunesig [0,1.5] e16trm Qewr Ceueiluileh O\ FFSHuimmg.
2a11ed, RaIGleuT(n ey @ et [0,1), [LV2) whmid [V2,1.5]-safled QL idd)
o2 Lwg. 2AsTalg [0,1.5] eretim @ Oavefluied giess(® eumflwunsg (piece-wise) GG &)

2 DLW/ LULLD 9.6-83 LMTTSHSHQLD.
1.5 1

J‘[xq dx = H:xz] dx+f[x2] dx+lj.5[x2} dxzj[O dx+f1 dx+lf2dx
0 1 2 0 1 2

0

= 0+(x)lﬁ+(2x)l\g :(\/5—1)+(3—2\/§)=2—\/§.

|
eIlhSHBHIHHT 1) 9.15
4
EANIOE R I|x+3| dx .
-4
&)
QUMTWIGMLILIG BLOSSGS SlewL_LILig), Y
2.
x+3 , x>-3 2
| X+ 3 | = X
—x—3,x<-3 (-4,0) (-3,0) |0 (4,0)
—4<x<4-60 y=|x+3]| TGTLSHGHT UMTLIL S, ULLD 9.7

uLLb 9.7-60 UMTSHSBALD.

4 -3 4 -3 4
s f1xa3] dre = [1x+3] do [|x+3] dv= [ (—x=3) de+ [ (x+3) dx
-4 -4 -3 -4 -3
) -3 ) 4
= {—x——3x} +[x—+3x}
2 -4 2 -3
= —2+9 - —E+12 + E+12 - 2—9 = J -4+20+ J =25. m
2 2 2 2 2 2

LIGESTL] 5~ @)68T LIwIGSTLITL 19 HHTET 6T(HSHISHHTL (NFHGTLT LTLIGUITLD.
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2
j d—x.zllogEZ TGO GHTL (h%.
y 4+5sinx 3
Sjay
2tan
U =tan> &7t7s. sinx = 2 _ 2u2 ,du:lseczfdx:dx= 2d”2 '
2 1+tan2§ I+u 2 1+u

T
X = 0 erafleb u=tan0=0 opmyd x:% 6T631)6D u:tanzzl

L 2du
I '2[ dx j- 1+ > j du 1 du
= —.‘: = 2 = — _—
o 4+Ssinx g, o 2u2j o 20 +Su+2 2y o S
1+u
‘ w3)-3)] ]
1! du 11 4) 4 1 Uty
:—I . i log =—| log =—log2.
29 5 3 (3) ( 5) 3 3 u+2 3
u+=1| - = 2x| = u+— |+
1) |3 4 4) 4] 0 O
@iy
I d - 6165 2ADLoLINGD 2 6o OFTawHui v&Heedr LobliLy FHmewr u = tan >
@ acosx+bsinx+c
4,2
erart’t 1Ny Gouessr(HLb LoMmmiLd cosle—uz,sinxzz—uz,dx: 2du2 GTGTLIGNS A1) %.
1+ 1+u I+u
eI(hHHIHHT_ (B 9.17
T
IM =T TGO 5 MI& .
) sin* x+cos*x 4
Sjay L n
[ ]‘- sin 2x dx _j“ sin 2x dx
y sin®x+cos’x g (sin2)c+c0s2 x)2—2sin2xc0s2x
B j sin 2x dx _i 2sin2x d _i 2sin2x dx
! 1—;(25inxcosx)2 ¢ 2-sin’2x § l+cos®2x’
U = CoS2x 6I6T%. du=-2sin2x dx.
X =

XII - sewflgaiiied
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0 eresfled, u =cos0 =1 oHmid x=% aTefleh 1 = cos =0 |

T

D l+u®

J'O —du J'l du
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1

z
-!a sin x+b cos’ x

Sjay g
-1

0

u =

x=0

1

.-.1=j

= —tan

- (gj , @hi@ a, b>0 e1ew Hlpiays.
ab b

sec’ x dx

—J. -5 GTGI .
0 g*tan’ x+b

a’sin x+bzcos X

tan x 67657%. 6T60IGay du = sec” x dx .

e1evfled, u=tan0=0 LopmiLd x:% G‘r@fﬂd),u:tangzl.

du au

b

a
—t

1
@ 4| b

a

a‘u’ +b?

GLoguiLd Flev auewTuInIds OVHTeHUIIOl6H LGS BT U IGLITLD. [ |
LI60IL] 6
b b
ff(x)dx:ff(a—l—b—x)dx
[bleHL 163D
u = a+b—x er601. 6168186, dx =—du .
@ X = aerefled u=a+b—a=>b womib x=>b erefled, u=a+b-b=a.
b a b
.-_ff(x)dx = ff(a+b—u)(—du):ff(a+b_u)du
a b a
b
- ff(a+b—x)dx.
a |
@iy

a-%@ udled 0 opmitd b -@ ubled a e16sr GLoGev 2 6o LcsTLIe) NI,

jﬁ S(x)dx= j. S (a—x)dx erebtm LIGTETL) HewL_SGLD.

eIlhSHBHIHHT (1) 9.19

EAVICER j‘

sin x +

Sjay

O‘—.—h\:l

1

2
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sin x +cos x

COoS x

1

dx

1

l
N

. 1
ﬁ( sinx+ L cosx
JE

e

0 cos
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1

o!—,_;;\g

T
cos * cosx +sin ~sin x
4 4
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onx ( _T (x)dxzjjf(a—x)dx}

0

-

secx dx = log(sec X +tanx)]#

T
j£
0
T
.4f
0

G- 8-

[1og(f +1)- 1og(1+0)}

= L log(W2+1)

B | D

L1630IL] 7
[ feac=[[reo+r@a-x)] d
[hlehL 163D

uesstLy 3-69(Bhg BT GLIaIS, ff(x)dx= ff(x)dx+ff(x)dx. .. (1)

2a
x = 2a—u ere f [ (x) dx et6trugled 19yl Elevi g dx = —du.

X = a e1afled, u =2a—a=a wHmid x =2a eTesiled, u =2a—2a = 0. cTesGa FLOGE HL_LILIG),

J;zaf(x)dx = j;of(2a—u)<—du) = j;af(2a—u)du = j;af(Za—x)dx. .. (2)
FLoastun(h (2) -2 (1)-6b uwehL(hS$S% SlewL_iLg),
[ e = j;af(x)dx+ﬁaf(2a—x)dx

= j;a[f(x)+f(2a—x)]dx

|
LienL 8
f(x) 0 @i L LUl & Frj 6Testley, J_aa f(x)dx= 2.[: f(x)dx.
(f(x) o @i el d iy etesfled f(—x) = f(x) o160 2mIGeurib)
[bleHL1IG3ID
LIGBSTL] 3-GHT LG
[“r@an =[" reodc+ ] f(ds. ()
X =—u GIeol J._Oa f(x)dx eretrugled 197HuNHGaurtip. e1eiGal, dx = —du.
X = —a erafled, u=a wnmid x =0 erestled u =0. eT6e1Ga BHTLD CLIMIGIZ]
[ e = [ fuydo) = [ fuydu = [ fxydx = [ rea. .2
FLoastun(h (2)-g9 Froctrun(h (1)-6d (gl & Fewr_CiLg)
[ reode = [ foode+ [ fxyde=2] f(xydx. .

XII - sewshigaiich 110

16-12-2021 17:47:14‘ ‘



| T T ® . T ||

L16301L] 9

f(x) @i po@pieLd emiyerafi, | f(x)dx=0.

(f(x) @ @Dl d Fmjy etesfled, f(—x)=—f(x) 16 BTLD APIGeuTLD)
[Hle)L 163D

LIGBSTL] 3-GOT LI

[ rmac= [ feane [ feod. (D)
x=—u qran | f(x)dx sranglsb HuBGaump. srenGar, dx = —du
x = —a erefleh, u=a oppib x=0 eraled, u=0. eranGal H1LD OLpICIZ)
| = [ peux-do = [ fedu =] fdeo= [ fd. - (2)

FLoastun(h (2)-g9 Frocttun(h (1)-6d (Mgl & Flewr LiLig)
j fds = | 0“ ers| 0" F(x)dx=0

|
Lieor 10
fa-x)= f(x) eraficv. | 02" Fydv= 2" fx)d
[l 1L 1630TLD
LIGSSTL| 7 -GBT Lilg.
[ reyax=[ [0+ f(2a-)]dx. (1)
fQRa-x)= f(x) erewr Frocsun(® (1)-6b (Mg Hewi_ gy,
[Freac=["lr@+r@lar=2" (.
Lisor ) 11
fQa=x)=-f(x) srafep. [, f(x)dx=0 sy
[Ble)L 163D
LIGBSTLY 7607 LILq,
[7reac= "1+ f@2a-)]dx. (1)
fQRa—x)=—f(x) erewr FLocstun(® (1)-6b (Mgl BLOSSS HledL LiLig),
[, r@de=[ 17 r]ax=0. .
LieoorL] 12
fla—x)= f(x) eravfled jxf(x)dng j.f(x)dx.
[bleH L 163011 )
1= [xf()dx s, ()

0
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I =

S ey 0

(a—x)f(a—x)dx (- Tg(x)dxzjg(a—x)dx)

(a=x)f(x)dx (v fla=x)=f(x)).

O ey Q

ol = j(a—x)f(x)dx (2

FLoastun(h (1)-1b, (2)-1b a1 oL LiLig),

21 = I(x+a—x)f(x)dx

0
=a| f(x)dx.
J
a a
o = E[f(x)dx.

@iy
B g1 nSSHeL 2 676 CHTmSEIFTTIND 2 TN X 6165 HTTewHeW b QUG 2 Fa|HnS
eIl BHIHHT"_(1) 9.20

Jon g(sin x)dx :2J-05 g(sin x)dx e1e5 Blmyeys. @hi@ g(sin x) eretiLig) sin x -g0 ClamevsrL Fjyy.

gi&l 2a a
fQa-x)=f(x) arafled [ fde = 2" fyar
2a =7 wppid f(x)=g(sinx) 61637 61(HS SIS C1HTCT .
e1aGau, f(2a—x) = g(sin(r —x)) = g(sinx) = f(x).

w 02” F(x)dx = 2 j; " f(x)dx.

J: g(sinx)dx = ZJE g(sinx)dx. -
(Ipigarf

J.OR g(sinx)dx =2J-05 g(sin x)dx. =

@iy
IO g(sinx) dx g1 SHaLOLINGD 2 GiTeT QuadTWIMISS C\FTaHUILvHman HTent GLoGe o 6rer
P&y LIWIGSTLI(HLD.

eIhSHIHIHHM_1) 9.21

T

EAVMICER: j dx .

0 1+sinx
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Sjay
I = Jn x dx 6T6b1%.
0 1+sinx
n 1
= J X —dx
0 J+4sinx
1 . 1 1
S(x) = — arafled f(r—x)=—— =——=f(%)
I+sinx I+sin(r—x) 1+sinx
T X TTrr 1 a a a
dx = = dx , —x)= f(x)) er6vfled dx=— d
Io 1+sinx 2-"0 1+sinx Ha=x)=7x) '([xf(x) * 2 !f(x) *
:wﬁa+;xw,@ K%mmm:4ﬁ$mmm)
I 1 a a
ﬂfozﬁdx ¢ Io f(x)dx:.[o Jla=x)dx)
l4+sin|——x
2
% 1 _ g 1 _ T g 2 X
=T(f0 1+cosxdx_“f0 2CO52xdx_2f° sec 2dx
2
x|2 T
= 7|tan— zwtanz—tano =T. -
0

eI(hSHBHIHHT_(1) 9.22

2n T
JO g(cosx)dx :2_"0 g(cosx)dx gramss &1 (Hs. @@ g(COSX) GTGHLIG COSX -6b HDLDHS

FITL.
&joy
2a = 27 wpmibd f(x)= g(cosx) 6IeiIs.
etaiGau, f(2a—x) = f(2r—x)=g(cos(2mr —x))=g(cosx) = f(x)
:J?ﬂMﬁ:{Kﬂnﬂ,
j;zw g(cosx)dx = ZJ: g(cosx)dyx . n

apigay

j:n g(cos x)dx =2J0n g(cos x)dx. m
@GPy

2n
jo g(cosx)dx o168 AADLOLIND 2 GTAT QUDTWINISS OFTaHuI_cvHmaenrT HTewst GLoGev 2 6iTer
wpLg &y LwIGSTL(HLD.
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B BBIEHICH 9.23
F)=fla+x) siafes [ f@dr=2[" f(x)ar

Sy
[ “ rody = [ rea+ [ ' f(x)dx erew a1epsGaunin. ()

2a
|7 rde arsnigin,
X = a+u ettt & EeoLtiug dx=du; x=a eresfled u=0, x=2a ereslev,

u=a.,.

[T rede < [T p@ruydu= " f@ydu, ¢ f0) = fla+a)

- fo“f(x)dx, - (2)

FLocstun(h (2)-g9 (1)-6b LweTL(hSS% e LiLig),

j;zaf(x)dx = 2f" f(ya. R

IhHH1HBT_ (1) 9.24

xcosx dx.

EAVMICE R

:"_.N\.\q

Sjay
f(x) = xcosx er6t1%. f(—x)=(—x)cos(—x) =—xcosx =—f(x)

e1a81Gay, f(x) = xcosx @ pHewmLI LULF FAFUTGLD. f(X) 6T65TD PMHEMDLI LWL FAFLIDG,

a 2
I f(x)dx = 0 er6t1m LicSsTanLI LIWIGTL(HEHS HewLLILI% I xcosx dx=0.

—a

2 |

IhBHBHIHBT_ (1 9.25

log2
EAVNICE R I eMdx .

—log2
&joy
f(x) = e eratns. f(—x)=e M =e= f(x)
eTe81Gau f(x) eT16dTLIG S @1 L L1 LIGHL & FTTLITGLD.

log2 log2 log2

1
A5G I eMdx =2 j eMdx=2 J. e dx=2(—e" ) =2(—e ¥ +e’) = 2(—610g2 + lj
0 0

—log2
= 2(—l+1j =1.
2
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AC))

EVNICER Ja

Sjay

61651Ga [HTLD OLImIaUS]

eI(hHHIHHT_(H 9.27

dx
¢ f(x)+ fla—x)

S ()

Jf log(1+ tan x)dx = glog 2.

Sjay
I

I=] o e dx 67615, (D)
Joa S (x)dx ZJ: Sfla=x)dx grastueng (1)-6b LWGTL(BHSSS SawL_LiLg),
7 J fla-x)
* fla=x)+ f(a—(a—x))
S Al R @)
¢ f(xX)+ fla—x)
FLoGSTUT (K6 (1)-1D (2)-1b o 'L & FlewL_LILig),
Y O C R L Ut Y
¢ f(0)+ fla=x) ¢ f()+ fla-x)
_ J"f(x)+f(a—x)dx
¢ f(x)+ fla—x)
= Jadx: a.
’ ®
=2,
2 u
J()Zlog(1+tanx)dx TG (D)

fo " f(x)dx
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j: f(a—x)dx erettm LcssTadLI FLOGTLIT(R (1)-6b LWETL(RSHS: HlewL LiLig),

T
tan——tanx
dx
1+ tan—tan x
4

l+tanx+1—tanx
dx
1+tanx

| L (i 4
_[0 log 1+tan(4 x)]dx—jo log| 1+ p

T [ 1-tanx 2

‘log| 1+ de=|*%lo

'[0 g_ 1+tanx:| g '[0 g|:

T [ 2 T

*lo dx = | *|log2—log(l+ tan x)|dx

-[0 g_l+tanx] ’ IO[ s 8 )

log ZJOZ dx — JOZ log(1+ tan x)dx
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/s
= —log2—-1
4 g
21 = z10g2. 616016, Izzlogz.
4 8
I(hHBHIHBT_( 9.28

I; (‘[an_1 x+tan~'(1— x)) dx = g —log, 2 erewdamL (h%.

&joy
1 = J; (tan‘1 x+tan~'(1 —x)) dx

= J‘ltan’lx dx+Iltan’1(1—x) dx
—Jo 0

- jol fan~' x dx+ jol tan (1= (1-x)) dx, (- [\ f()dv=[" fla=x)dr)

1 -1 ! -1
J tan~ x dx+.[ tan~ x dx
0 0

= 2f 1 tan™' x dx
0

[ZJudvl , @i u=tan"' x ommid dv = dx

1
= 2[uv— I vdu] , UGS OFmansuil 6T oSSl LWGTU(HSS, &
0
dx 1 "o
= 2(xtan_1x—jx zj :2£xtan"1x——log(1+x2)j =——log2
1+ ), 2 . 2

eI BHIHHT (1) 9.29

3 X
9B : | ————dn. =
MEAVIIICES sz_h/; X
Sjay \/—
3 X
I = | —F—d 5T, . (1
'[2 e dr X 6T6HT% (1)
f ' f(x)dx = J-j Sfla+b—x)dx eravrm uetenLs LTRSS,
- f V@3- dxzf— OoX - (2)
2> [5—(2+3-x) +/2+3-x) > Jx++/5-x
FLocstum(h (1)-wyib (2)-wyib Fo ' 1 & FewL_LILig),
3\/;+\/5—x 3 3
21 = Lmdxzjzdxz[x]2:3—2=l.
e1687Ga, 7LD Gumieug I = %
|
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eIhHH1HHT_H 9.30
HNIBS : _[

Y 1+a
3

cos’ x

Sjay

T 2
1= [ 225 dv ers, (D)
c l+a

b b
f f(x)dx = J. f(a+b—x)dx e168TLDS LIWLGTL(HSS,

T 2
_ jw[c"s xj dx Q)
a +1
Froasrur(h (1)-ujid (2)-ujib ga L't & Heoi_LiLig)

2] =

T 2 Vi

I cos X (a"+1) dx = I cos’ x dx

Joa+l1 2

=2 J. cos’ x dx (. cos’ xif @ L LI UL & FiL)
0

(14 cos2x) dx:l[x+31n2x} %

e1601Gay, [ = J. 5 5

0

T

[7]=—".

0 2
LiuGpa 9.3

1. Destau(mLd auenrwimigs Osmasui 06T LoFliL) HT6wss

i [-& Gy [ (i) [ =%
x4 X +2x+5 o VI+x

3 -1

3 of 1+sinx % [ 1-x
(iv)]e (1+cosx)dx ) [Veos@sin’6 d6 W) [
0 0 0 (l+x )
2. 196510u(BLD aueTwINIGE OFTaHUIL VBT, OHTenHui 68T LIGHTL BT LIWIGTL(HSS)
LSNIL| FHTGETS:

T

5 x 2
(i) Ixcos[ex 3 dx (if) | (x"+xcosx+tan’ x+1)dx

— + Vs
’ ]

4 2

(iii) [ sin’x d v | xlog(3 +°°ij dx

e 0 3—cosx

4
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v) .[ sin* xcos’ x dx

(vii) I sin”' ¢ dt + I cos ™'\t dt, x e [O,%}

0 0

(ix) dix

. )
J~ xsin x
01+sinx

(xi) ]T. x [sin2 (sin x) + cos”(cos x)] dx

9.4 GUIFGearmsd 35K yin (Bernoulli’s Formula)

1
(vi) [ [5x—3]
0

i) J~log(1+x)

b
1++/tan x

u(x) 616U LGORIMILILS CHTa FMTILTSAD (SFTaigl, u(x)=ax"+ax"" +--+a,) v(x)

6TGHTLIG 6TaMMIEl6) QBT TFS TS OFTHUT(H HTCTTSTn 1Q UIGTSH FTTLITSALD @) THLILNGHT f u(x)v(x)dx

66T auQadleh 2. 6Tem  eUIWMISSILLTE OFTmsud(hFEmev erafded LN evrp. Qs
BT LRSS IFa 1qu1 HFHionesig) CuiGenned &HsHiongp. @F HoHoneig 2 essenoufleh
uGHS Osnaaul(hsedssr (Integration by parts) elifladasld AGLD. QF BTG5S aI(HEIS5S

1965160uHLD GBI (HE®GT BTLD LWIGTLI(HSSHIGaUTLD:
O du 4 = au” 4 = au®
) ax’ P dx

Yoy = fvdx’ Vo) = Vaydx Vi) = fv(z)dx, ......

61651Ga [HTLD OLIMIGIS]

dv(l) = dea dv(z) dx dv dx ......

O Vo)

LUGSHG OFTewHUI(HH6D eLPGULDTSE HITLD @ugu@@/

fuvdx = fudv(l) =uv, I Vaydu = uv, I (1)

_ _f,m

= uv, ju dv(z)

_ (0, _ ()

= uy, (u Vo) Iv(z)du )

= uv,, —u

= uv,, —u
_,D (2) )

U V<2>+( Imdu )

= uy

_ _,, 2)
= uv,, —u v()+u v(3) J.mdu

B)BaGumed GFIL i HTLD CLmIGIS),
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(3)

Vg o

fuvdx = uv, —u(l)v(z) +u(2)v(3) —UTVy,

M)

Qs &doneig Csmas(hsaded @ Friysefler Oupssed OuiGarmed &SIHLb
GTGuTLILI(RLD.
@GPy

U GTGTLIG X -G8 LML GHnear &t gened u™ eTeTug @b GPINI L m 616D
AP GTEBTESING LFFWG®S AL % (HausTed AsNG CoGev auanaui v O\FuIFTed Loy
yFSwd o’ (HGL Fewl_&@Lb. 611860 FHSSTSEHGHT eV LUNSEVIGTAT 2 MILILEHGT GTCTeH%5m%
P LPL1YQYDI TGRS B)(BSSLD.
eI(hHHIHHT_ (B 9.31

(m

EAVICE :JO x*cosnxdx | p crahTLigy R LODF LPLHFBET AGLD .

Sja)

u=x>1ommILb v = cosnxerad eT1(hS%I5% CHmeT(h QuiGeanmed FEsHidemsls LweTLU(BHSS BHTLD

Oumiaug). ”

L sin nx Cos nx sin nx
] = | x"cosmxdx =| (x> —(2x)| - +(2)| -
) ()22 )2 oo ]|
= 2ﬂ(;1) (" cosnm =(—=1)" Lommutb sinnmr =0).
n

|

eI(hSHBHIHHT_(1) 9.32

IS : jol e (14 x — 2x)dx.
&jay

u=1+ x = 2x’ ommieLo v = e > 61657 67(H S 5156056557 (H QLFGentrel) G HTSaal LwGTL(HSS
LD GLIMIGIS).

1
] = J.Oe_z"(l+x—2x3)dx

B s o2 , o2 e e !
- _(1+x—2x )( > ]—(1—6x )(T]+(—l2x)( = J—(—lz)( 7 HO

—2x

_ 616 (16x3 +24x° +16x)}

eI(hSHBHIHHT_1) 9.33

2 .
Lo (h% :j . x” sin nx dx , N GIGNTLIG| PIT LO)GWSE (LP(LPSFHGT 4SLD.

Sjay
u=x"omip v=sinnx e1er ei(h$Hd OFTETHOLTCITeS FHdbHTSmBL1 LIWGTL(RHSS HTLD
Oumiaug), o
m oy cos nx sin nx COS nx
I = x sinnxdx =| (x*)| - —(2x)| - +(2
! - e e =]
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{(4712 )(—lj -0+(2) [%ﬂ — {0 -0+ (2)(%)} (* cos2nm =1 ommitd sin2nmw =0)
n n n

47 2
T

2 47?
3

n n n n [ |

eIl BHIHHT_(1) 9.34

wHu@s: | e (1-x)dx.

-1

&ja)
u=1-x" opid v=e"" er6tra. QUiGarTed HsFTdmsi LweT(BHSS BTLD GUpIeF)

1
1 e ) eflx e—/lx e—Ax
1= e )dx{(l—xz)[ =) J—(—zx)[ e j+(—2>(_ﬁ H
e’ e’ e’ e
AT E S
= —2(e1+e l)——3(el—e_’l) u
LuGps 9.4
196s1QUHeUGsTAINGDD oSN IN(H%:
1 T
1 1 . -1 -1 ﬁ sin'x . -1 2
1. J.x3e*2x dx 2. I sin(3 tan xz)tan T 3. J' € sm X o 4 _[xzcost dx

0 0 1+x 9 1_x2 0

9.5 apsmPuwIDY GHTMHBUI(H)®H6IT (Improper Integrals)
fLoest  G)Fmanssud(hs6v f ' f(x)dx -g0  euewquinis@oGung [a,b] ereiin Qevr Gaverfluieh
B3 (HBe6T Iy wpgayn creenis @ps@Lo. f(x) ereiug [a,b] -6 spaiGaum(m
yerafuiiaid wpigeymi eTesstessiag @)(hdb@Ld. @uimiuich LweTum(hsemne Lev QL mkiseme)
[Treac, [* reode, [~ 1(0dx e OsmosiiGssr apdama.

Qi@ a eretTUg (b OLodt 61688t LoHMID f(x) Aeig OFTdHUT(H HTewsId:dm 19w oot Ceuerlufieh
R 0BT gdFwnest FaiuT@d. @alaims sTasuf(heamaern fioer sTeHu 06T 6TehHaeVEHET

A GLD. A

@) wa (x)dx = 1ggj f(x)dx (ii) jw f(x)dx = lim j f(x)dx

Gii) | f(odx 13;3] f(x)dx
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BQeiaims 0sTHTHs6T weanwnHm CFTmHUI(HBGH LPF6) AIMBWITEGLD. T HTCET
wpiguGoefleh wpedmWHD CIBTMHUIL OBGT sp(hHhIGLD 6TTGLITLD.

@GPy

29 L1LUDL G OFTens Biesssewiisd CHnmedleirg F(t) eTeitb FTiidnG

L/:f(x)dx = F(t)—F(a) etevl1 GLmevTLD.

[T rGodx = tim | £ (0 dx = lim[F(r)-

oIS BHIHHT (1) 9.35

o0

oo
a

Fa)=[[redr]| .

wBnI@s : | L g a>0beR.
» a”+Xx
Sja)
J‘ 21 zdx=[ltan_lf} =ltan_loo—ltan_12=l{£—tan"lé]
s a +x a al, a a a al?2 a H
@iy
GLoGev 2_6iTar 6T(W&HIHHTL 190 (BbI HTLD OLDIaIZE
. | [z » i
i de =—| ——tan” 0 |=—
@ ;[az+)c2 al 2 } 2a
(i) | LI ML e DY P A
a +x al 2 al2 4 4a
a ®
2 1 t 1 t 1
il =1 =i ,
i J;a2+x2dx }1—{2 —fa2+x2dx }1—2}2 0a2+x2dx
S— GIGHTLIG] 1T Q1 ®L_L1 UL & FTL]
+X

dx = 2(£j
2a

o1
2-([ a’+x°

eI BHIHHT_(1) 9.36

a
™
a

3 dx
SN Hs : .
2 £4sin2x+50052x
Sjey z
I = I — e S—  GIGHTS.
o 4sin” x+5cos” x

sec’ x
————dx
4tan” x+5

S o |3

tan x 6T657%. du = sec’ x dx
Oerevfle u =tan0=0

T
T s1axfled u:tanzzoo.
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T d , .
sl = I ZL: 5 (@51 @ wpenwH OHTenHui )
0

4u

17 du - 1 (=x T

=_I— =1_12 | u (tan™' oo —tan” O)——(—j=—.
— X — t —
A =g Al
LuamaA 9.5
1. 9estaumaUaTaUNED Lo 19 (H%:

3 .. 3 dx
-(.;1+500s X (i) -[5+4sin2x

9.6 GmPLILF FxHhDH I HIK6T (Reduction Formulae)
flov aueguimiss OFTasuilcvsarfley Osreansuil. Gouessiiqus Farilest AHBHE®S GHDDES
O\&TeHUII_ 6L HTEwT (LpIgujid. UGS uled

E : n E n E . m n 1 m n
Ioz sin"x dx | J02 cos"x dx | J02 sin”x cos"x dx ,J.Ox (I-x)'dx  erebtp  euedTWMISS
O\FTanauii_6OHETIT Lo I [FewenTu LD I o € X" dx sratTm (LoD O TN GOGHT LOB N IGHLILILD FHTESSTRUTLD.

GODLIYF FHSETS®S HTETUSNG L aIdLPEMSET 1965TQUIHLD LIQ H&T6D HTEESIGUITLD
(O] ug 1 : Qsrewsudilid@i Frrifest 21(h%G (LS LPWLY GTGHT) 1 -£0 AL ITGTLD HTGESTS. (O]
ug 2 : Ogrewsuiieev I, 6T6tTs.

ug 3 : ugdld Osramsuieeuls LweTL(hdd) I, Foetumi e I, d6ebevg 1, , 2w
2 DILIYSTTH LOTHMI.

QuiFwins Seor &G FLocTun® 1, -@ett GDLILE FSHTLOTSLD.

Bhig Flov GMLILF FHdEThIGeT BlemLesidlesy) L' iquicd il (Herengy :

@®dDUYF HSFlgip 1 : I = j; sin” xdx , erevfled I, _ 1) I ,,n=2.
n
G®DLYF GKSFg 1T ¢ [ = f 2 cos” xdx , eresfled I, = (= 1) ,n=2.
n
@®DUYF GHSHFgo T = [ = f551n xcos" x dx , etadfled 1, (n_l)lmnfz, >2.
’ 0 m+n
GODLILE G IV Imn:flx’” (1-x)'dx , eroofled I, =————1 ,n>1
’ 0 T om+n+l

GODLYF  HdHamgser 1 woppibd T-soertt vweTu®SS) HID CUDID  ULPIQEITETS
(BlemLicsenL)esr)):

(n-1) =3 lxz, vdpy; n=2,4,6,---
n (n—2) 2 2

sin” xdx=|cos" xdx =

S 0 | 3
O 0 | 3

(n_l)x(n_3)><---><%, vdpy; n=3,5,7---
n (n—2) 3
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@GPy
T (WSHHIGHTL LT
J‘Z 5 J‘th .5 4 2
cos’xdx = | *sin"x dx = ZxZx]
0 0
5 3
J.Esin6x dx — J.Ecoséx dx = EXE Iz
’ ‘ 6 4 2 2
eI(hHHIHHT_ (B 9.37
LoHNIBs : J.Oi(sin2 x+cos’ x) dx
Sja ] ] ]
I = ff(sinZ x +cos’ x)dx = jfsinz x dx 4 jfcos“ xde 1% 3. 1 7@ _TIm n

22 4 2 2 16
sIhHH1HBT_{ 9.38

Zleos*x 7

EAVNICER I dx.

Sjay

olsin®x 3

] = '[OZ (3 cos’ x —7sin’ x) dx — 3I5 cos’ x dx _ 7I5 sin® x dx

3 1 4 2 91 56
= 3Xx=—X—X——=Tx—x— .
4 2 2 53 16 15 [ |
GoDLILF FSHT1 1-80 Spibug Smiou LwieTL(RSS) 1965TauBLD (LpIq 6B (BlemLicssTLoles))
6TLD GIUmeVTLD

(i) n @ L 616887 LoHmILD M @)TL" WL GT6HT 6T6stI6h

(n-1) (n-3) (n=5 1 (m-D)m-3)(m-5) 1=
(m+n)y(m+n-2)(m+n—-4) m+2) m m-2)(m-4) 22

sin” xcos” xdx =

S NI

(il) n MM 6168 LOPMIUD M  1ODS LPAPSHHST (T L 6TG8T AHGVVEHI PHED 6T68T),
)

(n-) (-3 (-5 2 1

sin” xcos” x dx = .
(m+n)(m+n-2) (m+n—-4) (m+3) (m+1)

o —o |y

@Gpicny
m LoDWILD N THTAIS] PGSTHI PHEOD 6T68T 6T6vl6) COS X FTTLIGHT L6 24(h 6T RMEND GTGHST A

LomiHm CouassT(HLD. GT(HSGIGHTL L 1% m MG 6T688T LONMILD 1 B)JL" GHL 6T6HT 6T6vTleH

(m-1) (m-3) (m-5 2 1
(n+m) (n+m-2) (n+m—-4) (n+3) (n+1)

T T
J-02 sin”x cos"x dx = Ioz sin"x cos”x dx =

eI(lhSHFHIHHT (1) 9.39

19651 (HLIGTOUNMIGT LOEIIGDLIS HITEE8TS:
L4 n
(1) _[02 sin*x cos®x dx (i1) Ioz sin’x cos’x dx

123 OB [h]68T Hew8FH)6tT LIWIGHTLIT(H H6iT



B [ [ [ ® . EEES

Sjay ]

(1) JESin“x cos’x dx — (6_1). (6-3) ' (6-5) -(4_1)-(4_3).2
’ (6+4) (6+4-2) (6+4-4) (4) (4-2) 2

OO0 O_

1)) @2 512
GLosiLD, Jgsin“x cos’x dx = Jgsin(’x costxdr - D DO B O _ 3m
° ’ 10)®) (6) (4) (2)2 512

(i1) _[gsin5x cos'xdy —ODOD _HOD _ 8

@D G)B) O G 315

GLogyiLb, J‘Esinsx cos'x dx — Jigsin“x cossxdr - DA D _ 8
° ° ©) (1) (5) 315 =

eI(hHBHIHBT_(1 9.40
LB : J.Oza x’\2ax —xdx .
&jay
x = 2acos’0ereiis. dx =—4acosOsinOdo .

x = 0 er6sfl6b 2acos’ 0 =0 61601Ca) 9=%. x=2a eresfled 2acos’0 =2a . e1e51Gau 6 =0.

@ I = foza x’N2ax—x*dx sreirs. @

:ﬁ 4a* cos’ 9\/4a2 cos’ 0 —4a’ cos* O(—4acosOsin 0)d0
2

= J.OE 4a” cos* 02acos0sin 0(4a cosOsin 0)d0

_ 326{4_[0E cos’0sin*0d0

oIS FHIHHT (1) 9.41
1 5
MEANNICER JO X’ (1 - xz) dx .

Sjay
sin 0 616857%. dx =cosOdo .

=
Il

x = 0 eravfleb sin@ =0 opmip 0 =0. x =1 erevfled Sin9=1.676‘67@6).19=§.

T

eTaCay, [ = stinse(l—sin2 9)5 cos0d0

= stinsecos”edezmxixi i Z l !

X—X—X—=——.
16 14 12 10 8 6 336
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GoDUIyF Ko -2 SHmioud Hmiou Lwest(hSd) 196TaumLd wpigaver (Hlemuessisei))
7LD GILIMGVITLD:
lem (1-x)'dv =

m! X n!

ﬁ, m LoPWILD N GTGTLIGH LBend LPLPSHEHGT. [
m+n+1)!

eI(hBHBHIHBTL_(h 9.42
1
EAVMICER J.OJC3 (1—x)4dx.
Sjay 1
J x" (l—x)ndx — M
0 (m+n+1)!

.'.J1x3(l—x)4d o 3Ix4l 3Ix 4l 3x2xIx4x3x2x1 1

B+4+1)! 81  8xTx6x5x4x3x2x] 280 m

Luapa 9.6
1. 96trau@BeuaTaIDenm Lo (hs

3 3 1 s

@) j sin'® x di (ii) j cos’ x dx (iii) j sin® 2x dx (iv) jsinS 3x dx
0 0 0 0
% 2 X n 1

(v) | sin®xcos'xdx  (vi) [sin’=dv (vid) jzsin3ecossede (viii) | x*(1-x)d
0 0 4 0 ’

9.7 samon GHTemBUI 60 (Gamma Integral)

@L’Iu@ﬁuﬂ@‘[:e”‘x"—‘dx, noRW DS PLPSSET 6TeTm SN @IS  LpE@DLIDHD

OFresuiamevrs LnHM) LIQLIGLUTLD. . .
e = lime* = and e =lime™* = — =—=0 o716 B7LD GIMEVTLD.
X—>0 X—>o0 m ex oo
X—>o0

Govmi9smedlest eilbling m e165Tm AP(LHSHHMGT pI0\eT(H 6TEssTeRINEGLD BHTLD GLImiaIZ)

m
) _ .X . m!
limx"e ™ = im—=1lim—=0.

um o o
IhSHBHIHHM_(1) 9.43

n @ 1S LPUPSHSET 61636 J.: e x"dx =n! grew Blpyays.
&joy

LUGSHS OFTHUIL6evl’t LWIGHTLI(HSS HTLD OLIDIaIS/

J: e x"dx = [x" (—e‘x ):I: - J: (—e_x ) (nx”‘1 ) dx = n J.: e x"dx.

1

n

J‘: e "x"dx.etewGau, I, =nl,  e16815%.
Guoyiib, I, = n(n-1)I1,,
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B)C8s authlenus 196TLMHD HEL T BTLD OLimicug)
I = nn-1)(n-2)---2)(1){,.

2AGUTeY, [, = J: e xdx = (—e’x ): =0+1=1. erarGau B7LD CLIMIGUF]
I = n(n—1)(n-2)-Q)1)=n!.
(Ipigarf
J.: e " x"dx=n!, n er6tTLg L0 (ALPAPIHFGT.
@iy
j: e X" dx retrm Qsrenasudcvreng BT S LS LY 61T n > 1 -5@ auemmidsiuL (B

2 GITOT ).

| alsnyuienm 9.1

J': e x"dx er68TLIg) SMOT GFBTEHUIL b (gamma integral) o6y HeLpSHLILBLD. Qavg T'(n)

61651 GMUSTL 19 6V 6TUpHIBuTLD LoMMILD “HTLoT n” 616wl Litg LIGLITLD. |

i I'(n+1) = nl'(n).

J: e xdx = (—e’x) =0+1=1

0 2

r()

L'(n)

J.O e x"dx .

(n-D!,n=1,2,3, ..
eIl BHIHHT_(1) 9.44
ENIICER _[: e “x"dx ,a>0.
Lol
t=ax er6ti%. dt =adx. x=0=1=0 opmib X =0=1=0

61657Ga, BTLD GlLIMIGUS/

J’: e “x"dx = J:e" (é)n% = 1}+1 J:o e’'t"dt

Baieunmis I e “x"dx = 1
0 arl+

eIlhHBHIHHT_(1) 9.45
[(n)= 2I e XV dx e Blmiays.
- 0
&ja) {
x = Ju erewt 1DgHuIL, prid Oumieug) dx =——=du .

2\Ju

x = 0 eravfled, u=0 oHmid x =0 6I6vHleh ©u =00 .

ZT e X dx = 2?6_” (\/;)zn_l ! du = Te_”u"_ldu =I'(n).

0 0 2\/; 0 [ |
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eIhHH1HBT_(H 9. 46
LSNPS : I dx n GTIGSTLIG] LB (LP(LD 6TGHST > 2 .

&ja)
n o= %" eratim HéHnsmsll LweTL(HSE) BTID GLmies)
I = J. dx = .[n_xx"dx I 1°g" x"dx = Ie_XI°g”x”dx.
0 n 0
. . . du
u = xlogn erets DgHui & Hent Lig dx = .
logn
x = 0 erafled, u =0 opmib x =0 6T6sH6d u =00 .
1= Ie”( “ j du
0 logn ) logn
2 !
_ 1 _ J'efuu(nﬂ)fldu _ I'(n +21 _ n! .
(logn) (logn) (logn) [ |
LuGpa) 9.7
196sTRUHeUGsTAINGDMD OIS :
0 E —tanx
L) [x'e™dx (i) [
d 5 COS” X
2. J.e"”‘zx3dx =32, a>0, 6restled o —6iT LDENIGDLIG HTEGVTH.
0

9.8 A AP@GU LI 1 Hardhdedn LIyLienLl GHTs»mHUIL 6D cLpedlD FHT63IeD

(Evaluation of a Bounded Plane Area by Integration)

Qs AsHwnuGEHest O FasHe0 a@IunISs OFT®HUN_®6v aIgeNIH I6TIEHLHEN
aplwns APapsiIhSECerTid. AT A2ewI&HoGCuTE OFTaHui et CFTawsd FiLy
GODWDHD TCTeRTTE PBHSTH UMTUDNIGE C\BT®HUIN 6O eLPEULD LITLIGHL HTGSIGTLD. QU IITL L]
LGS HTEE6H 2_GTET QUGTAIMTHEST UTLDIINGL LI(HSEILD SOTBISETGHT LITLILIGTC BN BTG5S
g ailiich e APDdMWIT FL LN LIGLITLD.

9.8.1 Comipmeir X =@, X = b 1oPpmud X — DIFFH DLAWIDIDYTD Die»L_LI{HID
DI HBISHIHBHT LIJUIL] FHT63I60
(Area of the region bounded by a curve, x — axis and the lines x =a and x = b)
Bleav (i)

x=a whpid x=b AHw CHTHSE@HEG QL LI’ y
X — 2AFENG CLoMmUGHUIeD (USTaIZ LpHeH 60V B)T68sTL LD y= )
STHLUGEUI6) 2 6irenr COFTLTdSuinest cuamereuauiesr FLocsTLIT(h
y=f(x),a<x<b cr6irs. uLtp  9.8-6b  HeEE. TG
auameraleuile paibleut(h LGHUIVID 2 6Ter yeTaflseflsy, y >0 O| Ax

Il
>

A&, CHT(WH6T x=a wpmidb x=b>b X—2AFS&  LOHMILD x
aueTaIeIuilest  auIbIINGL UL L (ATHISSEET)  LGSuNemesd;
S1esGuTd. @GSl  y-er @B ImIS LIS uLip 9.8
GOINN_S5555]. 6Ta1Cau A ~65T LITLIGHL 1965 (LT H6usTISHGUTLD:
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Fessflgailich LomEfEET e Mg FIFINeT p6iTmI SHeHevgl ABNE@ GLomur’ L
QUMBFHO\BUPFHHDOT 2_GTATL GBI FLOGTLIT(H BT HTEssIILI(HEGST MG

2GSMBI FLOGTUT(HSGT IBHOEBAPF FLOGTUT(HSATTEGLD. AMladlwicy,
Qummluiuwied Cumestm L riyseriled @uimiuwic iE)s@pLd LommiLd GBI [71%@HLD
AUMSECEUPF  FLOGTUT(HSOTTS QUG AUMLOGSLILI(HeIFTE,  @UIiq i j%erfleh
QUNDBFHO\BUPF FLOGTUT(HHGT AFS UPSENIGSSHIAUID QITUIHESHTH FH(HSLILHSEGTDET. LDSHET )BT
Ou@pdsld vevs SSHieids Hose) Gursinaunen o 6rer s selgaiwch ordiflsamen
2 (haUTSGLOBUTS| aIBHOHLPF FLOGTLT(HSHGT OB LIWIgIGTeTHTEesTmes. GLogyid o ullifliich
oppid  Qur@meluwed Fmibs ULIQULEET ImSS0HApF  FLoTUT(HH@NGT  LweTLIMg 6T
(ALPLPEDLDULIGDLUIT].

M TANGIT U -
(1667-1748)

® QIq U He5sTIgLD LoHmILd @uimiNich HELIINHDICH 2_GITET H6531d G HNGHT 76 ST HTGTLISNG ®
Bul'Ler  wnpip  Sestl sy AHCwmrTd  HISTEHBISBI ST FHBT(HING FBUILIL L FIHT6T
QUMBFHO\BAPF FLOGTLIT(HHGTTGLD.
OuGerrel) @(hLbLLD, 24 IevT LoMMILD LeuTTed GotbL(Pdsriue’ L Klugt’ G mesilwiest @uimiuieded
QUMBHO\BUPF FLOGTUIT(HSHGT LO)% (LpSENLI LIBISTHMNLI]. BTLD AGTMTL UTLHSHESHUNGY LIIGTLI(HSSHILD
2ADCLE), 1ofpaybgl, s, QeGeTLD, auTesenew wpereamlaiii, Fargmg Gorpum(h
Gurestmeummles LLIGTLITL 196D IeBEEEAPF FLOGTLIT(H HUSILDTENS).
Bibs ASEMTuISHe, LpHed aufland FTHTITesT AUBHHAPF FLOGTLIT(HHET LNHIILILD HH6ummlesT
Siasamend; S1eid £ev LI LPENEEETLT LPMLD HTeEsTGLITLD.

HDMN T GBISHBBIKHT

Qrium_riugHeow sHmINeT 196560 (HAIGCTAINEDD LOTEETAITHET Wb BUILIT

®  AUDEHOHUPF FLOGTLT(HHMET QUMHBLILI(HSHIH6V

®  AIMFHOEUPF FLOGHTLIT(HFGT AHDLOSHH6V

®  MESHOHUPTF FLOGTLIT(HEHGTGHT auflend LOMMILD Lilg HTCHT6V

o orflE@ant 9iflgHe, (DTHuN_6b, OBTenHuUTL (hg FTrewst Hressicd GLTesTn QLA LHEMBEETL
LwGTL(HSS) aIBECELPT FLOGTLIT(HEGTIGHT SHi6y FHTessI6)

o uTLpailich Hess1dEa6e) AUMBEC\HLPF FLOGTLIT(H ST LILGHTLI(HSSI%6,
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10.2 auism 35 060%0pF FoadTLIT{), fle®F LODHID Lilg
(Differential Equation, Order, and Degree)

l atsnyuwienm 10.1

TCHILD §p(h FLOGTUIT(R §p(h FATIIGT S@DBBLL FLD 6p(1h FTHTTGHT QUMBH01BLY AH6V6VSE/
UGS Ue»BSH0)BLPGUILITeUS] O\BTEVTIG (S @LOTEITE) HFFLOGTLIT(H QUdBH0IHLpF FLOGTLITL MTGLD. |

STHSSISST LTS, y = [(x). @& y g @@ Fibs o)l ([ e16i1Lg CSIWTS (b FTiL))

LoHWILD X GTGOTLIG 6p(1h FATITLOMM) 61657, LIGHTL,

dy

(1) - =0 e1657D) FLOGTLIT(H p(1h AUMBSHO\BLPF FLOGTLITL TEGLD.
X
dy _ . . . . R .
(2) - =Sinx 671657M FLOGTLIT(H 6p(h AUMBHOBULPF FLOGTLITL TSLD.
X
dy , , : o .
3) = +y =Tx+5 e1657m) FLOGTLIT(H (B UMBHO\HAPF FLOGTLITL TGLD.
X

2

4) d—i} + d_y + y =sinx 61681M) FLOGTLIT(H 6 (h UMBHOIBULPF FLOGTLITL TELD.
X X

dy
(5) e* =logx,x >0 er687m) FLOGTLIT(H R UMBHOHLPF FLOGTLITL TG LD.

2

(6) tan”' [ZI: i} +y + 2xj = ? 6TGSTI FLOGSTLIT(R 6 (Ih UGDHHONBLPF FLOGHTLITL TELD.
X X

| atsnyuieny 10.2

P(h AUDSH0BUPF FLOGTLITL Q6D FHTeRIILHLD LBS 2 Wiih% eUansd0ELpalesT cuflendGus
DAFFLOGHTLITL 19657 aurflena (order) <4@Lb. |

25Cal, (B FLOGTUTLIQE) HTRIILBLD APWTE FAFI96sT s 2 wihs aufldFujer wi
AUDSHOBLY k AIFH QUMBHCELY 6168160, @B C\FBLF FLOGTLITL 1968 auflevF k 24@Lb. @b
k 6165TLIG (1 LO)GEDSE (LP(LD GTGBITGOSIITGLD.
2
3.\3 2
T(WSHISHSHTL 115, d—); -3 d—); +5 @ +4=0 eTaID QUMBHOHUPTF FLOGTLITL QG QUflens
dx dx dx
CLPGIT I A BLD.

| aemyuwisn 10.3 (ausnahiHGHApF FLO63TLITL 19 63T Lilg )
R AUDBHOBUPF FLOGTUTL L LebemIiyd Caremal algaileh 61(ps BuieyGLoesiled,
DAFFLOGTUTL 196D CHTehTmid 0% 2 wijhd auflenFujen i aIadsH0\Hepailesr wpip e16vsr LigGui
DAFFLOGSTLIML 1QGST Lig 6TGSTLILI(HLD. |

LOTDTS, LGOIMILILS CHTenar augalleh eTUpSLILIBLD (1 UeHH6IHLpF FLoGhTLIT(H 1965Tau(HLD
BLIBSECTIH®ET Hlawme) OF UL LoresTTel, AFFLOGTLTL 1960 CHTGTMID 16 2 wifhs auflevFu et ul

QUDBHOHUPNNGT (DG ARIDHHO\BAPF FLOGTUITL 16T Lig 6T ILI(HLD.
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(1) FLOGTLIML 196D 2 6TET AHDGTSGH QUDBHOHUPFHHNGT H(BHHGEHGHLD 1NGTCTAISETHNEHTSE
B)pd% Geuetsr(h'Lb.

(ii) s 2 wiihs afldsF GFTETL QI®BHOSUPSS®ET LOTHITES GBI ALDBI®VF
Fry, apsCsmesaiuicy Fary, elepFu evevg LIQSGDIF Faily GUTETD FTiLE6TTS
B (5555Fa 1 1F]. 2 WIThS QUNDF 2L 1L UDEHHOHUPIT C\FT6EsTL 6THFCUT(H 2 M6t
OMBLPRYLD X, Y A6V6VEI GHDDoUTES Uflandd CIETEHITL aUmBH05(Lp AEHIDBIH 6p6sTHlenesT
LoTwIT &g G)ETEESTL. FTTLITS @) (BSHEUTLD. HGVTCV, QUM FBSEHLPFHHEENT LOTHNLITHS O\HTCHTL
aNepflw wpsGHmesaiiLicy, L @M, LDL GEBF FITLSTEH B)(hSSST L TF.

Gomapriu’ L Flubsaeisafled eiin Aebevd ASHDG Comult  HLbBS®CTH®ET 631
AUMHH0\BpF FLoGSTLIT(H hHleawma) O\Fu L IcllcbaneveTesfled, BLoMTa MUILIL L 68T (BILIHEHEET ST ILD
Bleomay CFund auesuiled LvIDIIYS CHTammal algaISHNG HAUMBHOHUPF FLOGTLITL oL
o) LGS Gareser(hLD.

Rh UMSHOEBPF FweTuTL®L s 2 wiks fless CETHTL  BSCSLYME
ST 2 MIILITES: CSTeTL LevanIliydg Canemed FLOGTUTLIS 61(1pd Buavalehensv 6Tasfeh
QIS FLOGTLIMTL 19 65T LIG GO QUGDTUIMIS (LPLG LTSI

AUADSECBAPF — FLOGTUML IQGST LG  HTGSTLSNEHTGT  HILIBS®GTEGTGY,  dn il (HeTern
61601 &5B1E®ET Fwings Lflbg OHTeTamallebency 676060, AHRIIMBHOIBAPF FLOGTLITL IQGHT LIQEDUI
Sionefliiug) aielene eremnsneisns Qpssns. A58, £6p CasT(hssliul (Herer lerds
T(WSFI15HTL (HFeMled eNauflGESIILL (BT (LPODFMET FaIsTISS aIBH0\BAPF FLOGTLIT(HECTIGHT
Lilq STGILD [BIL LIBISEST Db CXBTGTGTETLD.

Lilp SHTOILISDHT01 aiaTdhds 61(h)HBHIHBTL (D6 :

3 2 @
(1) 3y° (?j — % = sin x° 671D QUMBSHCHUPS FLOGTLITL GOL & H([HSHIGRUTLD.
e 28
B)d&LoesTui’1g6d @1_1b GupmIeTer L)% 2 wijhs aUBH0HLpeNeT aurflend 2, LOMMILD 16T
215G | AGLD. 2A5Cal, @aIaasSE600H(Lpd FLoGHTLTL 19657 auiflads 2 ommiid Lig 1 A@Lb.

2 3
(2) 1+(@j = y% GTGILD AUIMBHOHUPF FLOGTLITL L H(HFHIBAUTLD.
X
@FFio6sLn(p 19651651 24(HSGH®ETLT QUNMIGTETHTE), (LpHeIed 1965T60T 2(HSSGHIMET Hd%
Gaueser(hLd. 2AHBa, FLOGTLITL 1968 @)(BLMAPLD QITSHSLD HT68T, BHTLD GLIMIcUS/

dy : d’y ’
1+ = | =y*| —=| .
(dxj 4 (dx3J

BIGTps, BFFLoetTumi’iged @ bGUPmIcTer 8% 2 wijhs amBsE6ELpalleT auflans 3
GIGIQYLD 6T AH(H5G 2 eTavia)d CFemeaunsd H1eaElniid. 2A4sGa QaIamEs6H(1pd
FLOGSTLIML 1965 Uflewa 3 LommILD Lig 2 4SLD.

2
(3) sin (%] + % +3x =0 670D QUDSBFHCIBAPF FLOGTLITL @l FH(HHIGAUTLD.
X

Qi 10% 2 wijhs aIHECHLpIeT auflans 2 oHmith Beieiass0sp 61hg Friiieyd
2 e mEgnE Bevenev. 6T6iGa, QIS0 HUpdF FLOGTUTL IQET UflenF 2 U@GLD.
GLogitd, @& FLocTLIT(H UDBHOHLPSHMET CET6ETL LIOIMILILS CHTMOUF FLOGHTLITL 6V6V.
2A5C6, QFFLOGTLITL 16T LG QUETILIMNISHSLILIL aI6VE6V.
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dy
(4) e® + sin(x)? =2 GTID UDFFOHUPF FLOGIUTL ML &  H(hGIB. QFFLOGTLITL 196D
X
S1eIL(HLD 1% 2 wifhs aIBHH60%Lpeier auflens 2 opmitd eIeueansdCswp Ligd GNIF
d’y

2
X

Fam9er mlwng 2 6reng). GLoeid, @FFLOGTLITL oL VLD  QUDHHO B

APSHGTLD 2 MILILTHES BT LOIMILILS CHT®AITS 6T(LPSH (LPIQUITH]. TG,
B)FFLOGTLITL 19 68T LIQGOWI QUGDTIINIGS QUIcVTS. BFFLOGTLITL 19T aurfland 2 4@LD.

(5) 196iTauBLD UBECHULHF FLOGTLIT(HHE@BI:S LIQ HTGHT @UIGTH).
dy

2 dy .. d’y) dy d’y d’y
i) e +—=0 i) log| — |[+—=0 1) cos| —% |[+2—5=0.
@ dx (it) g(a’x2 dx (it dx’
(6) 10(y")* +7(3"") +sin(y")+5=0 eT@ID UDSECHPF FLOGTLML QG afledF 3 <A@ L.
AGTTGY, @)FFLOGTLITL 1968 LI UGHTIIMISHSHLILIL GIlcHEDeV.
(7) cos(¥")y"" +5y"+7y" =sinx 61D aUFHHCEHUPF FLOGTLITL 1QGHT QUIAIGNF 3 4@GLD. HGIT6V,
B)FFLOGTLITL 1QGHT LILQ. UGHTIIMISHSHLILIL GIlcHE6V.
@GP eny
P(h AUDSEOHUPF FLOGILITL QG Lig GTLIOLITAPEHID (b OGS (LPLY T6ETessITE: @) (HdbEGLD
GTGTLIGNS H6U6S TS0 O)HTET 5.

e1(hHHIHhHT_(H 10.1
196570U(BLD  IMBIECHUPF FLoaTUT(h&eme aufledd ommid g (@srndesr) Abuenend
BITGOSTSH:

® dy dy\ (Y
(i) a:x+y+5 (i1) (dx“j +4(£j +6y=5cos3x

3

... dy Y d’y . d’y dy Y 2
—+43| = | =x"log| — 3| — |=|4+| —
(1i1) o + (dxj x~log o (iv) o + o

(v) dy+(xy—cosx)dx=0

Sjal
(i) @dFaietiiimi’igeh STewniu®BD s 2 wiihs afldF CFT6ETL aImHH0HLY ? 2AGLD.
X
Groavitb @6t 2A(HS5@ 1 A@LD.
e1a51Ga, O\BT(HSHLILL I QUDHHO\HUPF FLoGSTLIML 1965 auflens 1 Lommiib Lig 1 @b
4
(i) @k, s 2 wijhs aflend C\BTEEIL QIMBHCEHLY c:; ij 2A&Lb. CLogyiib, @6t 2A(BHSG 3
i x
A GLD.
165166, O\BT(HSHLILIL I QUDBFHO\BUPF FLOGTLITL 19T auiflewd 4 LommiLD Lig 3 4GLD.

(iil) OBTHSHIIL L QUMDBFHOBUPF FLOGTUTL 196D HTewiIL(KLD 10 2 wighd euflevF Osmessr

2
UDFHOBLP Z;V <410, GLogiid, BT ABHS | 24@LD.

X
6160136, @)FFLOGHTLITL 19 6T aUIflend 2 4@5LD.

OBT(RSHBLILL L AIEHFH0BAPF FLOGTLITL DL HSIML LI QAUDHIH0BLNSHFMeTS 0B Te8T(H
UG GHTwaId FLOGTUTLMH 6T(UPS APIQUITEl. %ECal, @FFLOGHTLTL 196N LiIg
QUTUIMISHILIL GHEn6V.
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2 2 |7
(iv) OsT(HSsLIL L uenEH0EHUpF FLoGSTLIT(H 3(2}62 j {4 + (%J }
X

2. \? 2 7P
B BLDAPLD QT SSHLD FiTewT, BTLD GLpIcUS 9 d f = m{ﬂ} _
dx dx
2

BFFLoGTLITI I196) 2 6TT6T 0% 2 Wijhd UflFUL UL IHH0HLD Z,); AGLD. B)FeT
X

2ABHGG 2 ASLD.
e1651Ga, O\BT(HSHLILIL I QUMBFHO\BUPF FLOGTLITL 196 auiflend 2 LommiLD Lig 2 4GLD.
(V) Q&1L FLOGTLITL DL Z—y +xy—cosx=0  era1  GILPSHGUTLD. 3[3.1(¢A
X

dy +(xy —cosx)dx =0 er6tiLig) Lig 1 QHIGHIL LpF6eh uiflans UapBHEELPS FLOGTLITL TEGLD.

|
LinGpA 10.1
1. 196576u(BLD IDHSHO\BLPF FLOGTLIT(HEET paIGauT6T G auflens Lommitd Lig (@)(hdGLOTETTED)
2ASwunednd HILonesilss.
.dy d’y d’y _dy
—+xy = cot -3—=+5—+4=0
(1) i Xy =cotx (11) [ J 2 e
Iy (Y d’y by
(111) [WJ +(£j :)CSin(dx2j ( ) \/7 dx -7x=0
1
2 2 |2
V) y(ﬂj=+3 (vi) xzd—f+ 1+(@j =0
dx (dyj‘i'[ a’yj dx dx
dx dx
. [d?y ’ dy .. dy dy
(vii) 2 = 1+ = (viii) 2 = Xy +CoS =
2 dy
(ix) %+5%)+J.yalx:x3 x) x= ey[dx]
x

10.3 IDHHOHBUNF FLOSTLIT(HHMAT IeDBLILIHHIHIFHND
(Classification of Differential Equations)

| aemyuwisnm 10.4: (FIB1ys01 aIeDHHOHBALF FLOGSTLINE))
R (b UDBH0BLpF FLOGTLIT(H §CTOWIT(H FTrT LomMlenwi’t QLIT(hSEI PETMI AHGVVHI ASDG
GLomu' L FjLEeHeT FASTTHT QUIMBHCHUPS:SmeTS CFT6EsT(HeTeNg 616vileh, AHFFLOGTLIT(H

FTSTTCHT UMDBSH0ELPF FLOGTLIT(H 6TedLILI(HLD. |

| atsmyuisnm 10.5: (LU@GHH ADHEHOBALF FLosdTLIT()
R UDBFHOBUPF FLOGTUTH QR6TN 2eVeVH ASDG CLopuL'L  FIFLsermles L@d)
UDBSH0HLpSEMET oL (LD  CETEHIMQ(BSGLD  6TedleD, AFFLOGHTUT( UGS IedBsH0lHLSF

FLoeiTun(h Tl ILI(LD. |
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T(WSSHIGHTL L [TH, APNWITS FITTL| Y GTGIQYLD FTITLOTM) X 6TGTeYLD GBI . 1965T68TIT

2
@4‘ 2y=e", d—f _D -5y =0 opmib ﬁ‘i‘ﬂ =3x—4y GIGTLINGI FTSHTTEET UMBH0BULHF
dx dx” dx
FLOGTLIT(H @B G Flev D_SITIGESIAIHETTGLD.
ou ou o*u o'u .. 0u du ou ) ) )
= +—=0 wHpidb —=—-2— eTAUDA LGS UDFHOHUDF

o o’ o o> of ot

FLOGTLIT(H @B @ Flev D_SHTIGESIAIHETTGLD.
Bibs ASEUMTLSEH S FTSHTT6T UDSBHEHLS FLOGTLT(HE®GTL LM LoL' (HLD HTessTGLITLD.
FASTTHT QUDSH0HUpF FLOGTUT(HE®ET GHAWGTET FAHTIewT UMFOEUPF FLOGKTLIT(HEET
ommid Grflwewdn FSTIeT aImEHOHUHF FLocUT(HEET 61eer Qs Coumi’t  19iflojsenis
QUMSLILI(HSHGUTLD.

| susmywsenm 10.6:
wflevs n 2 L w GHIITET FISTIeRT aUadBEC)HLpF FLOGTLITL G 6T GIITF GuigauLD

a, (x)y(") +a,, (x)y("_l) +-4a (x)y' +ayy = g(x) .. (1)

2AGLD. @i, OspsHseT a, (x) #0,a, (x), a, (x),. e, (x) LOMMILD g(x) GTGSTLIGH FIT(IIT LOTM) X
oot OUIT(Bd S FITTLSATTSGLD (LFFW FAT@LULLD 2 GTETL SENig)) |

@GPy

(1) Grflweurest auansd005Lpd FLOGTLIT(HHeM6Y, (1 FATL Y(X) 2 1 65T AFH QUDBH0\BLPI:HEIT
OLIBSHVTE BBSHTHl. LOHMILD P(IB FITHL| HGVVH AHGHT UMDBSH0B(LPSHGHT 21(H:SG
1 2@ ol 2«ubs071%5 QBSH1H 6TeTLE FaIsISHe CsmeTer Geuessnqul wpdHuiLpTes
GOIILSGTTGLD.

(2) Grflwed amBHOHUF  FweTuT(hFefled  y oot Quirss  lehFw  FTILEHET
(apsCsHmesmailich, Lol Sk GUITHTNDE) DAVE ASDIDLU  UMBEHOBAHSHET
BITGOILILIL T

(3) @ FTIGUT SHHVS ASDIDLIULI UDHHOHLPSECTT LoHODT[H FTIeIGT LoTHILITS
2 GITETL ki) @BSH1H]. 2 HTICEILOTS, \/? e e GUTETHEDEY.

(4) Qsapdser a,(x),a,(x),....a, (x) wHoLd g(x) BHwemer Y& Sedevg LFFuLoHD
FniyseTEGaut, orpled) Hebevg IPIedEeTHN FIrseTTHGeuT, GhUETET eV
Grflwevmm FaiLysennsGaut @ BEEHUTLD. (b adBH0HLPF FLocTUT(h GhilueuressT
eTahTLIE™S @ WIS IL(BGS, (B FriL Y(X) LoHMILD ASSIML U UMDBHEELS:HET LoL (HGLo
LGSTL(HSSUILI(H EGSTNEDT.

| atsnyuwienm 10.7:
Griflwed <eheTs @ WSS FLosTur(h Grlwewpn uess00swpd FLosTum(h

eTeuILILI(HLD. |

(n)

Ph UMBHOHUPF FLoGhUTL 196D, y,Y',y",...,»'" Qawpdsafley Faihs omy y cbevs)
ASDIDLU  UDSSOHUEEST  Avvg 1,V V.. ¥" . (V) Guretim B S@GEET
B oD M(BhHSTEH AaIeIamSs6spd FLocsTLT(H CHlwenHn aUmSHHCSLpF FLOGTLITL T@LD. GLOGYILD
Siny 2460605/ ¢ @& GLimesTmeneu Ghiflus FLOGTLIML 196D HELOWITH].

T(HSSHIGHHTL LTS
2
(1 Y _ ax’ d )2} + 2@ +y=0 opmid @jt p(x)y =q(x) erctruiest GrBuIGUTES FTgTiessT
dx dx dx dx

d ) .
QUNDNFFHOBUPF  FLOGTUT(HEGTTGHLD. AGTGV Y d_y +sinx=0 eretrugy Crfluscbmm
lx
QAUNBFHO\BUPF FLOGKTLITL TELD.
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(2) y'+2x’y =Txy+x" 1657 QeSS TLD euflans
Grrilwevres Frgmrest @(BLLG IHSHC\BLPF FLOGTLITL TGLD.
3) y'+y'= Jx GTGHTLIZ @)TGSSTL LD Qurflend
GrwIcuTest FTHMIesT QUBHO\BAPF FLOGTLITL TELD.
4) ¥+ =+Ix erevugy apsed auflens GrlwebLim
FIBTTCHT QUMEBHOEAPF FLOGTLITL TGLD.
(5) Y =xsin(y) eredrLig (1psH6v aurflang GrAwGOLINHD FTSHTIEHT QUMBHOELPS FLOGTLITL TGLD.

(6) y'=ysin(x) eretrug Q@pesermid  eufledF  GHIAWTET FISTIET  QUMBHOELHS
FLOGSTLITL TGLD.

| aenyuwisny 10.8:
Frocirun(® (1)@sd g(x) =0 erevfled, SFFLo6TLMT(H FLOLILIGSHTeT FLocTLT(h cTeaTiLI(HLD.
2AIUTHIO®VONLIEETI) HFFLoGSTLIT(H FLoLg DD FLoSTLIT(R 6T ILI(HLD. |
@GPy
4, ()Y () + @, ()P () -+, (x)Y () + () y(x) = 0 )
6T@ILD FLOGSTLITL 1q 68T @Tessi(h Seyser y,(x), i=1,2 erevflev,
a, ()" (xX)+a, () y"" () o+ @, () y, () +ay (), (x) = 0, i = 1,2 LD,
u(x)=cy,(x)+c,p,(x), @b ¢, ¢, eretiuest gGsed @b LoTWIeOS6T 6T, (etTesty, u(x)

GIGSTLIGILD FLOGTLIT(H (2)-65T STauT@LD 6T6sTLINS 6TerE)6D FrflLmidseuip.
2A5Cal, wpseL aufldF Criflueier eaamss%upd Fioeum er V' + p(x)y = f(x) erer
GTAPSGUITLD. SARIITH 6T(APSH (LPIQUITSH (LPFHD IfledF auensd0H1pd FrocsTum(h CrflueuNmBTGLD.
y=0 er6iig) y'+ p(x)y =0 6TaqILD FLOLIG SSHTCH FLOGTLITL 19657 HT6y 616515 OFarflauns O MaisTe,
@sSiaflewenr OevafliiuemL g Siey eresr ADPSECDTLD. BFFLOGTUMTLIQET LODD  HTeBEET
Oevefliiuent wnm Hieyser eTesTGumLp. @)% Cungiaimes Grifliich aImEH0HLpd FLOGTLIT(HHE@BSHSLD
9 GYITELOWITGLD.
10.4. 1w &H60HB1pF FLOGTLITEH BT D (HITHHID
(Formation of Differential Equations)
10.4.1 Suipiauisd FlpHlsnavmhala(Hbahl aeDHHGBANF FLOSTLITEHSHDAT D (HalTdhFHIHeD
(Formation of Differential equations from Physical Situations)
AGTDITL QUTLDSH W (6 BLDRHGIT TRITD] UMD BI:0EBLPF FLOGTLITL (B LOTSIEETTE 2 (HauTdesTmest
eT6dTLIGNS flevflds BTLD Flev LoTHf BT HT6STGLITLD.

i 1: (Bt 1 ofedr aigkh)
Bluyl” 1 esflest @yever_mid @uidis eling, m 6Ten/Ld

'ﬁ#ﬁ?""éw'%fr ;@-

Lo Hlevm CEresTL spm Oumperfles Ligk F eTewib 1 *““"‘**‘W-

aleng CFwevL(hausTed TMUBLD HeGHhT LP(HSHHLD a
261G F = ma 61a@iLb FLoGTLIMTL L T6L QUmLIL(hEMS).

FL_ulesr) afl@pLb (b QuIT(meTTesg)
SOILLLSING GLocd  h(r) er6hm 2 wWISSI(BHS
(Pl sIL(HENS).
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d*h
dr*

196516817, Blugt” L euilesr @essrineugsy eaSwinesig m =f (t,h(t),%) TRILD UDBHCHAPS

FLoGSTUTL L meb efleuflGsliL(hEmg). @hi@ m ereiug) Gun(wertles Hlevm, h 6165TL% SEILOL L SHNG

GLoeh 2 GITer 2 wiyid A@GLD. BFFLOGTLT(H HTVS®SLI QLTRSS HMITE 2 windamed GBInd(HLb
F171968T @GS MLD QUeDF QUDHHC\BLPSF FLOGTLITL TG LD.

wiIHf 2: (1dhEHeT GHTnEHLI GLIBHEHSHID)
GLOhSHeeT  TetsIensGms  AFBTSHEDCLITSS
o5& OFTHUD ABHFHGGID. T(HSSHISHTL L 15,
wpuwicvEelesr OLBESSMS BTLD 61(HdHI%5 O\HTGTGauTLD.
APUWIGHFHETGHT cTevTessidand AEBL0TSE QHHSTV, GL 1q
APUIGHEETIGT  GTGOSIGEsIG®BUND  AFBLOTGLD.  HTGULD |
21 Hd GGG APUIGOHGITIGHT QLIRS SHLD
2AFsfsEnE. t Crisdled 2 ulfesis6)smGSulesr AR :
OupsssHetT auerids &isid N(t) ez 2ulfeigs1@d) OupsssENG IEsoms

B GLoTesITey, OL(BSESmS HTLOTNEGHID aUI®BHOHUPF FLocsTLIT(h i{—]jer AGLD. Rk,
r>0 er165TLIG QUeTTFS NEFLD HSGLD.
il 3: (Ongdsivig & auarjFdF 1ordhf)

R GO L 105567 OFTens L @b Grmul Lgayid eisLomed) (igmaigl, Chrul QOsThn) 2 6rer
o&saflest  eradsensiigens N 2Aflsflé@id  oisomeng) GrmiOsimm 2 6Ter  Lodsetlesr

® cTavTessildanaiid GrTUIOSTHN BeevTSalfHelles oTevessiisbamasmuwiujid CL(hdSHd Hei &G ®
Lo ILITGLD
N N(L=NY, k>0
dL
LuGHaA 10.2

1. 196810u@BLD @UIDINLIG) Fo DDISHET PEICUTGTMUILD, AUDSHCNBLPTF FLOGTLITL TS GT(LHSHIS.
(1) G uith Hlevgeymitd eTHLomTewg) HTeIL(HLD Hene) O -5&@ Crialssddled B)(hdb@GLD.

(il) (B BHISHGT L05HGT COFTDH P AIHI, L0&HTOHTE Lommid 5,00,000-4 @b
L0556 OFTaHSSGLD 2 6rer Caumiun(h Afuaimem CL(rdHS: el d@Hib LHiysHS
Crialdssdled b flsEng).

(iii) sp(p Qe Qautiblenev Tenlt QLm(hda 2469 2H(pSsLd P65 LommieTsLomes g, 246
AWdS5$0G Gpialdlsddaiid, Ceuliuflevevuie aifdssdnG erbliaillsddeib
9 GITOT).

(iv) ep(p CFLONILYG OFT®HS:G (1h UIBL NG auLphisliL(HLd 8% auL'iqd O\HTMHWLITERTS)
OsrLjdduns s et CargaliBEng. Gogitd, omOmT(m wpHeSL 1960 (hbs
@a0euT(m A@THD HoL s@Gip auge) 400  QE$0sTdSUL ST OHTL FFAWITS
CFids IL(hEDS.

2. (b CHTGT Qg & LOLPSSHIGTLITESIZ 56T aUSTUITLIIGT LoTDITSSENG ChialSsdde
ANITEDE). LooLpSHeTulest TSt LOTMITSEE®DS 2 TOTL SE  UDBEHCHAPF
FLOGTLIML DL 2 (heUTH G,
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10.4.2 aug ands He0iHHH N (HbH MIDHHCHBALF FLOSTLITGHFHDAT D (HaTdhFHIHeD
(Formation of Differential Equations from Geometrical Problems)

Flov oI EMET FHIERTULIVGHTTES OVFT68TL O\BT(HSBLILIL L FTTLHGHE: G, HFFTTLHeN6D

o grer orledsmer hiE aUMBHFOBUPF FLOGTUT(HE®ET 2 (FAUTHETID. T(HWSSHISHTL L 15,
d’y

2

y=Ae"+Be ™ erab Fiochrum’iqed(phg A, B eTtenid ommledEmen Hd@GHaismed —y=0
GTILD QUMBHO\HUPF FLoaSTLIT(H GLUMLIL(HEDS.

n  wiPledsmend; &6, @b aumarale] GBHLDLUSEHGT FLOGTLUTL L  H(HHCAUTLD.
B el s6iT @eLeVTS UBECEBUPT FLOGTLITL @I AHGDLOLILIGNIEHTES QULOLPEOMEUIT: HTGITLITLD.

OFT(RSSIL L FLoGTUTL 196  nOSTLT — QUDSHOEUPSSMETS — FHTGRTLSGT  eLPGULD
DUFFLOGTUITL 1968 1 QUDBHO\BUPF FLOGKTLIT(HFE®GTLI OWLmIBI L. OFT(HSBLILIL L FLOGTLIML @dL_UJLD
QAFFLOGTUML L& OFTL b n Lpeam UDSBLILBHSSHIIHTE) Slewl_ @D n b FLoGSTLIT(HH@TULD
CFigals S g@ip (n+1) Fwestur(hsefedmbg n wrhledsamer hedu (9616r, n auflendu 6Ten
QAUMFH0BpaIS O\BTeEsTL. CHMANLITET QUMBHO\BULPF FLOGTLIT(H HeWL HGLD.
eI(hHHIHhAHT_(h 10.2

28 auplunsd QFevavid GrisCsT(hEeresr O\%T@GHEUNGHT UDBIECBUPTF FLOGTLITL GDL & FHTCETS.
&joy

2 auLplF6)Feveviid CmiidGsT(hEemetr &(hLbLddesr

FLocTun(h y = mx <AGLD. @k, m 616TL% TCHEILD
Qb Lomlel). (D)
® . . . . ®
QLymaptd xgort QUT(bdEI AIMBHOHAPS HT6HT,
BTLD OUDIRIZ), - » X
dy
—=m. .. (2
i ()
FLoastun(haer (1) nmib (2) AEwammled b,
B Qupiaig), y= x%. B516a1  CH®aUITeT y
QUMBHO\BUPF FLOGSTLITL TEHLD. L ib 101
OBT(hSSHLILLL Y = mx GTEYILD FLOGTLIT(H
RCrOwr wiPledeww o HGw QunmeTang). eteiGal, HTD LHHED UADF QUMBH0BLHSF
FLOGTUMTL L L1 OmISCDITLD 6T TLINS H6UasISS)6) O)FTET . [

sihSHH1HHT_(H 10.3
y=Acosx+Bsinx ereqid FLoesimt’ 19gedBmbg A, B 61awid ommledsemen hdd) aiass0)ELpd
FLOGSTLITL DL 2_(IhUTHGHSP.

Sjay
y = Acosx+Bsinx ()
Frocirun(® (1)g0 O ibg @ Hepen auesuilL, HTLd GLmIaIZ
@ _ —Asinx+Bcosx. - (2)
dx
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2
Z’J; = —Acosx—Bsinx=—-(Acosx+Bsinx). ..(3)
x
d’y
Frocirun(® (1)gg (3)@eb (9gdHuilL, T +y =0 eTa/Ld CHDANITET QUMBHOEBLPF FLOGTLITL GHL
08
|

7LD OmISGmTLD.

eI(hHHIHhHET (1 10.4

(a,0) opmid (—a,0) er@iib yeiraflseT aufliinassd COFevauid e Ld QBTGHUNGHT eIansH0lsLpd
FLOGSTLITL DL & HITGE8T.
Sjal

(a,0) ommid (—a,0) erauib Leiranser auifuinsd QFevad auL' L dHler avLowiLh y - 15 Se LB
HGWLOU/LD.

a1 glei avrowith (0,b) ereirss. AsGau, aut’ 1 Sesr Hmib \a® +b° HGLb.

stenGay, (a,0) oppid (—a,0) er@yuid yerefser auflunsd CFeveid eu'td CsT@Huiss
FLoGSTLIT(H x2+(y—b)2=a2+b2. .. (1)

@k b e1681LSI TCHEILD 631 LOTHEOWITGLD.

Frocrun(h (1)-e51 @BLSSAPLD x-£011 QUIT(BSSHI QUBHCELY HT6HT,

2x+2(y—b)§ — 0= y—b=—"=b=—r
X

b-et1 @ibiodlienu Frocsun(® (1)-6b t9gHudL, b Qumieigy

2

2

O - =a'+ 2y
dy dy
dx dx

2 2 2
S [ P e o aZ(ﬂ) + x+y(d—y)
dx dx dx

= ( X’ -y —a )% —2xy =0, @a/C6u CHMANITET UMBSHOELPF FLOGTLITL TSLD.

eIl FHIHhesm_1 10.5
Yy’ =4dax e1eid ujeumenid COBTGHIHT UBEC\HLHF FLOGTLTL LS HTesTs. Qi a
eT68TLIG] TCSHEILD 6p(1h LoTMIeOWITEGLD.

Sjay
Ljeueeriud @B Loudhlest Foeun(® v’ = 4ax ,
Qi@ a e16d1LIG TCHSILD 631 LoTWIeIUITGLD. .. (1)
FLOGSTLIML 19651 @)(BLIGHAPLD X201 OIT(BESSI QUESHOH(LD HT68T, HTLD CILIMIGIS]
2y & —4a = a=2 &
dx 2 dx 4
a @1 i Fiosstur(®  (1)-60 DgHud, prd Gumiais d_y = 21 TILD CH®AUUITGHT
X 2x
QUNBHO\BUPF FLOGSTLITL TEHLD. ]
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sIhHH1HHT_H 10.6
x -5t 6% GNukigmenujid ASNiyeTeluled eowiGSUD CFTesTL  HeTeul L g
G BLOLSEHGHT AU BH0\BAPF FLOGTLITL L5 HTCHTS.
Lol
X -2AF8e1 165 GNwhismeruyd ASyeTauiled eiowiG®Suyd OTesiT  HeTau L g
2 2

GPLoUSEGT FLoGTLITE x—2+£—2:1, a>b (D)
a

Qi a, b erestuet agGHanid)(m LoTifled)H6iT.
Frocsrun(p (1)-e51 @BUDApLd X011 QLIT(hSEI AIDBHOIHLD HTCHT,

a b° dx a b dx

FLoastun(h (2)-651 @pLISHAPLD XL0U'T QUIT(BSHI AIMSHO\BLY HTEHT,
1 1| d* dyjz 1 1| d* (dyjz
—+— +| = 0 > —=—— +| —
2 B {y i (dx 2 0|0 \dx

= Bet1 Lodienu Fiocstun (R (2)-60 9y (h eTeflenLoli(hgE)esme) BLod @GS e LILig),

2 2 2 2
: l:yQ+(ﬂj }c+ y & =0 :xy%+x(d—yj —yQZO

| dx* \dx b* dx dx dx
@ 3)51Ga1 CHEAUUITET IMEHOEAPF FLOGTLITL TGLD.
@GPy
@@ iPledevwd CsretrL FLosTum 1qed(Bhgl AbomPledents BSGaUSTH LpSHD cuflens
QUDSEHCEBLF FLocTUML L ujd ommid @ressr(® LomWledsemend; Osmessi FLoesTLITL 1960 (Bh/
Ques(h  rpleSlsmenuid BEGasTed QUMD flodF  aSSH0BUPF  FLOGTLITL DL UJLD
onmitd @CHGumed &L, BaasiBp Lormledlsetles cresiesslg&amEBENL auflanFsamend O\sTeuL
AUDSBHOELPF FLOGTLIT(HE®GTLI OLIMEVTLD.

LuGpa 10.3

1. @ sargdled (1) Cris@ds Aevewns CridbCasr(haer (il) HewLLol't D 26VeVTH
CridGHT1(HH6T AHW OBTSHLIL BN aUanEH0\BLpF FLOGTLIT(HF®TI FHT6E8TH.

2. X’ +y' =rla@ib eLi®ss 1R  erevevr  CrisCsT(hsefleT  aUmBECHLHF
FLOGSTLIML DL &> HT6ET .

3. adiyeref] eunbunsd OFeveub, owiGHerr x -GSt  16FH OBTGETL 6TV
QUL L b1561TGHT QUDBHOEWPT FLOGTLITL GOLF; HITGH5T .

4. Qgaleused 4a LOHMID X -AF5HEEG QNN AFHE®ETTH CMBTGHTL  LITOIMTILIS
OBT1GLUNGT UMBHOEUPF FLOGTLITL DL BTG .

5. apwerr  (0,—1) opmib  y -AFwF AFFTEHAD OFHTGETL  LTIMSTULIS  G(HLDLISSEGHT

AUDBHOBLPF FLOGTLITL DL F; HITCEST .
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6. aFhyerefleows @owIDTH D, y -AFFetT 1% GNwbisanu/id C&TesL e L
OB1@GHUNHT UMDBFHO\BUPF FLOGTLITL DL T FHTGITSE.

7. y=Ae* +Be™ eranitd FLociunl eoL g QFressL euemanauanid @(HLbLSET aUensHCBLYS
FLOGHTLITL L& FH16ss1%. @t A, B 6165111685 67GHanb @)(1h Lomm))edlsei.

8. xy=ae' +be " +x* eT@ld FLoGTUMLLT6d GBI LIL(BHLD eueneTalaTuile aIamsso\s1ps
FLOGSTLITL DL & HITGE8T.

10.5 FIHIYe1 aIs®HHGBALF FLoATLIT(HHaTST Hja]
(Solution of Ordinary Differential Equations)

l atsmyuisn 10.9: (aImmsHE6HapF FodTLIT 19631 Hja])

R AUDSEHOEBLF FLoGTUTLIQeest  Hlewmey OFuyomm) Faihsg Lompleeer Fmm
LoTMIB@BL 68T QBTL L L(HSHID CHTEE AHFFLOGTLITL 1965 HT6 A GLD. |

@5@”(?) RaI0uT(h UDBH0BLPF FLoGTUTHLD pH STelleastts GuDPI(rEGLD eTes 2 pibluins
o DAPIQUITE].
TBdHIdHT LTS5, ( y‘(x))2 +Y°+1=0 er6ttn UBEOBUPF FLOGTUML DL H(HSHGaUTLD.
)i, ( y'(x))2 = —( Y+ 1) eTahTUSTe)  y'(x)erebiug  Oouiodiunsig.  e1erGal,
OBT(RSHBLILL L QUDBHOBULPF FLOGTLITL 19 DG ST6] HledLWITF).

(i) p(p UDBHEOHUPF FLOGILUTL QNG SHTo) BBSGLOTEITE), ASSHTQ| 6RBELDSHCTELD
QUMUIhGHTHTSH).

TBSFISHT LS, y=e" y=2e", y= J8e GTGWILD FITTLIHGT ? -2y =0 eremib Gy
X

AUDBEO\BLPF FLOGTLITL 196 STYSTTGID. y =ce”™, c € R 6Tl FTTLSET SHDeISSID

? —2y =0 eTILD QUMBHO\BLPF FLOGTLITL 9GS HTQYFATTSLD. 2%EBa, §p(1h QUBHOBLHF
X

FLOGSTLITL 19 65T QUITUILILIGIT G 6T6VGVIT ST FGGTULD GMIIIL, 63 (b UGBS 0)B(LPF FLOGHTLITL 19 GBT

OunEI HT6y TEILD H(BSHTHESHMS HTGETGLITLD.

| asmyuisnm 10.10: (Gurzs Hiay)
R UDSHOHLPF FLoGTUTL 96T SFalleh 2 6Tar LoTD&SSSHE LomWledseiler (TG
Lo SETGHT)  GTCEITGR N SBUITEIE], ARIAIMSEHO\HAPF FLOGTLTL IQGT QUfDFHGF FLOLDTS
B wrn6tt, 25 STellenest 2 FLoesTLTL 1968T Ongid Sy 16T EGmITLD. |

SPICjewy

P UDBHOBUPF  FLOGTUTL 196 uMLILILGTET  6TebeVT  Saysmaryd  Cungddiey
2 GTATL SENNBSSID. QOUIGIITS, FASTIT aImSSH0s1pF FioeTur(haefler Cungisdiay
wrpledls@menud, UGH — amsS0sUpdF  FoehUT(WEeTleT  QungIGdHTey  FTTLS®STULD
9 GITeTL GEUIN(HSHSLD.

aemyuisnm 10.11: (@GP’ 1L g Hjay)
P AUDSSHOBUPF FLOGTUTL QG OLTHISSTaNe) 2 6Tem LoTNEHS:S LoTPIeISEH%: G
GO L odliiysamend OEm(HriLgTed Qunri(hib Sielewes GO L g ey 1erGLITLD. |
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@GP ey
(1) &= (Baevrer BHubsmasiaamard OBTHLILSGT LPGULD P AUMBLHOIBLPF  FLOGTLITL 1q 6T
GO L& Sielenesid H1e8sEGmTLD.
(i) y'=f(x,y) eaid wpsed auflenF amssH0s1pd FLocTumiger OuUTgid SHTauTerg)
Xy -$SHe) (b HIMeTVEesId CE T almaralianTd 0sTEGHmwid GUIIHE D).
T(Hd&IS1 L N1%, y =ce™, c e R 66l % —2y = 0 TILD UM BH0FB(LPF FLOGTLITL 1q 65T
X
OuUgId SaIT@Lb. ,

. d
y=acosx+bsinx ercirLIg/ J

5 +y=0 oraup Qe mid euflnF aBHOHLLF

gL L Hloomay OFuiEng etewr  agpseiGar LI SSHIGTCanTiD. % Qeser(h
2

LommledEeants GUmmIGTeTSTey, d—f+ vy =06TaID QUDBHOEUPF FLOGTLTL 16T QLTI
X

Sraundng. a=1,b=0 erer’ Quigsd Siadled MgHuIBHeusTed BLOSGHS: S d@LD

dzy

2
X

+ y = 0 671D QUDEHOHUPF FLOGTLITL 1965 GO L& Fiaundng.

Yy =COS X GIGITLIG/

OUTEHIITS LWGTUTL 196D, LOTMSHSE 618HF®F LOTHIIS®ET HEGAUBTD QUMBHOHUPSF
FLOGTUT(HSGT 6T(LPaULV®EV. UMBHOHUpSF FLoaTUT(h%6T Oumgeuns Qummuwied, mlafliiecd
LommILD FeLpk AMIailicd o 1" L1 AaesidGiLl 19FleyEefleVID BEDL (LpedD HlHLOGBET 24T M LDGLITS
EanL G 0\BT(HBLILL L L (HLILT(H BT hlanma) OIF I LommI 63 (h UMBECELPF FLOGTLITL 19 DG
@ RUEDLOSFGTLD aUMlihg $Hiey Hiewt, CuTgeuTs worPledlsaflsst  bgmest Flev EHLbSDETHET @
B)g & roestu” (HLesT OFT(HESLILL (B @) (HSHGLD.

sihHH1HHT._H 10.7

Z—y =2 T@ILD UDSHOHAPF FLOGTUMLIQET Siay X° +y° =1 6Tl Flmieys. @b 1 6T
X Y
Lol @Lb.
Sjay
Qar(Rdasiil L Fioeun® x° +y> =r’,reR .. (1)

g & Locstun(h pGrowin (s Lomrmleledws tor” (Kb QunHmIeTeng).
25Ga, OBT(HGSBLILL L FLOGTUTL 19N R(HAPED LOL (HLD QUeHHOHLD HTe8TGLITLD. FLOGTLIT(H
(g x 2ot QT BSS! UHUIL, HITLD OLIDIAIS]

2x+2yQ:O = @:—f.
dx dx y
25Cau, X° + > =1 6161 % S GTXLD AUDBFHOIBAPF FLOGTLITL L [Fledmay CXFuIENS).
X Y
a X -
eTeGau, x° + y° = 1" eTatTLg) d_y = — = GTEILD UDBEHCBLPS FLOGTLITL 1965 FFUTGLD.
x Y

eilhSHFHIHhmsm_1 10.8

7 ) , o1 . . . . .. . .
y=mx+—,m#0 crerug xy'+7 ——y= 0 eTaIDd QUDBHOHUPF FLOGTLITL IQGT HTQITGHLD
m

CTSHSTL (HS.

XII - sewflgaiiwiecd 164

‘ ‘ 12th_Maths_Vol 2_TM_CH 10_Differential Equations.indd 164 @ 26/11/2024 11:13:32 ‘ ‘



B [ [ [ ® . EEES

&jay
OBT(WSHSLILL L FTJL Y = mx + 7 , @hig m gGsaib p(h 6T8sFF omPledwin@Lp. ... (1)
m

Frocsrun(h (1)-6r @pymaptd x 01’1 QUT(BSS aewBHEC)HLD HTeST, HTLD QLMIaIg V' =m ASLD.
y' oppid  y -1 wdHiysamend CBT(HESILULL  IBFHCBUNF FLOGTUTL I1g6D (DTS
, 7 7 7 . .
X +——y=xm+—-mx——=0 erens QumiSGmip.
y m m
611G, OFT(RSHHLILL L FAfL xy'+ 7 l' —y =0 TILD QUDSHO\ BT FLOGTLITL 1QGST STAITSLD.
|

silhSHFHIHesm_1 10.9

y=2 (x2 -~ 1) +Ce ™ eratiLg) % +2xy—4x’ =0 eT@@ILD UDBECHAPF FLOGTLITL 196 HFUTEGLD
TGV SHHTL (HS.
&joy

OsT(WSBLILIL L FTILY Y = 2()c2 - 1) +Ce ™, @i C gGsaib S LoTlOWITEGLD. (1)

Frocsrun(h (1)-e51 @@BUnEpLd X &1t QMRS AIBHCIHLD HT6HT, % =4x—2xCe ™™ .
x

% wHpid vy ASweunmler odijsamend; QOFT(HSHIUL L QUMBHOEUPF FLOGTLITL IQ6D

170y AT
@ % +2xy—4x’ = 4x— 2xCe ™ + 2x[2(x2 —l) + Ce’xz} ~4x’ = 0 e163711 QmIECDLD. @

61601Ga, O\BT(HSHLILIL L FITITL % +2xy —4x" = 0 6Te0ILD QUMSHO\BLPS FLOGTLITL 16T EFeUTGLD.
I

eilhSHFHIHhmsm_1 10.10

y=acos(logx)+bsin(logx),x>0  emeiiugy x’y"+x'+y=0 eI@Id GUDHHOHLHF
FLOGTLIMTL 19.65T HTUTGLD 6T HTL (H%.
Sja

OsT(hssii’ L Fgyy y = acos(log x)+ bsin (log x) (1)
@hi@ a,b eretiuet agGsaitd @uessi(h Lormledser. @aiel( s LomBledE@aenu/id b C\HT(HSHHLILIL L
Fi9681 OBTL [T AUDBHC\BAPSHHMET Q) HAPEOM HTTEaUGET(HLD.

Frocrun(h (1)-e51 @BLUSSAPLD X £21'1 QOUT(hEI AIHEC)SLD HT6wT HTLD CLIDIGIS,

y'=-asin(logx)- 1, bcos(logx)- 1 = xy' =—asin(logx)+bcos(logx).
x X

B)FF1L068TLITL 19 ST LOGST(HLD x£01'1 GILIT(hG auenHUIL,
1 ) 1
xy"+y'=—acos(logx)-——bsin(logx)-— = x’y"+xy'+y=0.
X X
6160Gau, y =acos(logx)+bsin (log x) 61651 OFBT(HSHLILL L QUDEHC\BUPF FLOGSTLITL 19 65T
SIQUITGLD. ]
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LuGpa 10.4

1. Oestou@ptd  Fochiun(Rs6eT  alteuneipid  AupBIDOsFHCy  Car(hssiiuc (Herer
QUNDBFHO\BUPF FLOGTLITL 196 HTUITGLD 6TeTSHHTL (H%.
(i) y=2x’ ; xp'=2y
(i) y=ae" +be™” ; V'=y=0
2. y=e"e1aitd Faiy OSTRHSSIUL L QUDBHOEUPF FLOGTUTL IQMG STQUTE HGLDUJLOTH)
m —68T Lo I ST T HITGETS.
(i) y+2y=0 (i) y"-5y+6y=0

3. aGsaid @h yerafluieh spph auameraiamruiesr CsT(HCHTL g6 Fruiay, AlijeTerfluiesr y
AFFS OBTValleT 4 1oL hiHleT FSLAITEGLD. CLogid aueareaieT (2,5) 6Tailh L6iTer]
QLPluInEdF OFev NG 61651160, QUMGTEUETUIGHT FLOGTLITL DL & HT68TS.

d’y

4. y=e " +mx+n creiiug e ( > j—l =0 eTaID AUMBFHCEUPF FLOGTUTL 196 SHTaUTGLD
X

GTVSHHTL (hS.

b . 2. i . . . . . . . .
5. y=ax+—,x#0 erettugy x y"'+xy'—y =0 eTaqib aUenHSH0HUpF FLOGTLITL 19T HTeUTGLD
X

GTVSHHTL (hS. ,
dy dy . . . o . .
2 +3E:O GTILD QUMBSHOHUPF FLOGTLITL IQGHT STUTEHLD

1151 (W% @b a, b aGsaid @)1k 61G%dF@F LomifledH6T.

6. y=ae " +b erehTLZ

2
® 7. y? :2a(x+a3} GTILD AIMATAIDISH CFHTEHSDdWS SGBEHGLD amEHCEUPF FLoGHTLIT(H ®

X

3 5
( ¥ —2xy Zy j = (y%j GTISSHTL (W% Q@i a GTGTLIGI  LO)eDS Lo ILEDL Wi

SIETTLIGVSHTEHLD.
2

d’y

8. y=acoshx 6L a3t b’y=0 oreid eUMSHOBUPSF FLOGTUTL 196 STUTSLD
i

TGO GSBTL (H%.

APy  auflend, UpSNLLG QUMBECHUPF FLOGTUT(HSGT SHTeySTemIDd Fev LHENBEET
BT pg HressTGLUITLD.

10.6 (pBHed aflenF, (pHDLIY MNHHCHALF FLoITLITHHaledl Hja]
(Solution of First Order and First Degree Differential Equations)

10.6.1 wonphmsmarts 19§53 apswp (Variables Separable Method)

AUMNSFH0\BUPF FLoaSTLIT(HEETGHT Lomlsenantt (Vfldg Siey HTeID (LpeMITTS 0BT &HdHe)
el 6iv e16sTLIGUTTEY ABAPSHLILBSSLILL L F). AF6sT 1968160117, 1694-60 GTGeurTed) eTedTLIGUTTED
Da1 apoDIESSII L 5

P LBV afledF UBECELF FLoGiUTL L  h(y)y =g(x)  eTeid augalled 6TLpD
APIQUJLDITGSTITGY, HFFLOGTLITL 19 GST LOTMSGT 1AL F8a 19 uIGTOUTEGLD. @)VbiI, V' LOMMILD Y ~65T FTIL)
2Eweunmlest OL(rdsed @FFLocTum g6t @I LILGSUPLD, FATL X AGSH BFFLOGTLITL 1965
QUGVLILIGHUAPLD ADLOHE(BSHGLD. aImHFECELpF FLoaiuml el 19fG% QeIaumm 6TUPSILD (LPEOM
Lo BIS6T 197G SBdd 11l LpedD 6TeTLILI(HLD.
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W3  afldF  amEH0FUpF  FLoeTuTL1gesT  oTHlsmer  NfF0SUPS  (WLPIQULOTEEITE)
SAFFLOGTLIML 196 $e) FTeTLg eToflsT&.  f(x)g,(V)dx+ f,(x)g,(»)dy =0 e1aid augalled

o 6irer FLoasTLT(h LommEET AL &da 19 W& H6DV6vg) LOMPIEET NALL & 1gw FLoGTUT( 6TGULILI(HLD.

OBT(HSBLILL L QUDBHOBULPF FLOGTLITL GHL A dx = _&0) d (1)
1>(x) &)
GTaILD ALY 6T(p&I%. FLoastun(® (1)-e51 @upymeptd euewsud HLo%@ CBT(HSUILL 1
UMBHO\BUPF  FLOGHTLITL 19 65T @ungggﬁmj%dx = —I %y))dy +C cransfanLsEng. D
2 (X &\

C 6165711/ 61GHF@MF LoTMeONITELD.
@G jemy
l. @ ussapd  26ter  wihldsmer  phfoesiss  @CT  wrMledwns
LOTHMIIGTE) FLOGTLTL QG Siey &HTedBung Lwrmledlsamer Qupymaptd CFidsd
Gaamaiuievanev.
2. @bg 16sFmF LommleduyL 68T HTewILBHID HT6) HHCHAPF FLOGTLITL 1965T CLITHISS T
eTGuTLILI(RLD.

R (b UDBSHOBLPF FLOGHTLITL 19 65T ST 0y HTILD (LpedMUeD O\ TanHUIN_eVILD LILIGTLI(RSSLILI(HAISTE)
“QUMBHOEBUPF FLOGTUTL IQEHT HJa HTewIev” 6TeTLIMS “‘aUMBHOEBUPF FLOGTLTL 196N O\BTMS
SHI1680160”", 616816 LD GMI NI (HCaurLb.

IHBEHIESM B 10.11 [w] A [w]
@ gmm(nxz)d—yzuyz. gb- @
dx - W

&jay p
1+x2) 2 =147, . (1
(1) = y (1)
O&1(H &SI L FLOGTLITL 196 LoTIS®NTLI (Nfld g

dy  dx
1+ 1+x°

- (2)

TGV GT(LPSHGVITLD.

FLoatTn(p (2)-6t1 @wusbasepld GOFranaui & He gy tan”' y=tan"' x+C. ..(3)
24eTey tan” y—tan'x = tan” ( y—x j . o (4
1+xy

FLocsTun(h (4)e2 (3)-6b LweTL(PSHS HlenL LiLig]

tan| 2= | = C = y_xztanC=a(6‘er'ﬂ<£5).
I+xy 1+xy

2A56au, y—x = a(l+xy). @aCey CEmaruinest $ja| <GLD. |
sihBHHIHhHM "1 10.12
y(1) =2 e1euid Blupsmerew Hlamna GXFuLb (1 + x3)dy ~x’ydx =0 6T@®ID UDBHO\BLF
FLOGTLIML 19657 &MWL L& FT6y HT6E5 5.
1
By Qs1(hFsiuL L Foetur(® (1+x°)dy —x"ydx = 0.
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... o dy X
@ FLochTUML DL —— — S dx

y l4+x

0 6763 6T(LPHGUVITLD.

BsymepLd OFTesu_ g Hevr_riug log y — % log(1+x’) = C,

= 3logy—log(l+x’) = logC.
3logy = log(l+x*)+logC,
<agraug), logy’ = logC1+x7).
6Te0G6u, OBT(HSSLILL L aUedBECBLpF FLOGTUML 196 QTSI Siey y° = C(1+x7).

x=1, y=2 etainGungy, 2° =C(1+1) = C=4

6TeTG6v, QBT (HSBLILL L QUBHCHUPF FLOGTUTL 1965 GO L Siay y° =4(1+x"). L

10.6.2 Gy Hud”_® apemp (Substitution Method)
% = f(ax+by +¢) eTaLD aigalleh 2 GTAT QUMBHCELPF FLOGTUTL L H(HHICRTLD.
X

(i) a#0wnmib b =0 eresfled ax+ by + ¢ = z erevn1 (VSN OsT(H &L 1 FLoesTUT(h LOTH)HET
19S5 Fn 1 LI HGDLOLIL|S S LOTMILD.
(i) a = 0 =webevg b=0 ocrafled OBTRHSSLILLL QUDBHOHUPF FLoGTLT(H  LOTHIHET

191G S50 19 UIFHTH D) BLILIDSS: HTEIGUTLD.

sihSHIHIhmm_1 10.13
s y'=sin’ (x—y+1).

5
e Qan(Bssiiu’ L Feiun® y' = sin’ (x—y+1)
z = x—y+1 cr6t1%. 61651Ga, %= —Q.
dx dx
256al, CFBT(HGSBLILL L FLOGTLIT(H 1—% = sin’ z 760 LOTMIEDG).
x
dz . 2 )
AHTAUH, — = 1—sin"z=cos" z.
dx
Lonplaeent’ 9GS 11psd HevLLiLg ——— = dx (Sebevgy) sec’ zdz = dx .
cos” z
OsrensullL, BTd Oupiaig tanz = x+C (i6bevg/) tan (x —y+ 1) =x+C. u

sihHH1HhHT_(H 10.14

$iés §=\/4x+2y—l )
A"
&joy
Osr(hsatiu L FLocstum(h §:«14x+2y—1 .
X
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z=4x+2y—1 ettt 197EuIN_& Hewr_ iy

%
dx
dz

4424z

dz

4+2z

z

eTa1Ga,

OFTeHUINL, j

j dz
4+24z
AL/ \/;—Zlog‘\/;+2‘

z

Jax+2y=1-2log ||JAx+2y-1+2]

sihSHIHIhmmn_G 10.15
ST : dy_ _x=y¥S .
dx 2(x—y)—|—7
Sjay
dy

OBT(RFHBLILL L FLOGTUT(H — =

— 442V 40y
dx

= dx.
=x+C.

= u’ eretl 19gSUIL,
J- udu

u+2

x+C

=u—210g|u+2|+C,

= 4x+2y—1 ereurt 9L, mrid Qumitd Gunsg Hiey

x+C.

x—y+5

dx 2(x—y)—|—7 '

zZ = X—Y 6I6iI&.

e _ D
dx dx
&
dx dx
6168136, C\BT(H&a&LILL L FLoGTLIT(H
- % _z+5
dx  2z+47
dz |- = +5
dx 2z+7
dz _ z+2
dx  2z+7
Lomplseentl (Vg 6TLp, HTLD CLIMIIS]
2z+7 s = dv
z+2
169
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(2(z+2)+3
z+2

de = dx

(2+ 3 sz = dx
z+2

B BLSSAPLD CFTaHUdIL, HTLD QLmiaIZE

2z+3log|z+2| = x+C
AB TS, 2(x—y)+3log|x—y+2| =x+C "
eIl HIHhmsm_1 10.16
dy 2
765 —=(3x+y+4) .

Syds:—-=(3x+y+4)
Sjay dy ,

CFT(HSSLILL L FLOGTLIT(H o GBx+y+4)

X
B35 Os1(HSSHLILL L& FLOGTLITL 1965 S0y HMewt z =3x+ y +4 eranIgEu(h S Cmrib.
. ) ) . dy dz .
xeolt QUT(BSGHI AUDBFHCEBWLY HTewT, HTLD OLDIaIF), o 3. creGau, OFT(HSSLILL L
h dx

. . . dz . ANe e . .
UMSHO\BUPF FLoGSTLIT(H % = 2> +3 o165 Lo mILD. @)FFLOGTLML 1 60 LOTIBET 1L & Iq ULIGHT.
X

e1aiGau, Lomplseant 19M%s CFTmsud, O&T(HSGSIULL  aIMBECHAPF FLOGTLITL IQGHT

3x+y+4

Cungiddiay % tan”' (T] =x+C 616¥ L& G HdL SSD). u

LG 10.5

1. BeopM 2oLw b sresiwund) QuibSisdHesr @uidHumed o (BauTdsi(BLd LTS
e F e165tl6v, 2AH eIl HleawFGausmsid V eredrLig) M CZ—Z/ =F —kV e1e9iib FLOGSTLIML L TG

GOGsILBENE. k etestLg) ommleSuin@io. t =0 erestled V =0 6168 O\1(h &L 1LI(HLDGLITS)
V &0 t -G8 FILMS 6TLOSI%.
2. Oohigssis alupd euneiGmL  samal (parachute)ullesr HwaFGaustd v eI
2
V—= g(l—%} 6TaILD FLoGTUML L Hleowmay CFuIEng. @@ g onmid k eTesTLIGH
Lo WleSS6T @b, AT Hleweuiled v opmid x AL @essT(HLD LFFuIpTesTe), v ey
X ~GST FIITUMSS: HTGETH .
y—1

2
X +Xx

O\ FeLIONLDGBTIGY, AHGHT FLOGTLITL DL HTCESIS.

3. @p aumeTaumuilsht FIuiay

2@, aearauemy (1,0) ereyid yerefl aufld

4. 19651aU(BLD UDHBHOHLPF FLOGTLIT(H BTG HTa H®ETS FHT6HTS &

Lody  [1=)° . 2 - _
(1) E— ﬁ (ll) ydx+(l+x )tan xdy—O
dy
(iii) sin%=a, y(0)=1 (iv) d—yzexy+x3ey
X X
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(V) (ey +1)cosx dx+e’sinx dy=0 (vi) (ydx—xdy)cot(zj= ny’dx
Y
(vii) %—x\/%—xz =0 (viii) xcosy dy=e"(xlogx+1)dx
X
: dy dy 2
1X) tan y—— =coS(x+ y)+cos(x— X) —=tan" (x+
(ix) tany=-=cos(x+y)+cos(x~y) ) — (x+»)

10.6.3 F101L119 BT DISHIOLIL] DIVVZHI FIOLIG HBHTIT MeDFHHOHADTF FLOGTLIT(EHFHNT
(Homogeneous Form or Homogeneous Differential Equation)

| asnyuwisnp 10.12 : (n-Dp1b F10LI9 FHFHTOT FHFL])
neR wwppind OuIrsSLOTSS: S HUUBSSIULL X,y  ODDID  t ASWIIDDISHS
f(x,t0)=t"f(x,y) eradfled, x, y AFwaumenm ommlserisd Csmes Fjy  f(x,y) A%
nlp LiQuiled FLougdgner Fagl ererliL(hid. @ HBUIGVHGT FLOLIGSFHGHT®LD TR LD
ADLPSHHLILI(HLD.

T (WSHIGHTL 115,

(i) f(x,y)=6x"+2xy +4)° GIGHLIGI X, y-60 ADLOGS LILg 2 D_GOL U FLOLIGSHHTET FATLITGLD.
|

(ii) gewrmed f(x,y) =x" +(sinx)e’ 16hTLIg) FLOLIQ SHTGHT FITITL] Hehev.

f(x,y) eredtugy Lig 0 O\&ress FLoLugdgmes FagL) eTawfled, f(x,y) 6IeLMS GTLIOITLHSHILD

y . X . . . . .
g| = | 2ebevgy g| — |e1amiLb auigaled GTUPSIDTMI g 6TE®ILD FTITL] B)(HHGLD.
X y

aenyuwisn 10.13 1 (F1oL119 HHTOT MeDHHGHALF FLoTLITE))

2
(15 FITSHTIGHT QUM HSH0\HALPF FLOGTLITL GDL d_y =g (Z) ST@ILD SHMLOLILGGV 6T(LHGHLPLGUJLOTGITTGY,
X X

DAFFLOGTLIT(H FLOLIG SHTGT AMLOLINGD 2 GTAT UanEd0lbLpd FLocsTLT(h eTerliL(hLD. |

HaIGH] &%
auerwemn 10.8@60 LwTUBSSUILL (HSTT “FLOLIQSSHTC” 6TGRILD QUTTEHMBUILD QIGTULIGH

10.12@060  Lwesr(Résiu (Heren  “FLouiqsiest” eIaqid aumTisaosujid OaaiGaims GLUmmeT
O)ETGVTL D6 GTGTLINS UGS O\HT6IT .
@GP ey
(i) M wppip N ereiuer GF LG OCETGETL FLOLIGSSTE FIFTLEBET 6Tesle, cuanHuT(h
2ADLOLINY 2 aiTer M (x, y)dx + N(x, y)dy =0 6169ILD auanHSH0bLpF FLOGSTLIT(H FLOLIG &H/TGeT
AUDBHOHLPF FLOGTLIT(H GTGTLILI(HLD.

(i) GLomHeBsiL FLoGsTLIML L, ?z f(x,y) [euwass651p auqaid] 616 6TpSHTLD. Bk
X

f(x,y)==-M(x,y)/ N(x,y) <2A&Lb. @i g 0 OHTeITL FLOLIQSHSHTCT FITjL| 6T68I
OB6rleuTHd HT6EsIGVTLD.
T(WSBIGHTL L 15,
(1) (x2 -3y’ )dx +2xy dy =0 6Ta®ILD UnESH0\HLpF FLoGTLITL L HIBHICUTLD. O\BT(HSHBLILIL L
dy 3 Yy -x 3

FLOGSTLITL DL —— = —(Xj L G GTGUT GT(LOSHGUITLD. [ |
dx 2xy 2\x) 2\y/x
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2\ x 2

A5G, OFT(WSHBLILIL L FLOGSTLITL L Z— = E(Zj - l[ ! j =g (Zj TGO GT(LPSHGVITLD.
X

y/x

6161Ga, (x2 ~3y’ ) dx+2xy dy=06t@@iid  FLochiun(h  FLOUQSHTHT — AUDBEHOIBAHF

FLOGSTLITL TEGLD.

d X+
2) v _ 3—)/

dx 2x" —xy
dx

X

dy

> GT@ILD UMESH0\BLPSF FLoatTLIT(H FLOLILIGSSBTest FLoatTLIT(H Hebev (Frflum!)

Q =g (Zj GTGQILD FLOLILIQ SHTET QI HH0\BAPF FLOGTLITL IQGHT HT6) HTGTLSNE v = Y srew
==

X

17N Bs. 196sT6e8, y=xV  LODDILD e v+x@ 2AGLD. AF5Cau, OFT(HSHLILL L IHH0BAPF
X

dx

5LDGZ’STLI/T@X§= f(W)—v eter angaisHng Lrmib. @FFocTum g6 Fiellenest LoTHIEENTL
x

191&@Lb wpewmuileh Hrewreuid. @EeOBHEI 196s1aIHLD (Lpigefenestt GumpiECmmip.

Cappid 10.1

M(x,y)dx+ N(x,y)dy =0 61651 FLOLIGQSSHTRT UMBHOBLPF FLOGTLT(R 6Tedleh, Y = vx
erauitl 19gSuI(H  omWlews  oTHDIISTE QFFLOGTUTH YV  oMMID X GTEID 1L S 1qui
LOT IS g O\HTGESTL FLOGTLITL T8 2_(HLOT IS

el FHIhmm_1 10.17
$é% (x2 —3y2)dx+2xydy =0.

Sjay

OST(RSSHLILL L FLOGTUT(H FLDLIQG SHTES FLOGTLITL TGLD GTGTLIG| [BLOG G OBl LD.

2A5Ba, OFT(HFSLILL L FLOGTLITL DL %

Y =vx 6T6sfleb, v+x@
dx

2vdy

vi—1

Lomlsanarts 19f&s) 61(Lp
Bwynaptd OsresudL, log‘v2 - 1‘

T Ca, ‘vz - 1‘

Y

V&&L ublevTs —
X

2
Y
-
X

XII - sewsfigaiiich

‘ ‘ 12th_Maths_Vol 2_TM_CH 10_Differential Equations.indd 172

= |Cx

3y x .

—— — — 6TV GT(LPSHGVITLD.

2x 2y

3v 1 . dv v -1
= ——— 2HVF X— = .

2 2v dx  2v
= @ 616011 GImIEICmITLD.

X

log|x|+log|C ,

, @i C er6vTLg) T8I LoTHIe)

e1aoTL1 1NTHMIL, B GHS HledL_LILIg)

= |Cx|.

172

@ 26/11/2024 11:14:07 ‘ ‘



616316,

yz—xz‘ = ‘Cx3‘.
25Cau, y° —x> = +Cx° (2evevg)) ' —x° =kx’
B5Gar OF1(HSGSLILL L aUDSBECHLPS FLOGTUTL 196 QLTSS HTeuT@Lp. [ |

sihSHHIhmm_1 10.18

$d% (y+\/x2 +y? )dx—xdy =0, y(1)=0.
&joy
Os1(H&sLILL L IenEHOEUPF FLOGTLIT(H FLOLIG SSHTET FLOGTLTL TGLD (Fflum!).

Q_y+\/x2+y2

r GTILD QUMBHOIB(LY AHLOLINGD 6T(LHHGUITLD.
A% X

OBT(RSHBLILIL L FLOGSTLITL GDL

X -G8 2471oLl Loy 1 6165160, x>0 61607 H(IHFHISRUTLD.

GLoguith x = \/x_2 6165 6T(h &I CHTETGaurTLD.

2
Q:X+ 1+(Xj .
dx x X

Y =VX. 6T65%. 196G, v+x% =v+N1+v , @5 x? =1+ erewt) QumiHGmrLb.
x

dv dx
Lol Eeantl (Nflgs 61(1pSH, —— = —.
NATRE B

B FLo68TLIML 19657 @)(HLSHULPLD OBTEHUIL,

10g‘v+\/v2+1‘ = log|x|+log|C]|

scvevg v+ +1 = xC.

2
Grogitb b $@& v o1 19gHuIL, Hlewi_LiLg) pan fy_z +1=Cx (Sebavgy) y+x +y° =Cx°
x X

X
B51Ga1 QFT(HSHLILL L UDBHOHAPF FLOGTLITL 196 CULITHIS STUTGHLD.
Groayitb x =1 eresiled, y =0 eraqyid Flupbseesenuit’t Lwiesu(hdd) C =1 erevrtt GumiEGmmib.
6160186, OBT(HSHLILL L QUMBFHO\BUPF FLOGTLITL 1965 GMINIL L Siay y + \/m =x. [ |
silhSHHImhmm_1 10.19
Siey sneins: (2x+3y)de+(y—x)dy=0.
Sjal

2x+
O&T(H &SI L FLOGTLITL DL P = 2x+3y

TGO GT(LPSHGVITLD.
dx X—y

B)F FLo6sTLT (D FLOLILIQ SSTGHT FLOGTLITL TELD.
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. .. dv  2+43v
Y =VX 61657, LIGHTGHIIT, V+x— = .
dx 1-v
dv 2+2v+1° . 1-v dx . 1 2v+2
=D X AVVG ————dV=— VG ——| - >
dix 1-v (1+v) +1 X 21 vi4+2v+2 (v+1) +1

B uSHLPLD OBTOHUINL, —%log ‘vz +2v+ 2‘ +2tan”" (v+1) =log|x|+ log|C]|

VAL log‘v2 +2v+ 2‘—4tan’1 (v+1)=-2log|x|-2log|C]|

2AGLGVG/ log‘v2 +2v+ 2‘ + log|x|2 —4tan™ (v+ 1) =-2 log|C|

VAL log‘(v2 +2v+ 2)x2‘ —4tan”

V= %m@mﬁl@gg‘ﬂu‘ﬂl_, log ‘yz +2xy+ 2x2‘ —4tan™ (

B351Gar CHANLITGT 76 AGLD.
e1(hHHIHHT_(H 10.20

76\ HTGYTH : y° + X .
eI y i i

Sjay

OBT(RSHBLILL L FLOGTUTL L. —— =

"(v+1)=-2log|C].

BFF1LoGTLIT(H FLOLIG SSHTCT QUGDHH0\BAPF FLOGTLITL TGLD.

v =vx ererndgHui, xd— =

LorllEeantl (Nflds 6T(LpS, v—_ldv = —.
v
BwLdsptd OsmasuiL, Brid Qupreig v—logly| = log|x|+log|C| <sbevg v =1log|xC]|.

v=2 croms Sy, % =log|Cy| <sbaug |Cy|=e
X

x+y
X
2
Y __y > GTGY GT(LPSHGUITLD.
dx  xy—-x
dv v
x v—1'
dx
X

yix

Bz O51(HSSILL L aIHFHCEUNF FLOGTLITL 1965 HTaUTGLD.

i H1HhHT__ 1 10.21

76 HT6HTS5 :(1+2eX/y)dx+ZeX/y (l—ij dy=0.

Sjay

. . . dx
OFT(HSHBLIIL L FLOGTLITL DL d_ =
y
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j: k, @@ k =-2log|C| 4@ib.

ory=ke’™” (e0ing!)

=g (fj TGO GT(LOSHGVITLD.
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FLocirum (b (1)-6b X 6T@ILD @ W1 HTGSTLILI(HQIGT6L, @F FLoGTLIML 196D X = vy 6Tesl1 DTSN (Heug)
y

OUIT(BSSLOTS B) (5 GLD.
v |
x =vy e168 FLoasrum(h (1)-6b tAgHudL, y@ _ ety TGS FEMH).
dy 1+2¢"
Lorflsaent (N flg05ps, I+ 2ev dv= Y .
v+2e b%
s uSSLPLD OBTESHUINL,
log‘2ev +v‘ =—log|y|+log|C| @cbevgy log‘2yev +vy‘ =log|C| <ebevgy 2ye’ +vy ==C.
x
v= 5 eren gL, 2ye”” +x =k, @mi@ k =+C L.
B351Gar CHANLITGT 76 A4GLD.
LiuGpa# 10.6
L9GTQUIBLD QUMSBHOELPF FLOGTLIT(HEGIGH HiT6y FHT68sT:
1. {x+ycos(zﬂdx = xcos(szy 2.(x3 +y3)dy—x2ydx =0
x X
3. ye;dx :(xey +yjdy 4.2xya’x+(x2 +2y2)dy =0
® p ®
5. (¥ =2xy)dx=(x>-2xy)d 6.x2 = —xcosZ(Zj
(»* —2xp)dx = (x* = 2xy) dy = .
y y y
7. | 1+3e* |dy+3e* (1 - —jdx =0, x=1 eresfled y = 0 616078500%1(HGsLILL (HeTETH)
x
8. (x2 +y° )dy =xydx. y(1)=1lwhpid y(x,)=e cre1d0s1(HSSIL (HeTang.
X, —63T LOFIIGDLIS; HITGESTH.
10.7 apZHed auflsnF GHIWIND 2IsHHHGBALF FLOSTLIT(HHT
(First Order Linear Differential Equations)
WS auflevF Crilieh aImB0)ELpF FLOGTLITL 1965 GUIg QILD
d
Yipy=0. (1)
dx

2AGLD. @hig P wonmid Q eresiues x -6 oL (HGLD 2 66 FL&enTELD. @FFLoGTUMLIQ6) Y
LOMMILD ASHGHT QUEDHEHEB(LD % Be1697688119 657 GLI(hSH6V LIGVGST B)(BSHTS. GLOGILD FTTThg Lomaf)
Lommitd Fagaory) x 11 QUM (BEHs ASML UL AUDHH01BLY AHWIMma LHFTLD Lig i Lol (KGLo
HTGOTLILI(HLD.

FLoasrun(h (1)-651 Hiey STTLSNS (LPHEO6D % +Py=0 ..(2)
X
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FLoasTun(h (2)-651 Siadlenest (65T (BLOTMI HTGTETLD:

GTQILD FLOLIG SHTET FLOGTLITL L 6T(HSHI% O\BTeTGaurTLD. Er 'E
I =

0S13Q

Lol Eeantl 1%l 6TLpS, & = —Pdx.
y
Os1eHUINL_, BLOSSGS HldLLILIZ] yef e E

eIde Q+y.PeJ‘de
dx

Grielunwpg, i(yej de)
dx

= A (@+ Pyj —0d™ .3)
dx

(FLocdrur(h (1)golt LwiesTL(HS )
Frociun(h (3)-6r @BusEepd  x£ot1 QuT(rSE OBTaHuI, CBTHSHILL L QIDHSO\HLHS
FLOGSTLIML 1965 Sj@)
yef " J er "o+ C e1amds AV X)X TN
Qi ef a e16d1LIg) FLoasTLIT (R (1)-681 CBTemaufL” (B % Smyewd] (CFm.aT) 618 ILI(HLD.

GPICILjeDy
1. Grpilwed aIedsFH0\BUpF FLOGTLIML 1968 HTa)y

yx (Qszmr.sm) = jQ(@gsme;s/T)dx +C 2A4&LD. @i C e161L%) 616HF®F Lompflel).
dy

. QETRSSILLL  UdBHOBUPF  FLOGTLTLIQE)  FTewIL(BD —— -65T  GBLp TGy
2 @ . . . 0@ . . . 3 . . d . @ 1
X
(hSGLOCLITS], O)FHTmHUTL" (K HTIT e " _6h o cirem P GIGHTLIZG Y ~GT O)BUPGUTSLD.
B0, Opnasis )
dx . . . o - . .
3. d—+Px:Q 616D (Lp&Hev auflevg Griflweh Frochiumi’iged P ommid Q 6T6sTLGT Y -6D
)y

oL" (WGLD 2 GG FTTLSTTGHLD. @F FLOGTLIML 196D X LoHMILD ? Ba16i768s1(hLD LB HeVTSH
4

BwsSH1%). CLogyitd Fihg Lomf) x ommitd Frgmorm)  y &1 QUT(bde HHF6T auansd; OBy
2B weummlest Lig 1 4% Lor” (HGLD HressiiL(b'Lb.
Baiaamsued, aanss0s1pd FLOGTUTL 1965 S xeI o _ I er dedy +C @LD.

e1(hBHHIHhHT (1 10.22
$ie| H1685T% :Q+2y =e .
dx
Sja) 4
OFT(HSBLILIL 1 FLOGTLIT(H d_y +2y =¢" .. (1)
[OF % + Py = Q e16810 Cpifliich euena 05 Lpd FLOGTLITL 1965 auiqaileh 2 6iTend).

QhugP=2; O=e¢" &b
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dex = szx:2x.

J’de .

Osnansuil (hosnrest (OF1.%M) = ¢ =e
e1601Ga, FroastT(h (1)-6r Hiay yef o I er MarC,
ye* = J.e’xezxdx +C Sevavgy yer* =e* +C Sevavg y=e " +Ce ™
B351Gar CHEAULITET STeUTGLD [ |
sihSHIHIhamm_1 10.23
STey HT6E5T5 [y(l—xtanx)+x2 cosx]dx—xdy =0.

SHjay
T .. dy (xtanx-1) _
OST(HSSBLILIL L FLOGTLITL GDL e +————2 Y =XCOSX GIG GT(LOSHGUITLD.
X X
d
s d_y +Py=0 eretip Gpflwed uadsECEHUPF FLoGTLML 1968T augailed 2 6Teng. Qg
X
P:“Lx_l, Q:xcosx-
x

J’de _ dex =—log|cos x| —log|x| = —log|x cos x| = log

x [xcosx|
log—— 1
Osreauit (hg Hmyessi = eI g ool
XCOoS X
OFT(RSSHLILL 1 FLOGTUITL 196 Sy yef - I er “axrc
1
ie., = I(x cos x) dx+C
XCOS X XCOS X
ie, y ! =x+C
XCOS X
2AG, ¥ = X cosx+Cxcos x
B)51Ger CHEANLITET HT6] AGLD. -
eilhSHFHIehmsm_1 10.24
. .. dy a2 2
$I6) BTG : d_+ 2ycotx =3x"cosec’x.
x
&joy p
QBT(HSBLILL L FLOGTUT(H d_y +2ycotx =3x’cosec’x.
d X
(O] d_y +Py=0 erettm Gpfled audsHCEUPF FLoGTLTL 196 augalled 2 6Tang. Qi
2

P=2cotx; Q=3x’cosec’x.
dex = J.Zcot xdx = 210g|sin x| = log|sin x|2 =logsin’ x.

. . _ fpdx_ logsinzx_ s 2
OCsrensuiL (hg Hresst) = e =e =sin” x.

O\BT(RSBLILIL L FLOGTUITL 1QGHT HiTe)y yef - J-er e+ C.

177 FISTICOT QUMBSH0E(LPF FLOGTLIT(HS6T



B [ [ [ ® . EEES

ysin® x = I3x2c0se02x -sin® xdx +C = j3x2dx +C=x"+C.
e1aGayu, ysin® x = x° +C e16d1L% CHamauLTeT Feum@Lb. [ |
sIhSHFHIHhesm_1 10.25

$I6)y HT6ETS : (1+x3)2—y+6x2y:1+x2.
X

Sjay
QT ? 681 OB paar 1<% Lommm FLocdTLIML 19 65T @)IBLMAHLD (1 +x ) 26D QUGB Calesr(hLD.
x
dy 6x°y 1+ x’

e1a01Gal, O\BT(HSHLILL L FLocgiTUT(H —— + ;= T
dx 1+x l+x

d
@z >, Py =0 erettm Criflwich auenss0)&pd FLOGTLIMTL 196 auiqaileh 2_GTerTg).

dx . e
. 6" I4x
i, P = 1+x° ’Q_l+x3
dex = Ilix23 dx=2log‘1+x3‘:log‘l+x3‘2 =1og(1+x3)2
x

OB TemHUTL (HdH 6w = eJ e elog(lﬂs) = (1 +x° )2
L. . o e f Px J' Pdx
OBT(WFSBLILL L FLOGTUMTL 1QGHT Hifey ye = I Qe dx+C.

y(1+x3)2 :I1+x2 (1+x3)2dx+C:j(1+x2)(l+x3)dx+C:j(1+x2+x3+x5)dx+C

3

I+x
2 o oxt X
Qg y(1+x°) =x+—+—+—+C
ay(1+2) 346
LommILD y = ! x+x_3+x_4+x_6+c B351Gau CHEANLITGT STaUT@GLD
Py =iy | T e T ' .

sIpSHIHIhesT_1 10.26

Sriay F1evss . ye'dx = ( y +2xe” ) dy .

Sjay
s e . . dx 2 2y .
OFT(HSHHLILIL L FLOGTLITL GDL = ——x=y"e"’ 61 TUPSHGUITLD.
y )

O] ? + Px = Q 6168510 auigafle 2 6irern Griflich auaBH0\HULpdF FLOGTLITL TELD.

@i P=—2;0= %"
Y
2 _ 1
fpdy = I——dy=—210g|y|zlog|y| ? :log[—z}
Y Y

lo —
OsrawsHuTL (hdSHmress = eI e g[y ] = L

2

y
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OsT(HSSLILL L FLOGTLITL 1965 SHiTey xef " I QeI dedy +C
x(%j = Iyze_y (%de +C= Ie‘ydy +C=—"+C

svevg x = —ye’ +Cy°

B3)51Ger CHaaUITET STaum@LD. -
Ludp# 10.7
196510 (HLD GBflich auenHSH0HULpd FLoGHTLIT(HEGTNGHT Fiey FHT6e8Ts :
dy ) N ay
l. cosx—+ysinx=1 2. (1=x")——-xy=1
dx 4 ( )dx i
3. Q+Z=sinx 4. (x2+1)@+2xy=\/x2+4
dx x dx
3 . dy . .
5. (2x—10y )dy+ydx=0 6. xsmxd—+(xcosx+smx)y=smx
X
7. (y—esml)‘)§+\/l—x2 =0 8. Q+L:l—\/;
dy dx (l—x)\/;
9. (l+x+xy2)ﬂ+(y+y3):o 10. @+ Y :sm2x
dx dx xlogx logx
dy 4 dy sinx  3x°
11. +a)—-2y=(x+ 12. == -
(x a)dx 4 ( a) dc 1+x° 1+x°
13. xﬂ+y:xlogx 14. xﬂ+2y—x210gx:O
dx dx

15. Q+3—y:L , x=1 er68fled y=2

2
dc x x

10.8 (1p3H6V M flsDF FABH Y63 eI 6|3 1LpF F1LOTLIT(E)FHovT 63T LIW 1ITLIT(H) FH6iT
(Applications of First Order Ordinary Differential Equations)

BOLAP®DD aTpalled Fev Hlspaysafilest SHie) SHTeLbed aImBHOHUpSF FLoGHTLIT(HEGT6T
LwiGhTLT(h 2AH% WpdEidHiaid CUnIENGI. 6THTHTVSEI) AHevevg BTG sph O\FwIbLITL 1g 65T
FETLOGWI (LP6sTdn_ 119G HesollliLbleh aUamsSH0\HUpdF FLoGTLT(HSHM6T Hieys6lT LwiehTLI(hE6TmeET.
OLIBLLLITEUTES HlBLDeB6T6) (b HeTallesT LOTMICTHLOTETSH Ahd HTallesT HTEVEH®SBLI CLIT(BdHS
Frauns 0%1(HEsLLBbCUTS 2b% Aenalleaetd &1esLGS bLog GUESGHTATTELD. t ChHisdled

(5 Ouperflesr @pLiy x erefled, t CrrsHled A IOLIT(HETesT @ BLINetT HeTCHT LOoTDIETHLD %
2A&LD. @HeO B % = f(x,1) e165TM uIgaleh 2 GTET QUMBHOHUPF FLoadTLITL e L1 GILimFCTLD.

Buium_riugHuiley @aieunmies Eeid@Gsman Lol (HGL BTLD 16wt 2 6TGariib. GLogtd Hess1GHT
LOTMIGSHLD GTGHTLIGNS LOTMIGTSHLD 6T65TCm BTLD @M (HGeurTip.
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10.8.1 Gurpafledr G)mImisit GLmdhasid (Population growth)

BLb Qurwerflest @winest GumsssmSE (T(HSHIHTL L 1% 10SSATOHTHLT GLI(hSHHLD, llevhi
B IGLI(BSHLD 21606V BicssTeuiiflsemesr auerids)) GrILD t 65 FTILITS H(hFIGAITLD.

t GrrsdHled Qumpetlesr @usLiy x(t) etetis. x(f) 6I6HTLIGI LPALD GTGHST LOSNIGDL Ul FTFLITSE
Quin9eouid, S st (Bsmgmuwions) x(t) £ QUME®LOLGTET FITUTSS H(hd) IMBS0\HLHS
FLocsTun(haefler 2 gdlsaments LweTL(RSS) x(t) £ SnessHCnmid. Gurperflesr @6t ommieisLd
2ABCHISEH AL @BLILSE ChT ailEFdHle @)(hdGLD 6Tev1d: H(HSHIGaurLD. (NesT6ur T

% =kx, @@ k er6d1Lg IFBF FLo LoTWIeOwITGLD. (D)

Groguitd, Gumperflesr @wliy eiGUTEID AHHAILSTD, k>0 AGD. BeIeasdC)s1pd
FLoGTUML 1965 Siey x(1) = Ce" , @@ C eteitugy OFmensufe (B LommleSwnGLp.

C wnmid k AFweunnilest tobliyseen gL HLbS®ETS®ETL LIWGTLI(HSES HTCRTCTLD.
25Ca1, @iy x(t) er6iiug ABHSG Causddled HubHsfs@i. QOummeflsr @iy HHsNEGLD
Baiaild) mevsmev ald) ereurtiLi(hLb.
sihSHIHIhmm_1 10.27

O memest @)BLiNesT OL(h S HLOTETH 21860 HTesstiLI(HLb QT (memest @)(BL196tT 6TevsTess I HU6tT

NESBLoTH LG eTeng). QL memest @bl 50 e (haare )b Lol hiSTH DS 6Tes 6, 6T5Hma8T
2687 (HF6II6L OimmemesT @BLIL) WPLDLOL MHIBTEHLD?

® ESRY e ®
t Gryddle Qurmerlesr @pliy x(t) eTetis. 196tT681T i kx .

Lol Eeantt (Nflds 61(Lp, s = kdt .
X

B Ldspid Osmavsull, log|x| =kt +log|C| <webevgy x=Ce",

@i C 6165 @mF Lomm)e)d).
t =0 eraybGung) Qumerflesr @)Ly x, 61615, 61awGal, C = X, AGLD.

ST, X = X, .

. . . 1 .
t =50 ereibGungy x = 2x,, 6I6ILSTD k = %log2 ASLD.
tenGa, t Grrddleh Qumeietr @upLiy x = x,25 H@LD.

t, Crrgdled Qummerflesr @)(bLiL LPLOLOL HISTEMSE] 6T6H .

AFMUG], t =1, 6Tesfled X = 3X, 6TGHTLIFT6D ¢, =50 ( iog;J 2 SLD.
0g
c1601Ga), 50[%} QUL hiH6eNled GILT(herflest @)(BLIL) LPLDLDL BIFTGLD.
0g
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10.8.2 sg)flu1%ksF Femmpa] (Radioactive decay)

P AWGHBUTIE  LSTIL L A6E6T ommid  BHluj greiseflest GFiauns 2 GTeng.
yGoL LesiseT  opmid  Bluyl grictisenlsst  @ewewauneigy  GQUIBLDUTRILD  FlEeVWITESISTSE
BBLILFCO®EV. HBTAIF], AQITDITGT AHGGEHET FDSMID 60V LoHODT(H GLIT(HeriesT
G 2_(BLOTHMLOGOLUJLD. BSHEHUI G| &b ST SHALISSLI 11688 O\BTEESTL @AUULITSLD.

(1 OT(herfledT 16155 Fansaymitb afsLb 62—? 215 t CrdHed LOSHUPETET SALIGIT(HeYIGHT
266 &G NESLOTS 2 6TeNT L] 6T6oT5%(hFICaUTLD.

10166, CHUUITET QUHHOBAPF FLoGTLIT(H c;—A €« A AT 7A =kA ...(2)
t t

Bt k e16tL1g EBFFL0 LoTWIeOWTGHLD. kI Hogemise pevL OunpiaigTe), k <0 u@.1

SPIjemy

FLocirun(hser (1) opmid (2) b @esa(h adBH0\BLPF FLOGTUT(HEGBLD RGTCMUITSLD.
261160, Aunmlest GPUIBET wHmId EeF Fio wapledseflest Gur(rer eflerdsid ol (HLb
QeauaiGaimr@id. Fiociun(®  (1)-6b  euergdfuflesr Gurng k>0 erewayd Fioesiun(  (2)-6b
SeangaymiselleiGung k <0 e1aiaLb 2 6TeTg).

R SMbs aDBSHCEPF FLocum(h UedCeugy Lommull  Flaipeyseflesr sewnflgailiieh
Lon&)iflwinsst uwesTL (B L.

ei(hHHIHhHT_(H 10.28

27buGHD ph FHflwsss oCrnGLminissr Hlewn 200 . AGLD. 2 QUL AIG@HSSLI
@ ctrevry g6t Hleowm 50 0d). Gombs 2 6reng. t Grrdded bsupeTer 0GFTGL et @

K@M BTG FLOGTLITL GOL_ BTG . AFHGHT AT UL HTULD 6Talalenay? (p(h GO L sH)fluids
0CFTCL M NNGST 4/TIDL TR LITENMITHS G AGLD HT6V GG HGDIT AL HTGVLD 6T ILI(HLD).
el

t Grrddled Lhsuperer soGenGrLmniesr @upiiy A er6s1%. —k 6168TLIg IFBF FLo LoTM)ES 6T6HTS.
Qi@ k>0 A ey, sHfwdss 0CFnGLminlesr Hosemid oIsd C;—A =—kA e1a9IID

t

FLoGSTLITL L T6» QUDUIL(hEMG). BFFLoGHTLIMTL 196D 2 6TeT Gm &1 Hdn G®DaI®Ss GnGENG).
GLogyiLd, @& FLo6sTLIT(H LOTISET 1N FILIL &a 19 W1 FLOGTLITL TELD. 6T6SIGaM, LOTHIEGTLI LSS5I TS

SledL_L1Ug) dKA =—kdt 4@LD.

B udsLpLd OBnavsudl g HavLLiug) log|A|=—kt +1og|C| <ebevg 4=Ce™.

2 710LGSeO Qur(merflest Hlenm 200 Lh).4E). 2@LD.

2gTalgl t =0 erapCuing A =200 A@Lb. e1eiGar, Fioesiun(y (1)el@mhba, C =200 rewl
OumISGDTLD.

A =200e™".

Gogyith t =2 e1adCungl A =150 e16dTUSTED, k = %log (g} .

3

7110 4
6168136, ¢ QU(BL HIF@BSGLI 19DG LsupeTer GCsnGLrinder Hleom A(r) = 200e > g( ] ASLD.
A =100 A)EgrLons G®DW HGLD HTULD AT AL HTGVLD t, AGLD.
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10.8.3 Hupt” 1 efledt GalljFd DievedFHI GaIrInD DisnL_uid a1
(Newton’s Law of cooling/warming)

cteiGay, t, =

30°C 2 6irer 6p(p 2Aemuiled (5 CaHriiemLuieh 2am ) aud i (Herer Hrifuiesr
Qariblenev 80° C e16t1®. HMMlett GauriLplevev erehTesTauT@GLd?  HTiulesr
Oautiuplevev  Heomulledt  CauliuBledevenus H®LUJD QUDT  GHDDAUDDHS
HTassTEIGmITLD.

Brieumps), Ganfleney 30°C 2 6iter (B Hewmuilsd Gl
Fngeit G 1quied @ mbg 61(hdd audsii'L @afibs biiler Ganiibleaev 15° C
oTeti%.  @alihg Bl Qamibleney  eretteniaun@d?  GLomda mlwieurGm,  Biflest
Oaublepeuwitesig Heomulest GauiLbleevents AL UjD cUDT ASBHUIIDSI;
HITGETSEGITLD.

By efler gofljdd evevg OeuliuweLuyd iy, @ OumTmerfss
Ol enev Lo miLd @5%LomesTZ QWi (Herflest QleuliLBleanevd @ LD & HmILiLm Deri_%dE)eT GlauriLifleneud;@Lb
2 airer Caumumi’ig @ CrielEsLons eioujid. t Grrsdled Qummensst Cauibledey T(1) eTesiayLb,

FODIILYD 21 HSElesT Oaulibleney T, 6TeviaLd, Gleuliubleneuudiesr LommieisLd dd—T eTauTeYLD @)(BLILNesT
t

Bluyl’ 1estlest Gamidd) (26vevg) OauliLib) e uid eNGliig c;—]; «T-T, orc;—f =k(T - Tm) , Qi

k 161G B\Hd FLo LomWIeOwITGLD.

GaflfdFS) 26vevg CuLiLLD AL H6b 6Tarib @) Hlewevsaflad T, (s ormfled erasfleb, k <0
A GLD.
silhSHHIHhmsm_1 10.29

R0 SIILPleuTery h OFT®eVESHTE Levett ellFmreamessuiesr Gurg, sp@eudler 2 uligmm
2 1 6V FAlwm 19NUSD 8 106wsild @ HTGSTEITH. LPeTOGTFFNSHMSHUITE HIILMUTOTT Aaa L 068
Oautibleevedws 2ierhg 70°F e1e1d @Gmldsids Osmerdmmg. 2 wewfl Gritb sLhlds ks 2 1 606t
Geutiblancy 60°F 248 QpliLemSd e, 2.1 60 @ bbg Hemuier Cauiblerey 50°F 24@Lb.
LommILd @GNS AP6STL A bBLIMET 2 160 GauliLBlanev 98.6°F eresileh, 2ibmLig Gsmenev ClFd i’ i
Gl cT6sT6RTaUTS ) (1K) (HSHEGHLD?

[log(2.43)=0.88789; log(0.5)=-0.69315 |
SHjay

t Grrsdlev 21 a6t GQauliublenev T 61651%. 19MLS6Y 8 Loewst] 6TeiTLIENS t =0 6165150)HT6IT .

By 1_aflest @afliay albliLg, cj{—f = k(T -50) 216vevg % =kdt .

Qb usHpLD OBTEHUIL, log|50—T| =kt +logC =icbevgy 50—T = Ce".

t =0 etaoGung T =70 616D, C =—-20
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t=2 era@inGuingy T =60 ereiLgmed, —10 = —-20e*.

1 1
50y, k =—log| — |.
5 Jiog 3

t

Lol L >
a1eGar, Siey S0-T = 206" g@ 2levevg T =50+20 GJZ

B @UiCumapg T(¢) = 98.6 A5 @BS@HLOCUNTGE t-65T Lo IeDLIS HTesTCaUGET(HLD.

(4&6)
¢ 20
t=2| ———% |~=-2.56
log 1
2
6160186, bpLT @mibg Grid GHmrmuwiLonss 19Hused 5.30 Locwsiluim@LD. [ |

10.8.4 ZHvemeau HaSHFHHaT (Mixture problems)

Quanwesid O&TLAlevG®DUTH Bvaar Hewsid@GH6T OL(BLoaTallsh LweTU(HSSILBHEDSI. 1B
OsreTseaet HqliueL orifwunssd %1 Svamald Seudsdler Hiea) HTE/ID (LPEDEI
e s &HGaurLp.

R QuTBET S AWH (1B OFTT BT 2 6TeT Hevanaluieh spr’t aiElFLD %_
LOTDASUTD] HVdHENEI. CLogitb @dsevemalew CBTLFhg oy svear FIrs |
@aUSSILHEDG. bondiflwnes Lpblavevulley, Qb FIMes HAILITCIS] A
G7 CrrsHled LomOmTH elflssHed CsT6rHevesiled(hg OaeflGunmliL(hEDS PS>
61651%. @UIOLITApSI, t CBISH60 AdhHevamaiuileh 2 erer QOmBeT S 65T HHemelenes . TﬂLO

Qavarfluf(p —
uLip 10.2

2 arerf(h P

IBTLD H16ssT eNenLpHGTLD.

tCrasHled Gummer S-6iT x 6165%. LOHMILD ? TILD QIMBHOHL t 2oLl GLIT(hSGH X—65T
t

LomIeiBID 616515, '@ raf(h' eretrLig QUIT(RET S CFHTETHGTI) 2 6TaT FVMANIIGT HeVE:GHLD
(mIewLpuyLd) 6F5Lb LommiLd 'Cleuelu§(R eTesTLIg Sevana O\HT6T Hevestledl(Bhg ClouafGuimitb 6F&Lb 6Tesleb,

d_ 2 aref(h —Gleuau§(® 61aiLb FLocsTLmL eoL_ L1 QumiEGmiTLD.

dt

1S FHIHhmsT"_1 10.30

@@ 051 19ulled 2 6irer 1000 a8 i Hrled 100 Hgmibd o 11y S®IHEHIGTTS/. (VDICT GTGTLIG]
DAL b AL [T5H)G QBTERTL 2 111)d F®IFTGHLD. ULPSHLOTH CFmiquitd GBaTTenT(h SEIFCVTGLD.
19607657 (1B Bl GHHE& 10 9 L7 f51b 2 1 11&S S 1B EMSI. CLosyiLd, paiCeum 8l L i Bifleid 5
Sgmip 201y soghgeTeng. Ol quilsy 26Ter Brmesig CFTLIhEH FVSSIUL (R FIns
audali” (hererg). Devger @ Bl sHn@ 10 O LF afsip OaelCuniEng. t Cwrddled
OFTL 1960 2 GITET 2 L1965 AGTEEUT: FHTCESTSE.
&ja)

t Grrgded GFmiliquisd o6rer oiuler 2eney  x(f)  eretis.  @@edT  LTMIGISLD
dx

= 2 6T BILPULD 65D — CeuefGuimitd e9%LD.
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Quieumps (b O LT Bifled 5 Hgmib o iy segssiiu (B OB 1quile) 2 1 1&GSSLILBHAISTEY,
10 9L Bifled 50&Hgmid 2 riyg Csmiiquiled 2 arer birfleh Hrhdl(hdb@GLD. GLogitd, G 1quied
Qb 2 L1 FarFed (1976t 6p (1B B GHH & 10 69 L1 651 QouefIBuwimidng). @& 01 1quiled
2 airer Gorgs 2 1yd sagFedest 10/1000 =0.01 o1 hism@d. 2%%5Cal, t Crrddled 2 6irer o (et
2A6ma) x(t) -6 0.01 oL hmiET@LD. SAHTaugH 0.01x(¢) AGLD.

6160180, @b LomEfuesT auensd051pd FLoesLm(h % =50-0.01x = —0.0l(x —5000)

BFFLOGTLITL 19 GO % =—(0.01)dt e1697 6T(LHSHGUITLD.
FLOGHTLIMTL 19 65T @)(1h LGHUpLD O\bTansudl, log |x -5 000| =-0.017+log C

—0.01¢ —0.01¢

@icbavg x — 5000 = Ce """ Sr6vevgy x = 5000+ Ce

2ATLDLIGSeD, 2AHTaug) t =0 61edCLTg x =100
2515 100 =5000+ C . 4emswimed, C =-4900 .
eTa1Gau t GrrgHleh O\FTL 19uleh 2 6er o et <enay is x = 5000 —4900e " . [

LG 10.8
1. miesoremuigseflest  Qupsasddled, undeflundseiler  eresessildamauliiesr OB
NBLOTETE AH6D HTRIILHLD LTS Lleluimd:eerer cTessiessibasullesr alESL0nE 2 6Teng).
BUOLBSSSST UTdleflumeles eretuenildms 5 e Gruysdled wpLbLOL HISTEDS)
e1681l6v, 10 Loessh] Gy (Lpigafled LimdiefluindEerles cTesstensghems cTetTasauns @)(hdh@GL0?
2. (b BHISEHGT 1L0&HT CFTdE auenidds) aigid t CrrdHled 2 6iren 1ods6T CHTamsHuiles
® Y . ; et . : ®
FBLOTE  ADLDBSIGTETS). GLoayd BsISEGT 06T CFTans 40  Aesor(hEerleh
3,00,000a8(m551  4,00,000 %5 uHsfdgi6Teng c1e1d CHT(HSSUILIL (HETeTE 6Tes 60,
t CrrEled AbBHTSEHET LSS C\HTEHILIG HT63TS5.
3. 0ebTgeL LommILD F65T LG FHTe¥sTL 6L O\BTesstL p(h LOlesT FMMlett LOlesT @uid eflengFullesr

FLochrun(y E :Ri+L% A&, i@ E er6tig) 10651 HnHmis@ OFm(hEsUBLD LO)6HT

Buis@ flens, R 6T681LI%I LOGSTHEL LOMMILD L GTGHTLIG H6ST LOGHT FHT 68T 6D 67685 A@Lb. E =0
TILDCLINTSI t GBSV, LOGSTFTILD ig0d HITGETS.

4. fesrmgdg 10 b'Lf GaussdHled Quikigid @ 1lesiallensts L Fesr  @uikdmip
BnissiBEng). g6t eieni gGsaib @b Crrsdled (Quibdad Hlmssii’t 9ns)
160681 et uL Kot Causld Gmuid iHLoTeg ABGCHISH D AH6HT HaFGaisddnNG
FLOLDTS 2 GTeNG| 6T6ud O\HT(hS&LILL (HeTang. @uibSTid Blmigsiin’ L 2 elermq s@pd:@GL
190& NewFriLLEest HlewFGalsLd HT68TsS.

5. UBLSENG 5% QOFTL Fa L' (B dfBGSed sp(hou X10,000-G0 curhidld HetsEleh LpHed (h
OFuibnmy. 18 1onFhis@pd@Gl 1965T6T AU auhidd Hewiddled cTalaene GFHTmS
B)(r%@LD?

6. @ LTy  FTeRIILBL  SETISE  AWIGEH(hEBGT  FlDBSYDILD  BLOTCHIS
2ABCHISEH b LoTHifuled HTessiL(hLD 1e89)I5E(hdEETGH 616886 SmBH G ANEFLOTSH
2ADLOhGITeNG]. 100 2A6857(H Hev Gawt Gleualuieh 6p (1B Lomh)fufleh A m1bLIGH6D HTessiiLI(hLD
SEIGSH 2a05H(HI:s6mesr eTassaniigmauisy 10% Hosamdng. 1000 Hes(hser
apigailed  ATbLGSey TR SHTSEE  He)IEH(HIESGT  6TevTeusT%mSHUi6H
GTRIRIGTE LOFLONHEHGLD?
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7. Qeutiublevev 25°C 25 2 6irer sp(h 2Admuiled ardsLiuL (Herer biler GauliLiblere 100°C
2A&LD. 10 B ruserfled Birflest GautiLiflenew 80°C %58 Gamibsl eN(hHEng eTestle,
(1) 20 BB mis@BsEGLI 96sTe8IT Bifledt GauriLiblanev
(ii) QauiuBlenev 40°C 245 @)hd@SLOBLTZ CBILD HT6T5T 5.

{loge % =-0.3101; log, 5= 1.6094}

8. smewev 10.00 oewsfld@ GG sphaUT SedTeIedL W LOGGIT AMeV FLOIe) AL (BHS/
GLest Smienw Caueuied 6T(hdd g% GONTUSNHTE (BB 2 6GTen FaLOUIG) SHemUieh
UGS, 2ABCHISSH STt Gauriiblenev 180° F @b Groayiid, 10 Blo bis@nd@i (InG
215681 Qautiublaney 160° F @ Lb. FanLowic Hamulles Hlanevwirest GeuLiiblenev 70° F erestled

(1) sramev 10.15 Loewsfld:@ HmiMufest Cauriblenevd; HTeysa.

log— — —0.2006]
11

(i) QauiuBlenev 130° F &b 140° F $@Lb QeoL i’ 1 &n1% @)(h&@LbBUng el Sl
2B Bl®6TSHT6L, 6THGHISH NG QL uled e sTifenus 2i(hhE Cauessi(hid?

b

logi =—0.6061
11

7
log— = —0.4519
ST 1

9. p UTSHTSSHD 100°C Oautiublevevulleh CFTHSGHIS: C&BTessq(hdhGLd Hmeg t=0
aiaitd Grysdled Bt 16g Qphs @nsEdH GfliaisnNETs FLowIEMDUID
@USSILUBEDG. 5 B hiseps@L 19n@ Biler Caniubleae 80°C Asd GODEDSGI.
Grogvitb, 2A(WS 5 BB His@ps@L1 19D bifles Qautiblanev 65°C A% G®DEDG 6Tes 60,
@ FOLOWIGVEDUIGHT OleuLILIFlEDEDULId: FHTEHTS. @&
10. 2wgiouddled ep@p OFTLI1qulled 50 QO L [T STUIGHLOWITES SH6EsTausf [T @ GiTengy). CIHTL s GHILD
t=0 -&b @y AOLF Hiled 2 Fgmibd ofHd F®ISHILLL 2 L11jd FDIFTEIEH (h
B SENG 3 O LT agid Ol iquisy el Liu(hEng. Ddsevamaineid ST ihg)
SGSLILLH Frns @assiuBEng. Goed, 28% Grrsde metrd
SVSHHIULL  @osvamalinerd AB%5 aIeddled O i1quiled(mhbs E
OeveflCumpidlng.. t>0 eraid gGsawib s Crrddled GHmTLi1quileh '
2 e 2 L1965 Heneenesid; HT168uTs. -

& Ludpa 10.9 )
O\BT(RSSLILL L 1651, LomhHml eedL FerMedl (Bl FIWITES 4606V LS LD THLEHL LI
alenLulleverrd; Cximh0ls(h dsayLD :
d? y

1/3
1. + [d_yj +x"* =0 6TaID UDBHE\BLF FLOGTLIML 1965 euifleaws LoDMILD Lilg. (LpeDBULI
A"

dx’
(12,3 2) 3,3 (3) 2,6 4) 2, 4
2. y=Acos(x+ B), @k A, BeretiLies 6T0sFaF LOTHIOBGIT 6Te0)LD FLOGTLITL GHL > OlbTe8oTL
UDGTUDT &(HLDLIGSSGT IHHCEBAPF FLOGTLIT(H

2 2 2 2
(l)dy y=0 (2)dy dy d"x

- +y=0 3 =0 4 =0
dx? i’ Y ) @ a’y2

dx’
3. sinx (dx+dy)=+cosx (dx—dy) eTeiLh aIBHC\HLpd FLOGHTLIML 1968 urflens LommiLD Lig
1 12 2) 2,2 3) L1 4 2,1
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4. aowowitd (h, k) Lopmitd b ‘a’ QVHTEETL 6T606VIT QUL L AiSe MG UaDS:CIBLHS FLOGSTLIML 1657
auflenF
(1 2 (2) 3 (3) 4 “ 1

5. y=Ae'+Be™, @hig A, B ereiiuen aGsa@id @ orBlels6ir, 6Tanib aUaTaiayd
OB1@GHUNHT aUBFHC\HUpF FLoasTLIT(H

d’y d’y dy dy
1 +y=0 2 -y=0 3) —+y=0 4) —-y=0
()dxzy ()dxzy ()dxy ()dxy
dy _y : : C o o
6. i GTGILD QUMSBEHO\BULPF FLOGTLITL 1968T CILITGISSTa)
() xy=k (2) y=klogx (3) y=ke @) logy=kr
7. Zx% —y =3 eTaqILD aUmEHEEUPF FLOGTLITL 1965 HTey GMINI(Heug)
(1) CrrsGsm(hser (2) el L hi%eT (3) ugeuemeTwiLD (4) beTeuLip
d P
8. =4 p(x)y =0 ~air Siay
dx
(1 y= ceI e 2) y= ceiI s 3) x= ceiI e 4 x= ceJ o
dy I+y . L .y
0. & +y=—" GI6IN UM\ HUPF FLOGTLITL 19657 C\FBTaHUTL (' HTT6wsH
X X
X e’
1 = 2) — (3) xe’ “4) €
® e’ X ®

10. §+ P(x)y=0(x) e168TD auedsH0H1pF FLochLmL 196 QFmensuil’ (g Hmefl x ereufley,
x

P(x) er681LIZ)
(1) x 2)

* O @)
X

X

dy 1 (aY 1(@)3 . . L
11. X)=1+4+—| = | +——| = | +.... 6T&ILD UDBFHO\HLPF FLOGSTLITL 19 GHT LI
(&) dx 1-2(dxj 1-2-3\dx o @ e tig

(H 2 2 3 3 1 “4) 4

. . dy  L(d’y . . .
12. p wwomib g erediues  LpedHGUL yd—+x o7 +Xy=COSX GIID QUMBHOIBUPTF
X X

FLOGTLITL 19.65T QUIfledEF LoMMILD Lilq. 6TGuTl6Y,

(1) p<q () p=4q (3) p>q 4) p @51 LopmILD g B(BSHHTZ
13. Q+ !

dx  \1-x*

=0 6TILD QUMSBHOELPF FLOGTLITL IQGHT SHTey

(1) y+sin'x=c (2) x+sin'y=0 (3) y’ +2sin"'x=C (4) x*+2sin"' y=0

14. % =2Xy TILD QUMBHO\BLPF FLOGTLITL 1QGHT ST ey
x
(1) y=Ce* (2) y=2x*+C (3) y=Ce*+C (4) y=x*+C
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15. log (Z—yj =X+y 6IQID aUmEHOEUPF FLoGTLITL 1965 OLITHISST6)
x

(1) e'+e’'=C (2) e'+e’=C (3) e*+e’'=C (4) e"+e’=C
16. %:Fx 651 Sy
1 1
(1) 242=C @) 2-2=C () 5-5=C @4 xey=C

GTGILD QUMBFHOEHUPT FLOGHTLITL 1QGHT i@y

17. L2,
X

(1) x¢[§j=k ) q{%}kx 3) y¢(£j=k ) ¢[§j=ky

18. §+Py =Q e1ad Crflued auensdolswpd FLocsumiqesr O\sTesufl (hd Hrgesstl sin x
X

6163116Y, P 6TGHTLIZ)
(1) logsinx (2) cosx (3) tanx (4) cotx
19. auflens n ommitd n+16)&sm6wL aIBECHAPF FLocdTLIT(HHe 6T OLITHIS Hiesetleh 2 6iTer

LOTNS S5 LoTmleds6nedr eTessiansildanss (LpemCi

(1) n—1, n (2) n, n+1 3) n+l, n+2 4) n+l,n
20. apedTDTD QfldF UDSFHCHUPF FLOGTUTL 196 GO LG Sialled 2 6Ter LoTndHss
® Lo WO SH6TIGHT 6T680TGus 6% ®
(1 3 2) 2 3) 1 4 0
21. % = Ly:—l 6TGYILD AUMBEHC\BAPF FLOGTLITL 19657 O\FTaHuTL (hd SHTessi]
X x+
1 1
1 —_— 2) x+1 3 4 x+1
(1) | (2) 3) N 4 ~

22. gGsa@ILD (B QI(BLLD -6V 2 6T P-iT QLi(hd:d IHLOTEIS| LDB6T OB TeHSHE bBLOTS
ILDUJLD 676516V, 196TEvT T
(1) P=cCe" (2) P=Ce™ (3) P=Ckt (4) pP=C

23. teraiid CrISHNGL 19DG LESP6TET 6p(1h QLT(Heledr eme) P 4@Lb. QUm(beiT ewim@Ld
IBLoMTeug 2ABBEISHD LOSLOHEGLD Cummetesr HenelnN@ NEBLOTS HLOHEIGTETS]

T68Tl6Y, 196tTEHIIT

(1) P=Ce" (2) P=Ce™" (3) P=Chkt (4) Pt=C

dy ax+3 . . . . e . e .o . . .
24, —= GTILD AUHHOBULPF FLOGTUITL 196 e p(h QUL LSBT GNDISHGLOTEITE,

dx 2y+f

a-61 Loy

(1 2 2 -2 3 1 “ -1

25. y = f(x) etad euewararemguilett TGSeID @ YeTailui S& FIuiey d_i: 3x? erevid
Casr(hdstiul (Hereng). Gogid eueeraueyuwinetg (-1,1) yerefl aublunsd GCFebEng:
6163116Y, eUaaTeUeTuilesT FLoasTLIT(H

(1) y=x'+2 (2) y=3x+4 (B)y=3c+4 (4 y=x+5
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LITL_FFx(hdhBiD

1. aCaaitd spH FLOGHTLIT(H 6p(H FTTLIGT HDHBLIL FLD 63(h FTHTTGHT QUHH0IBLY HeVVS] LI
U0\ BLPMEUILITaUS] OIHTCEIIQ (HSHESLOTEITEY AHFFLOGTLT(H UMD BHCELPF FLOGTLITL TGLD.

2. P UDSFHOBUPF FLOGHTUTL 196D ST ILU(BID 0% 2 wiihsd UIdBHH0HLpeier auflenaGu
DAFFLOGTLITL 19 65T auiflena (order) 4@Lb.

3. 0 UDHFOBUHF FLoGUTL L LIS CHmedear angeiled 6Tpd QuigGlioesiley,
DAFFLOGTUML 1960 CHTGTMID OB 2 wifhs ufldFueL i IenHdH0sLpallesr wLpLp 6168 LigGui
DAFFLOGSTLIML 1QGST Liq 6TGSTLILI(HLD.

4. P UDBHOHUPF FLOGTLUTL ML 1B 2 Wiih% auflensd CFTeETL aUHHCSULH®a LHSCTELD
o pIuNEd  CFmes  ucemIIdS CHTaud FLOGTUTL 1S 61(p% Buicvalleheney 666l
DAFFLOGTLITL 1Q GOT LILQ DU QUGDTUIMISHD (LPIGUITSH.

n

P(h UDHHOHLPF FLociiT(h pGCrewimn Fagm omPledwis QUIT(BbHI RGTHI AHeVVEHI ASDS
GomuL’ L Frjyserflest FISMTEET AIHSH0HAPSSEMmeTS CBTeET(HeTeng 6Teshew, AHFFLoGTLIT(H
FIHTIGET AUMBFH0\BULPF FLOGTLIT(H Tl ILI(HLD.

6. PMH  UDFECBUPF FLOGTUTH PG AV ASDG OCopul't  Fajyseflesr LGH
AUDBHOHpFEMET Lo’ (HID  C\BTE8Tq (FEGLD 6TawlleD, AHFFLoGTUT(R LUGH ImSSH0HLpF
FLoGSTLIM(R GTGoILILI(HLD.

7. @ Lomplelemwd GsmreserL FLocsTLmL 19eSl(hhdl AborPledlewws HEGABTD LPSHD aUflens
QUDBHOHUPF FLocsTUML L wjid Lommitd @yessr( ommlellsewand; CEmesst FLoesTLImL 19 6O (BHS]
Quessi(h orPledls@anuid HIEGauFTed QT mid ufleddF UMBHOBAPF FLOGTLITL DL UJLD
nmid BCsCured Oy, KheSIUBLD LoTWledlseilesr eresessdmEGENL  auflFHamend
QBTGB UEHFH0)HAPF FLOGTLIT(HHEETLI GILIDGUITLD.

8. R(h AUMBHOBUPF FLOGTLITL 1968 (hlewmay O\FUIujLOTm) FIThd LOTMISET FATT LOTYIHGBHL G5
OB SSILD CHTE®6U HHFFLOGTUITL 19 6T HTe AGLD.

9. Ph UDHEOHUPF FLOGTLTL 96T  SHFalleh 2 6Ter  InGSSE  LoTPledsaflesr (1CHFmF
Lo SBETGHT)  GTCEITGRT SBUITEIEI, ARIAIMBEHO\HAPF FLOGTUTL IQGT QUADFHGF FLOLDTS
B L1687, 2SS TN AHFFLOGTLITL 196851 OLnZd Fia) 6TesrEGmILD.

10. p(1h UDBFHCBULPF FLOGTLTL IQ6ST GLITFiSHTalled 2 GITem LoTNdHd:d LoTHe0H@HS@ G L

Siysamend O&T(hrILETeL QUDLILBLD Srelenet GBI 1 $iey eTesTGUITLD.

11. f,(x)g,(»)dx+ f,(x)g,(»)dy =0 e1auid augailed 2 6iren FLochtm(h LommIEeT NflLiL dd 1quig)]
21606V LOTWIEET LNALIL Fa 19wt FLoGSTLIT(H TGO ILI(HLD.

12.neR oo Qurpssonss  SUGOURSSOULL X,y DDID  t AFUIHNISS
fx,t0)=t"f(x,y) erasfled, x, y AHweunedm Lommlsenissd Csmesr Fagy [ (x,y) Aeis

1 <2410 LIQUIGD FLOLIQ SSHTEET FTIL 6TGSILILIHLD. @)1 4 IGVIIGHT FLOLIG FHFGHTGLD 6TGSIRYLD HDLPSHLILI(HLD.
13. f(x,y) eT1657LII LiLg 0 Q\BTGETL FLOLIQ SGHT6T FTTL| 6T6vTleD, f (X, V) GTGTLIDS GTLIOITAPHILD & 4
x
X
H6eLeVS & (—} GTaOILD GIq &6 TUPSHILOTHI & GTERILD FITTL| BBEHSGLD.
Y
d
14. p (b FTHTIGHT QUMBEH0BLPF FLOGTLITL GHL d_y =g (Z) ST@ILD SHMLOLILIGV 6T(LHHLPLGUJLOTGIITGY,
X X

DAFFLOGTLIT(H FLOLIG SHTGT AMLOLILN6D 2 6T aUHFH0\HULpF FLOGTLIT(H 6Tl ILI(HLD.
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15. M ommip N ereiiienat spGi Lig GMFBT6EsTL. FLOLIQG SHTCT FTTLISET 6765160, aUaBuT(h HemLolifed
o arer M(x,y)dx+ N(x,y)dy =0 eTaID auedHH0ELpF FLOGTLIT(H FLOLIG SHSHTCH QIDHH0IBLPF

FLOGSTLIT(R GTGTLILI(HLD.
16. (1Lp&6L auflend GBifliich aUENBHO\HUPS FLOGTLITL IQGHT GUIQAILD

dy
—+ Py =0..
dx+ y =01

AGLD. Qi@ P ommitd Q eTedtuest x —60 Lol (WGLD 2 6T FATLSETTELD. @FFLOGTLML 196D
d

LOMDILD SHFCT QUMDBH01B(LD d_y Baiailyessng et GILi(BEsH6) LIeveT B)(Hd:sTSl. GLOILD FTijhd Lo
X

Yy opmid Fagmory) x U QUT(Ess AS@IDL U AISH0BLY AEI®E ALPSEUTLD LIqUITSE

I Pdx

or" (HGLo srewmiLi(hLd. OFT(HSSHILL L aUaEHOBUPF FLOGTLITL 16T ey yef - J. Qe dx+C

e161s KL sHms. @b ef dea@&‘rugl/ FLosrun(h (1)-ei1 Osrevsuil’ (Bg Hmyesst] (C)Fm.m)

eTGuILILI(HLD.

17. §+PX =Q er168Tm (1pSH6L auiflevF Grifluied FLoesrum’iged P opmid Q ereiet y -6v 1ol (HGLo

y
O GG FTLSTTGLD. @)FFLOGTLITL 19 6D . LomHmILD ? Baiailyess(hid GLpdbETE ) (HSSHTS).
Y

® GLoayitb F1ijihg LomMf) x LoMMILD FIFALOTM] Y £0L1 OWLIT(Bd B AHBGHT aUewHF; C)E(Lp AENIQINHMIGHT Lilg ®

1 %5 w'BHGw steniupp.  Qeleuamsuile, amEHOHUPF  FLOGTUTL Q6T — SHija)

) = erf " dy+C BGLD.
18. t Gryddled spp Quinserflesr @by x eresiled, t CrIdHled IGTBeflesr @Bt HesaGhT
LOTMIGTHLD % 2AGLD. @O BbI % = f(x,1) 6165T) @19 66H 2_GTTGT QUENBSHO\BLPF FLOGTLITL GOL L

OumIEGDTLD.

- B
Gsmsiu s GauwisvLin® (ICT CORNER)

https://ggbm.at/dy9kwgbt ®1s0s051 Scan the QR Code

Qe 2 cvnallew Hndsa L, O0%1(HssIUL (HeTer 2 76d/aflered
GO e &' 1L F& OFuueb, GeoGebra-aflssr “12™ Standard Mathematics
Vol-2” ugsid Ggremitb. QUiLessiGSneT LbsssHler QI SILSHD 2 higeT

LML BIIL G QBT TLenL wl L6V ASEWITuIhISET Hrewiiu(hib. Haummleh
“Ordinary Differential Equations” c7eq/ib 2i$SHwimuigeanssd CsHiay OFuis.
QUiCunapg @um b CGTLFUMES L6 LeSNSST6TH®men QUiLdsdHe) Hresriiser.

ADTSH G/ LIGSSHS BTG 6T LD O\FUIg) LTSS LD.
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B&HIPEHIHN] LIJaIeVFhelT

"Bapssas CHTLUN®H TeTUS Serlliys@ 2 L u(BeSIuL L
Qungl <le) el Gaimlsbanev”
- GsvrIsv6M
FLOQUTUIILY  LOTHIEGHIGT  @UTeUTMILD, H®e  FamIOauefuied b
OLow'IQOWIeSSTH@pSHTT  FATUTSE  UewIOSSSG — GTULG  GTGTLIGILD
@F  Ajeepl (B CFISwun@d. 616070606 TCHT & g Gumev
FLoaumuiiy omPlEeT  (pesTeiGr  LWGTU(RSSUILL 1Q (BBSTILD, FHESIhIBET
wpmitb  Caxmissed  (1900), &Heva(Hig sl 1965T68THT6T  HeXies
NTSHEHHIGGT  GTUPHSG  GIGSIGUTLD. FLOQUTUII] LOTIISE®ET GHTIEHHUTH
QurmeTCsTeTenGaustonigs  GFmey  QBLILSTS S ISaNLIGUTETTH6T
o ewrihgesty. Gevlievsiv  6Teqid  Fewligaiwevrany, LeTefuueder L6
. AQLIIDL  (LPIQYF®ET  HadIHl  LdsHones "Theory analytique des
GevLievsiv probabilities"-60 (1812) au@SSTI. 2AlISS5HH60 WpMHUTHEUID BlBLDSHE
(1749-1827) (LPEOMEGT LONMILD AHFHGHT B8 GHH®GTLI LNMlujLd (9HUTSHUNeD LjeTeflufuich
LIGSTUT(HEETLT Pl LD eflensEuyeiTen .

@' HDDV GHISHBHBISHRAT

Qi@ BlemeymibGUTg LoTewTalfE6T AMbE)Hdb% Gauessquiamal

o gaflfleev LoHmILD CFTL FFIMGST FLOGITUILIL LOTHIEET QUTWIDISHGD,

o  Hapssa) Hlond (CFnlay) FTTNeeT auerwInISsH6,

o @iyl ugeued FrNell(phgl BlsLbssa| Bland(QFmley) Frilamesd Siioneigaey,
°  Flapssa] Hland(QFnley) Fri9edmhs Galayl ugaieh FIiilaesid SLomeigaey,
®  FLOGUTUILILY LOTMIFHG@BSEHTES FITFH] LONMILD LITQUNLIG GOUIG He8TdhEIL 6D

o QuiGested LommILD FFIBMILILY LITeUGH B)6vThIT6ssT LILIGHTLI(H G560

11.1 D1pdapssib (Introduction)

@ FLoaumdiliy Lomy) CFrgsmemuilest FasHuLoTeT Ieneane)sEamen LPLYLOWITS eleufldhE@LD
P B iOaveilufesr Gamum a1 unm) GosvBleney wpHevTioness(h e mid CsTGHuled
Mol (HeTeng).

R Foaumlitiys CFrgamenuiless g piblaafluileh euedguwimibHILLL  FLoauTdiliy Lomy) e
ADLPGHLILUBLD B FAILY, AFHT BSDSSAT LTI ASwamednrs upy @i (iugEuied
SMHGLITLD.

11.2 swaumu i’ 1omp) (Random Variable)

Foaumiiiyg Gangamenuiest wpgmaid GUUTHEETT) GOIILG A®TSE HlHLOaFILD
GTOMNFTGOIG] 6V, [BILD HBGID LI FLOQUTUINF CFTEHmeEaflecy FISENILDTES (LpIg6)Heries
ANeTSHLOTSE S 6TeQILD FoMIOeUTIGW SHeLDEGTS).
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2ASTaUG CFTS®GUNGST (LpIge) AVVE S TILD Fo DIOIGTUNGST Fo ILIGTONBET GTCETEHATTS
Bpds Couetsnigus SHuAILAGH®EV. 2 FTTERILOTS R(h HTILSMES FHeT(HLdBLITSH HewL FEGLD
wpigays6 H (samev) wevevs) T (4). AGLD. Focumditiyg CFrgseamemuiest wpgesafiled Flev
F(IHeOTHIEETG) GTGHST LD 1L BT S BTG DHWITAT CarcwsTIq U 6T 6T ). 6165 Geu CFrgamestullesr spaIGlaum(h
WD SLD QR GTBTMeRT p&I%S(h CFUIEBDTLD. 2ASHTaug swVHS 1 eTevayd LainG 0 erewayb
5158 OFUIECDTLD. @ataurn S -B6eb 2 GTET 2 MILILHEHS S, 6T6HT LoSNILF®ET §p5I5E(h O\FUIg6D
Ph FLOUTUILIL] LOTH) 6T ADLPSHLILBHEDSE). P FLOQUTUILIL LOTY) 6TGHTLIEI 2 G¥sTemLoudeh 6p(ih
FITUMEGLD.

| assmywismp 11.1
@@h Foaumiy oms) X ererug S etenib dmpiOaueafluiedphsr R erenid GLowiGlwiess
SIS EGHT LD 19651 (BLOTMI QUEDTWIMISELILIHLD FTTLTGLD.
R -@)eb 2 6irer @awt_Clauer] 21606V 2 1 HEWILD 2160V6VF] Fo_MILGTeNBeN6ST GBLom my (N DLIkISET
S -Qeb, (B HBLDaITHS AMLOEMSE). RICUT(H BlBLOAYLD FlBLDSHE Lo IHLIG CIETEHTIq (B EGLD. |

FLOQUMUILIL] LOTHIE®ETS GO AbIEeV 6TUpSSHIFMD SewevliL] cT(pSHIFserTeT X, Y ommib
Z GuremeumedmuiLd FLoQUITUILIL LOTHISG@HSHTE FASENIAPSTOT Lo I E®ETd: GO S
GTUPSSHIGHFATTGT X, y LopMILD z GUmGTHRIDHEMULD LIWIGSTLI(HSHIGRUTLD.

P (B FLOQUTIILIL| LOTN 5760 T IQeuarf) S = {0y, @, 3,... } 676515, R 6168711 QLo iOuiatsr G’ anL b
G&WFENSI. Best] X e16t1Lig) S -@)6 auenquimidsin L Godnodliyd Fajly 6165r%. X : S — R 6168
GO LPEDG..  weTetTLug S -@b 26T Fa IETEN] GTGTLSTE) X(w) 6TGHLGI (b
OLou' 1O I68sTESSTIT G LD.

®weS eIy 26Ten X(0) O&TGLUY IFFHLOTGLD. AFTausk R eTevid GBI LiL(HLD
ofFFsLoneng R = {X(a)) oo € S} A GLD.

& MIGGue]

OLow'IQwiessT G 1968 LOGTE o miGlauat]) S -Qetr
Fov  FapieTaflser 0, 2AevFH  BlBLDeHEIEET
UL G L LD 11.1-6D SHTewteuTLD.

FOGSIDTS, O, Dy, Dp5,...0; €S -HG  X6IGILGH _ X

X -®atr P FSENILDTEST Lo 6T63Tl6h X@) Qi iQuwetsr (g e X(,)
{0,,0,,0,...0, } e16iug x -@s GriLonpl LB ILTEGLD.

uLip 11.1

2sTeug) X (x) = {a)n, Q]
B)6b p(p HlBLDAITEGLD.
alardhs sihHhHHhsn_H 11.1

(I FTGRILILD 6K (LPOD FeTLLIL(HEMG/ 616815 H(Bewev) Lommitd T(L) 61651 @)1 FamiL eI 6 BT
FaIGleualuie 2_6iTeeur.

. wlS,...a)lk} GTGHTLIZ] S-

ASBTS/ S:{T, H}

X:S > R 616115 $@me0E66T 61688605115 % 6T6HT .

<igneug X (T)=0,whpind X (H)=1aLb.

e1a01Ceu X e1awiid FLocumdiiy tomm) O ommid 1 b odliysanerts Gumidlng). X (o) e16brLig)
FHECVECIIGHT GTCET6HT S EIS HMISHT6V
0 o =y

X(w)= {l o =sgo(H)
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silhHHIHHT_(1H 11.1

Qb BIGIWLIAISST RH Lp®D FHGSTL LIL(RSeTmest. X e16hLg) Ldhaerflesr ecTetsressilbasaniLid
@M1, (1) FopOeefloow e1apsis (i) 1-er Criommy (Noudbensd Hresss (iil) FLoaumuiliL
LormuSIesT Lo 1 &6iT, LommuLd Grommy (NDLIBIEETIG) 2 6T 2 MILIL|HETIGH GTEETess G EULIT; FHTEETS.

Sjay Fa IO
(i) gamiQaouafl S ={H,T}x{H,T}
ignaug) S ={TT, TH, HT, HH) ? >
(i) X:S > R 616Gy 14FH6T 6T6oTews15®E 6T6HTS.
oTeiGoy X (TT) =2 (2 Ld56T) @LDLLI@LUGZSZST @5/7@
X(TH) =1 (1) Gty X (\)-Qetr g S — R
X (HT) =1 (1) uLLh 11.2
wppid X (HH) = 0 (0 Lyda6T).

Bestl X er6truigy 0, 1 ommitd 2 Fus todliysements Qumitd FLoaumuitiL) LommT@Lp.
X (o) 6168111 LL&S6iT6H cT6ssTansibansamiid GUIIHEng) 61651%, @HeO(BhbS/

2 ,0o=T1T
X(w)=11 ,0=HT,TH erewi QumibGmrib.
0 ,o=HH

1-@atr Giiommy ibumbiser {TH, HT} @b signaug X~ ({1})={TH,HT}.

(iii) GmiLommy (NbLkiseiled 2 mILiLEeTIe 616886 S L 1g wed6) HTL L LILL (HeTETg).

FLOQUTUILIL] LOTMUSGST OGN 1| ST 0 1 2 OLorgsLd

Griommy 1bLkigertleh @ mitiLsetesr cTessiessildames 1 2 1 4

|
eI(hBHBHIHhHT (1 11.2
Frmest @) LSML BT 2 (BL L LILBHUSTES OBm6TCauid. X e16d1Lg) )b LsamLufed Hevl &@Lb
GTGESTHGNGHT QULDTS B Fo I (G BT 6168TI6Y, (1) FomiGleuaf (i1) X 61e8itd Froaumu'iciny tomm) T(hg@LD
Logliyaser, (iii) 10-@)est Gmitommy i(9ioud, ommiid (iv) X-es1 Gpiitommy (MbLidHed 2 arer 2 mii'ijseriles
GTGHOTGEIN DS ASNIINEDNT BTG 5.
Sjal
(1) %= miCaer (
S=1{1,2,3,4,56}x{1,2,3,4,5,6}, (
36 el ibdai’L. Gemgsei (o, B)-@eb (
(
(

L1), (L2), (1,3), (1 4), (L5
2,1),(2,2),(2,3),(2.4), (2,5
3,1),(3.2),(3.3), (3.4

(1, 6)
(2.6)
6)

(3.
4,5), (4, 6)
5

b 2

)
_ )
2 6ireneyl. @I o LDLT.)QJL'DQS?,B oga%?tuegcm 1 4.1), (4, 2), (4.3), (4, 4), (4.5

o 6 oumyg ULF LI LITeH

gﬁi@mn@ @QLg mmg)fﬁﬂguu/%lb Oumitp. 51),(5.2),(5.3), (5.4). (5 5). (5.6)
PalOleuTp Lerefl(a, B) ereTUsH@GLD X (6,1), (6.2), (6, 3), (6, 4). (6. 5), (6, 6)]
6TGHTLIG LISL_U6sT GLOGVIGT G 6TGESTHETIGHT Fa_(HB6L TG p&IHH (R CIF I ILI(BEMS).
2AgTeug X (a, ) =a+ p AGLb.
616516y

)
5),
5)s
)
)

(
(
(3,
(
(
(6
X(L1) = 1+1=2
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X(L3) = X(2,2)=X(3,1)=4

X(1,4) = X(2,3)=X(3,2)=X(41)=5

X(1,5) = X(2,4)=X(3,3)=X(4,2)=X(51)=

X(1,6) = X(2,5)=X(3,4)= X (4,3)=X(52)=X(6,1)=7
X(2,6) = X(3,5)=X(4,4)=X(53)=X(6,2)=8

X(3,6) = X(4,5)=X(54)=X(6,3)=9

X (4,6) = X(5,5)=X(6,4)=10

X(5,6) = (6,5)=11

X(6,6) = 12

(ii) e1e1Geu X era@®d Froeumuiiy o) 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 b odliysanernt

OupEmg).
(iii) 10-@ir GfLompy iowin {(4, 6).(5, 5).(6, 4)} e,

(iv) Griommy iMbLkiseriley eressiessiidands EGLp L 1quicdl L (HeTeng).

FLOGUTUILIL) LOTISUGGST Lo 1L H6iT 2131456789110

11 | 12 | Gorgsip

Griommy 1MbLbigeneh @ mii'n jsemlesr 112031al5l6l5lal 3

AEIENIEE

eI(hHHIHhHT_(H 11.3

@ 2Mquied 2 CueTaT LhgIS6T LoPMILD 3 eIy LbGISET 2 GTeTeT. FLoaUTUILIL] LpeEDUIeD
3 ubgI%6T 2Tquiled(mhg CoTHOS(HEHILHS M. X c16TLIZ CHiiH0\S(H S @HLD Haui Libgiserlest
GTGESIGTT GBS GO L m60, Froaumui'iny omm X -@6sr ol jseenujip g6t GriLommi

1NDLIBISETG) 6TEESTESISHEDHEUILILD FHTCITE.

Sjay

OeuciTanar LommILD FQILIL) LIBEIE®ET, W, W, , 1, T, LoDMILD ¥, 6Tes1d GuIn(HGaurib.

o pIOleuaMuieh Sc; = 10 ClouaiGaumy 3 6T63sTewsllSm®E GGG Ja DISGT 2 GITGTE.

2AFTaIG S = {Wlwzrla WW, T, WiW,Fs, WiIT,, WL, W, Wolhlh, Wyl s, WoIhis, ’"1”2’"3}%@’-0'

Froaumiiiy torm) X 61(h&@Lb Lodliy%er 1, 2, ommith 3 4@Lb.
S h@]@@l@ﬂ S

PP

rjgv

X= X== X= 2

y

1 OlLou1Glwicser Gar(h

Gamitiy X (\)-@etr g S —> R
uLib 11.3
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FLoaumuiLiL Lomps) X-@)ett Lo it jseir 1 |2 ]| 3| Gwigsd
GrrLommy 1MbLkIGeTIe) 2 i EeHeT cTevsrewfldens | 3 | 6 | 1 10
[ |
@GPy

X e1687LIg) OaciTeaneT Likhgisamehr eTesenildamaanuid GO Lmed X 61(hdHd dni1qui Lo IL|H6T
0,1, tommitd 2 A@Lb. Criommy (NbLkIEe e cTevsressllgamas b Tem/ommy L' 1quiedl LiL(hEng).

FLOGUMUILIL LoT)) X-@)68T Lo It el 0 | 1| 2 |Gwrssd

Griiommy (Noukiseileh 2 piiysefler eresresfldams | 1 | 6 | 3 10

MaTdh® o1(hHHIHBI_(1 11.2

150 Lomewreuiaseend GEmessi @b & 4 Cuphgisatlsh HnmieTalngd FevfleTmes. 6
Gu(shbdled 38 LonessiauiH@bLD, et meugy Gu(khHleh 36 LoTessTaITH@BLD, eLpesTmTeUS GL(BhEleh
32 LOTGSTRITH@BLD, LOSHUPGTET LOTETITEHET HIcTHTag GCuiBhbdled Lwessidseurr. GFpLsi b
QUbSHILD 21 150 Lomessiauiseiled sp(heul FLoaumiiLiL) Lpedmuiled G rmbols(hSBLILIL LTI

X erettugy sy apeomuliled GHihos(hEsti L  Lonesact @bbE GuBhdlevieTer
LOITGRTR T HGMTIGH GTe8sTGssHbenEamid: GnlEEng 61651%. eteaaiGau X erettiigy 32, 36, 38, opmid 44
ASW 0B BT CFBTERTIq (hGLD.
sihHBIHhHT__(H 11. 4

6 OeuaTener Lommid 4 H(bLiY LbgIS6T CBTeserL sp(h @mquiedBhbal @b LbSISET FLOAUTUILIL
wpedpuiled Caimols(RSHLILHSeTmert. CahIholE(HS LB aldanmm Sy ubdngd I 30
Oeuevaussald Caibols(H 5L paibleuT(h GausTaer LbSH@Ld X 20 CHTOHLSTELD C)HT6T .
Oascbauid Osrewsemw X @GOIIUETEsS CFnesmed, X -@6r oFlIB@®aeTu/iD LOPMILD HISH6T
GriLommy 1N oLkisene) LeTe 56 e 6T685Tessl%@EBU /LD HTCITS.
&joy

FgSuLomest Sieyser (1) @ressr(hGLo SBLILITES @)(HdHHeUTLD 606V (ii) §p(h ClueTeaT LoHMILD
R Sl Asvevg (iil) @resst(HC CeueTeerwing @HsbEeuLid. 61asGal X 616TLIg 1965TaU(HLD
LGN Famend; CVHTEETIQ (hd@LD FLOGITUILIL] LOTMNLITGLD.

X (@uesa(hGio sy ubgiser) =X 2(30) = X 60
X (p(h S@LIL LOODILD §p(1h GleueiTemar Libg) = 30— 3 20=3% 10
X (@yes(hGio GauciTenar Lpbgiser) = 2(— 20)=— T 40
e1aiGeu X 2Aeigy) 60,10, opmid — 40 oIy Emend C)Emesstig (hdb@GLD.
@l = 60-@eir Griiommy Mvuth {bb,, bb,, bb,, b,b,, b,b,, bb,.} He@Ld.

FLOGUTUILIL Lo X-@)68T Lo 1L BaiT 60 10 —40 OLorSSHLD

Griommy 1NdLBISEN 2 M HefleT cTevresslSm% 6 24 15 45
00 .

SD6V HlIHAPLOGUGIT S ([ HITGTULILD F6¥STL LILI(HEDSI. BT FaDIGlaGYT]
S={H,TH,TTH,TTTH,...} <@&LD.

SV HEHUPLDGUT FeBsTLLIL(HLD 6TeEsTef GBI X 6T6H 5.

Mardhds o1hHH1HBI_ (1 11.3

BQestl X e1awitd Frocumudiciy o) 1,2,3, ... wpsedus ofliEemend; G\smessig (hd@Lb.
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alardhs s1(hHHIHHN_(1H 11.4

N 16t @ sev @ Gauaflufled o gallewiouigSn@s COFein auflaFuileh F1dd)BdHGLD
15T AT GG 6T688TEEs 6 666D G@MUINM GTCETHETGHT HESLOTHSHTEHT FnMIGGUGT] SewLDU /LD .
2gtag S=1{0,1,2,3,...} oopnpid N e16s1ug sp(h FLoaumuitiy Lomp) G\bressng (hdb@Lb Lo L6
0,1,2,3, ... %D

alardhs sihHHIHHT_(H 11.5

@ CFngmerr et llaTdHlett Auiemer Agmujd eTestled LoleiTellenSEletT 24Ul HTGULDTHS;
FamIOauet] emioujip. 6165Gar g miGeuafinesig S =[0,0) AGD. X eT6d1LG 1Ol6tTeNeTdEl6T
QUL HTVSDSE GPSSTD, X e1@ib FLoaumiin Lomy) Qs bd@id wdliser [0,9)-6b
<HGOLOUYLD.
Mardhds o1hHHIHBI_ (1 11.6

r AIAPETer (b Ul (B D 6T681%. D -@)eb FLocumiin’iy wpepmulied sp(h Lieirerf] Caihols(hda L(hEmG).
LGSO BhS LeTel]l @pd@d Osremevenas X 61651%. g piGaued] S =D wppid X e6Teid
FLoGITUILILY LOTM)S O\&messtig (hd@ LD EIyEET 0 UpH6d r QUMD AGLD. AFTaIg ©ES -4
X(w)e[0,r] 2.

LuGpa 1.1

1. X er6t7L1g) eLpadrmy Lrest prrcwnLbigmer QG FLowiGHed b wpamd Fesr(HLoGumg aflipLd
LS EGIIGHT GTGROTGS IS0 % 6T68Tdb. FLOGUTUILIL] LOTMNLITES X-@6tT Lo 1L jE@®enuyLd 21565 GBILOTH)
1NDLIBISENG) 2 GTTET LIGTOTECIGH 6T6EsTCEs IS BEUINLILD HTCETS.

2. (b Fa®LUND 5 LomhIS6sISET LoHMILD 4 A NNGTHGT 2 GiTeTest. b0 (hihgi eLOGST M LILDAISET
FLoaumdi'iy  apedmuied Csimos(hssliLBSlemest. walanmm CsIboE(HS@GLD  LILPhIGET
@ ANV HET  6Tevlled, FLoaumuiiny omplwnes X-@er  odliysmenujid ger  GrLOTmI @
1NDLIBISENG) 2 66T LIGTOTIEGIGH 6T6ESTCIs G BEUINLILD FHTCITS.

3. 6 Hauliy oHmid 8 F@BLIL UbGISET 2 6Tem (5 O\BT6THeVes O (BheI @b LbSHIST Frme
woapuied CaHrmBolB(hEsLIL(BHeTnes. eaieurn Caibols(BHésILBD altleun s FHailiy
ubSn@o X 15 Geucveustsayd CaipolE(HSslLBD palbleur(m Sy ubdnao X 10
Carmugnsap 0s%16ers. Geucbayid Csremsmw X GOLILSTISS CFnesmne X -Qetr
SN Iysamenuid opmitd 6T CriLommy 1NbLBISEN6 LeTerlSer e 616886 % mBEUIL /LD
HITG80T .

4. Am LSS LUS®L PTG (h UGSSHD 2° e1e0d GDISHILL (HeTeng). g6 QTess(h
LGEHBIET 3’ GTENIQLD, LOGUPGTET eLPGTN) LIGHAIEETG) ‘4° 6Teia)d 2 6TeTd). B)(HLpredn
usL 2 (BLLIUBEDE. X er6iiug @B 2 (bl Levselled Ll GG cTessIsames gt (Hd
Osremsmu GnlsEng e1ele, X -6t Lo iLjseanu b Lopmitd 1568t GBiLommy (N bLikisereh
LT B6GHT 6T68oTess S aEUILLD HITCE5T .

11.3 FoaumuIiL] IP&Haiedr als®EHheHal (Types of Random Variable)

Bihs ASHwmugHed @p auews FLoaumiiiy ormlseent: unm) o’ (Kb uritiGuUTLb. eunmled
QRGN GTHTGRILBdH% Lo ILHMeTd O\BTE8IQ (hSGLD p(H FLoGUMULILIL LomW) LoHMILD LoHGDTGSTMY
O&TL FFSwIne Lo 1L Be6nd; O\BTeETIq (hS@GLD FLOGITUILIL LOTWNLITEHLD. HSBTAIS,

(i) seflblevev FLoaumuiliLy Lomm) (6Te8sTess IS HSHE AHGTE®R)

(ii) O gdfwine Fiocumdiiy omm) (enaill$s55%5 SHeTama)
195 &S 5a| LIJaIedEET
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11.3.1 saiBswsd Fosumunin] wipxser (Discrete random variables)

@uium_riugHuiled Brrb 9estau(peuaTaunEML LHMD) eeuTdESETLD.

(i) sestiBlanev Foaumiiiy oy (i) BlSLpSHe Blenmd FrrijLy.

(iil) @aley LiTared FrjL. (iv) Blasbssa] Hlavnd Friiledl(mbs Gallay Lraled FiL OLmise.

(v) @aflay Lyaued Friedl bsl Blapsse] Blevns Fi GlLmpise.

FLOQUTUILILY LOTMUINGHT 6FF & FEOILOTCE S 6T688THGVIGH H6uTFlen6V HewILD 6165160 FLOGUTUILIL LOTMuSIGsT
Griommy (NDLLD APIQAIMI AV GTEOIGRTL $HdbE (LPIQAIN] HESILOTE HLOUJLD. HSFHEHBUI
FLOQUTUIIY  LOTWISGT  Fesflhlavey FLoaumuiiy LompseT 6168 HAMLPSGHLIL(HSesTmest.  Festlblanev
¥ IOaueueb euedTwInIGHILBLD 6p(h FLOGUITUILIL] LOTN) SevhBledevwins @ HdGLb.

| asnyuwisn 11.2 (SHeofHlsmsd Fioaimuiiing wonp)

I IOleuaf] S-aSl(phg OLowiGweser R -$& augwmissiuBn X 6Te)id (b FLOQITUILIL
o), X -@)etr efda 6T68s16wTL $5HHT1H Q) BHHT6L HeSHlewe FLOGUIMUILIL LOTHITGLD. AHTAIL),
APIQG M AHCVEVG GTGEITES FddE (LpIgeymIT 6T688T Lo i jsener oL (hGLo G)sressng (@b, @b S
FISHD 2 6ITen IOl (h Lo et FBLLSEALD LODIENIGHT [HHLHEa S CIBTCETL HTEHALD,
6515 FaH61T 6T QLTSS Fo (HH6V RETDTHALD B)(HIHGLD.

@I sy
OSTL T Fo IGGUETUIG) Fo 1 F63TEleD6V FLOGUTUILIL] LOTMIEOWI CUEDTUINISS BUIGVILD. FITGSTDITS,
() O&TLT g miQauaf] S =[0,1]-Q)eb, Aweridg ® € S -5, X () =10 6168 uanguwimSsHiL(hip
FLOGITUILIL] LOTY) GTGSTLIGI 6p (1 H6TIFlaney FLOGUMUILIL] LOTBIUIT@GLD.
(i) OBTLT g2 miOauarfl S =[0,20] -5, uewmumiGHII(hLD FLOGITUILIL L)
1 ,we[0,10)

GTGSTL F6STBlenev FLOGUTUILIL] LOTWHNITGLD.
2, ®e[10,20] 220 . © @

X(a)):{

11.3.2 Hmipssa) HeopF FrjL] (Probability Mass Function)

Rh Feflflenev Froaumuiiy ory) GO L x, odlieurs QumpioGung), Asmaig P(X = x)
eT6tTLIg [ (x) A p(x) eTesid GO C(pid.  f(X) 6Teqild FIiL FlHLDSHe Bladmd FITijL| 6T6s
ADLPSSILHEDG). B(BLILIeID Hev BrevnHiflwiFseT Qe HlHLpHEa FTIL| 6TGTRLD K HLp6eI6TT
Fngy  eresiayd GO BSermesty.  @UumLtiu@gSuied, Foeumdiiy orygl  sesflbleeuuis
BBF@&OCUTS,  QUPSHOTET  FidnF  CFmeevnes  BHEHbSEa Hlond  FAJY  TGHLIS
LweTU(AS SN SIS LoHMILD ST QULDSHHLOTET & (hdHLD pmf HGLD.

| asnywisn 11.3 (Hspshsa) Heopd FijL])
X3 Xyy Xyseno X, ...y GG H6¥T) LOKNIL|EGDGTS QMETGTL X GTGHLIZLI §p(1h SHevllblewey FLOGUMUILILY
orpflowesfleb, Fmgy f(.) 2evevg p(.) erewd GO LiuEms). Cosyid f(x,)=P(X =x,),
k=1,2,3,...n,...6T65TLI&I HIHLDSER HleOMF FTTLIMTE uedTuImISEIL(HENS).

/(Zgij)mlb 11.1 (pRlepLicwndednnd) b

f(x) 6T&@ILD FfLY X, X, Xy, ... X, ... 6T6STD) OUoUIOWIGHST OB IL|BH@BS @, Bl BLOSHEF FTTLITS
CHANLITGSIGILD LONMILD GLITSHILOTGSIHILOTEST [BlILIBSEDGSTHGTTHS: HLDSHTGILD LIGESTL|EETS;
OEmevorg (5% Gauetsr(hLb.

(i) f(x)20  k=1,23,...n,... -G woppid (i) Y f(x)=1

k
o 4
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Y
@mgi)l_;f(xk) =P(X=x,), k=123,..n,. } GTGSTI [FlBLD S B HGITIGHT HGWOTLD. Havf) 6l eV FLoGUMUILIL)
Lomplufleit [FlsLbS B LI LITaIeD 6TeTMILD HLPSHBLILI(HEGTDS).
(il) FLOGUMTUILIL] LOTY) 6R(Th FITITL| GTGATLIHITGD HFHEDGHT
(a) uLliquieb Lpedm (b) euemguUL LD Lpe®D (c) GCamemar Lpedm
2AEW LpemEerilch GmINIL euTLD.
IhHH1HHT_H 11.5
B Fonewr prewwbIEeT Gy FLouidbled Feveng il i Sesrmest. (sp(m Frmes mressD @)
wpedn F68orq N LILBUSNG FLOTGILOTIE]). FDLS% SDVFTGHT 6TeoTess1GmESS HlBLDSE
BleMF FITITL| HTCESTS.
&jay
g piQavefl S = {H,T}x{H,T}
<igneg S = {TT, TH, HT, HH }
FOVHGHT 6TeBTessl SIS GBS GHLD FLoaumuiti Lorp) X 6Tes1s.
e1a1Ga,
X(TT)=0, X(TH)zl,
X(HT) = 1, ioppup X (HH) = 2.
61601Gau FLoaurmuitin) o) X -esig) 0, 1 ojmid 2 fui 1o semend; O\abmessig (hd@Lb.

FLOQUMUICIL) LOTWUINGST LIy 0 1 2 OLoTSHLD
GriLommy (N bLkisened 2 miisere 6T6usesslg:m% 1 2 1 4
® B&L0F5e) Hlewmd Fiy Spdsreionm O&1(HEsSLL (HeTeng). ®
1 Jx)
/0) = P(XZO):Z’ 1
3
1 z 1
£0) = P(X =1)== 1 2
2 7 L
o 1 1 4
wppis f(2) = PX=2)= ; |
0 1 2 F

gy f(x) SLpSHTesiLDd HILbES®ETE®ETL LTS CF IS g 19 -@etr Hapssa Heond sy
(i) f(x»=20, x=0,1,2 uLLp 11.4

(i) ) f(x)= xZ::f(X) P AVURTAORSAC))

I 1 1
=—+—+—=1
4 2 4
e1a1Car f(X) 6TGOTLIZI Sp(h (lBLOSHR HlewDF FITITL| AGLD.

B&L0F5e) Hlewmd FiL Spssreionm O&1(hSSILL (HeTeTg).

1 , x=0
p 0 1 2 ‘1‘
(2iebevg)) f(x)=1= , x=1
e 1 1 1 2
. 1 1 1
4 2 4 % Cx=2

|
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eI(hHHIHhHT_(H 11.6

B Fryrrest LIGGOL HGIT (b (LPGOD (L1
o (BL L LIL(hEeTmEDT. HdLSF BTG &SN a0T ’
GTGOSIGESI B HTCHT [6FBLDEHHR BlGODF FITTL| HT6ESTS. (2
Biay s B

I5TGST GGV TG0T GTGUOTGHS 1SN BEIL X -@)etr (4,
Lo BTTSHS C\BTe8TL. FLOGITUILIL LOTM) X GT6HTS. (s,

I mIGeuef] S L1 aueewTsd Sl (HeTeng). (6,

Qzpaman

S ={(i, ))} erewayLb 6T(LpSHEVTLD, @i i =1,2,3...,6 LoDpID j=1,2,3,...6 AGLD.

eTe1Gar X -2Ae51g) 0, 1, Lommitd 2 AF Lob) 1L BT O\BT6EsIQ (HdGLD.

(i) X=0, V(i,)),i=4, j=4 eresled
(i) X =1, (1,4),(2,4),(3.4),(5:4).(6:4).(4,1),(4,2),(4,3),(4,5).(4,6) eretricumnfled

(i) X =2, (4,4)-@sd
6160156,

FLoQUMUICIL) Lomm) X-@)edT Loy 0|1 OLod LD
GriLommy tbLkigerileh @ miriLsetler eressessiidas | 25 | 10 36
BIBLb S5 SGIT
25
0) = P(X=0)=—2, S
/(0) ( ) 36 iy
_ _pn- 10 25
f(l)—P(X—l)—g 36
10
- 1 . 36
oppitb f(2) = P(X =2)=£ 2GLD. 1
: : iy : 36
B sy f(x) SpssTeiLd 1
BLBSDTIHMTL LT OFU IS NS 0 1 2

() f(x)=0, x=0, 1,2 oHmLb

fx) -t Blsips56) Blavnd FiL
uip 11.5

i) Y /=3 f@)= O+ D)+ f2)=1

(S1606vg)) f(x)=

_» o 1
36 36 36
6&LbFHe) Hlewmd FiLy SLpdbETEILDTNI ULPhAISILHEDS).
X 0 1 2
s | w0 | 1
/™ 36 36 36

XII - sewflgaiiiecd

‘ ‘ 12th_Maths_Vol 2_TM_CH 11_Probability.indd 198

198

25

36
10

36

36

16-12-2022 17:59:10‘ ‘



B [ [ [ ® . EEES

11.3.3 @aiay1 Lol FIFL] DIVVHI LIFaIeD FIFL]
(Cumulative Distribution Function or Distribution Function)

LIV S(15688Th1561TI6D [BlBLDEBMGIS; H68STL ML DOILITULOG], FLoUTUILIL Lo W) X, T H@LD Lo IL|FHETTEs )
TCasamID p(h OLouIOWIGET x-d@ G®DAUTFCaUT AV FLOLOTFSUT BBLILISS; HTCTCTLD.
T OowiOwes x-%@ F(x)=P(X <x) eremmlmhsiey, F(x)-go FLoaumiiiy ommp)
X -@)6t1 @ailey LITaU6H FITITL A6LG] LITAIGY FITTL] 6T M) Fo MEUTLD. QLITGIaUTes F(hdbHd cdf @GLD.

| arsmywienp 11.4 (@aiag Liyaid FmjLy)
X, <X, <Xy <-GIULDLIG X, X,, Xy, ....0SNIB@BSSG f(X,) -8 BHBDSFe HlednF
FITUTES OHT68Iq (K@D Festlbleawey Froaumuiiy ommg X -@esr @eley LITaIch FTijL

AN F(x)=P(X <x)= Zf x € R @Lb.

X; <X |

gesflbleney FLoaumuitiLy ommusiest Liaued Friy sestlblevev LTeued FrjL ereiL(hEm). c1esfleniLD,
BBLpS56 Blavmd FaiL) f(X) 6TeTLHI X,,X,,Xs, ..., TULD S6OTBIE®6V LOENILBGCT FH6wTdd)HESGSH 60T
QUDTUNIGHIUL L G Galay Lugaleh Fril F(x) ereiug Siaeidg Ol wdliyserier x € R -4@
QUDTUDIGHILBEDS.

6B %6 Hlevm cEF/TﬁL(I.)GZDGUIL'I LweTu(h$S) @alley Lraueh Friienesid &esulldaeuTLD.

F(x)=P(X<x)=) f(x)=2.P(X=x)

X;<x Xx;<x

X et@ud  FLOGUmUILL T, Xy, Xyy Xy oo X,, (X, <Xy <X; <,00<X,)  GIGD  LPIQQYDI
GTGOSTGT I FHBUNGTG Lo ILFE®ST 1oL (HLD C\BTE8TIq (BhSHTE) , AHT Gallay LTeU FTTINenes

SLDESHTEILOTHI QUGHTUIDISHCVTLD.

® ®
0, —00 <X <X,
f(xl)o X, S)C<)C2
S )+ f(xy), X, Sx<Xx
F(x)=
F(x)+ f(x)+ f(x), X, Sx<ux,
SO+ fx)+..+ f(x,), X, <x<oo

geflbleney FLoaumuitiy oy X-&@ @aley UTaed FIIL SDSHTEID LIGHTLE®GTL LJdhd)
O FIEIng).

(1) 2dadg xeR-5@ 0<F(x) <1,
(i) F(x), sp@p Oods Lodliyent_wid G®meymnd FaiL <A@ (x <y, aafle F(x)<F(y)).

(i) F(x) @ aeuiiudad Osmif sy 2@ ( lim F(x)=F (a)).

x—a+

(iv) lim F(x)=F(-»)=0.

(V) lirEOF(x)=F(+oo)=l.
(vi) P(x, <X <x,)=F(x,)-F(x).
(vii) P(X >x)=1-P(X <x)=1-F(x).

(viii) P(X =x,)=F(x,)-F(x;).
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@iy
Feov preondiflwiser Galley ugeied Fmgy F (x) -@atr QUDTUIDNSG AIeLILSSES OFTL 455
uglevns @155 OFTL FdFHeowir’ LGTUHSSIEMTTH6T.

11.3.4 PamipHema] Headm FIJIA(HbH GHala] LIJaisd FIjL]
(Cumulative Distribution Function from Probability Mass function)

(1 seflblevev FLoaumdiciy omy) X -@6tr Flasibssa) Hlevm FaiL opmid Gelley LTeU6) FiLf
2w Qs (Hip X -6t 2Awetid gl 5 HLpH56| SEaIcvEMENLLD G\BT68q (h&H@LD. X ~6T (HBLbSHa)
ugalmev Qs @ressng Qevneiny Sitoneslds @uigid. 2 csienLouied, Fesflbleavev FLoaumuiiy Lorm)
X -Bet1 ugeued iy F-@anest X-Q)etr FlaLpsse) levmdamiy f(x) epeurons eNendseunib. 2ASNG,
GrILommIEa b 6T daseuLD.
ei(hHHIHhHT_(H 11.7

groaurdiciy torm) X -@)6ir Blasibssay Blevm FiL f(x) eT6dTLIg

x 1 2 3 4
1 S S 1
VACO RN P 12 12 12

erarfled, (1) AT @alley LTaIG) FTIL HT68TH. AFH epevlons (i) P(X <3) opmitb,
(iii) P(X = 2) yflwieumenmd: Hiessss
&joy
(1) euedTwiedDLILIG FH6sHHlew6ev FLOAUITUILIL LOTISGSTET Gea LITaI6D FITTL
F(x)=P(X<x)= ) P(X=x)
® z ®

P(X<1) =0, —o<x<].

F(l) = P(Xgl):ZP(X:xi):ZIZP(X:x):P(X<1)+P(X:1):O+E:— .

x;<x —

F(2) = P(X <2) =22:P(X=x)=P(X<1)+P(X=1)+P(X =2).

+—t—=—.
12 12 12 12

+
12 12 12 12

611360 &eN6y LITGIGY FITTLITCIS)
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y
0, —o< x<1 Fp
1 1 mwo v
—, 1<x<2 11 4 12
12 o :
1 1
F(x)= > 2<x<3 | 2
21
11 1
Tz, 3<x<4 i 1
1 4 < 2 ; >
R < x< [ [ \ [ -
e 0 1 2 3 4 .x
Fx)-@)etT @alley LTaued FrjLy
uLtp 11.6
(i1) P(X§3)=F(3)=%.
1 11
(iii) P(X22)=1-P(X <2)=1-P(X <D =1-F()=1-—=—. m

i H1HHT._ (1 11.8
R AW USS USDLUIGT p@H UbSdHHlev 17 616w 2

GUISSILBEDG. AFST Qb  USFHISETID 20 GTGIRLD
LOSAPGTGT eLpGSTM LIdEmiGailey “3° 6168IayLd GMISSLIL(HEDS!.

Orsss Osnamamu X @nléHna eTerfle

() BlBLbSB Hladm FITTL| FHT68TS.
(i1) @Galey LTaI6H FITTL HT6ESH.

(ili) P3< X <6) &6 (iv) P(X > 4) H16usT.

uLip 11.7

ey

Bwapem 61115606 QLo sd OFmeans X -0 @GUlliusTev, X -2Aeig 2, 3,4, 5, opmitb 6 b
Lo 1L E®6NT > CIETEE8TIq (hGLD.

2ABEVIGTAT 211" 1 cUeneseT S-c0(Bh,

FLOGUMTUILILY - Fa piGlavef] S
e i 2134 (5] 6 |Gwissd 10
Gniionm 1 1122|333
1 DLIkIEET6)
> pititsefler 1 [4]10(12] 9 36 1 2131314 14]|4
GTGHOTGES 0% 2 4| 4SS
1 A 2 |3]4/4]|5]|5]5
P(X =2) =3 P(X =3) =36 3 4 15|5/6|6 |6
3 41556 |6]|6
P(X =4) _10 P(X =5) -2
% e 3 415|156 |6]|6
. 9
wppitb  P(X =6) = ry
201 Bl &SLpS 50 LIFaIcdEBET
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(i) BsLpS56 blawD FMILITGHIS) Shy %
10
— 9
X 2 3 4 5 6 % 36 26
L4l ||
@ 136 [ 36| 36 | 36 |36 5 =
% 36
(i) @afey LFaue FijL 1 %
QUMTUIGDLILIG FCSTHE6V FLOGUTUILIL] 36 | L
LomSludesT Galley LITaUed FTiLITeIg), 0 12 3 4 5 6  x
BSLDSS56] Hlawpd&
F(x)=P(X<x)= ) P(X=x,), o H
X;<x .
! uLip 11.8
P(X<x) =0, -w0o<X<2.
2
FQ2) = P(XSZ)=ZP(X:x):P(X<2)+P(X:2):O+%=% .
3 1 4 5
FQ3)=P(X<3)=) P(X=x)=P(X <2)+P(X =2)+P(X =3)=0+—+—=—.
= 36 36 36
4
F(#) = P(X<4)=) P(X=x)=P(X <2)+P(X =2)+P(X =3)+P(X = 4)
R PRI (U £}
36 36 36 36
5
F(5)= P(X <5) =Y P(X =x)= P(X <2)+P(X =2)+ P(X =3)+ P(X =4)+ P(X =5) ®
1 4 10 12 27
=0+—F—F—F+—=",
36 36 36 36 36
6
F(6) = P(X <6)=Y P(X =x)
= P(X <2)+P(X =2)+P(X =3)+ P(X =4)+ P(X =5)+ P(X =6)
1 4 10 12 9
=0+—+—+—+—+—=1.
36 36 36 36 36
cTeGav, Gallay LITaUeh FIiLITeyZ), Fx)Ay
0 , —0<x<2 1 LS
1 27
% , 2£x<3 2 g :
s 36 :
— , 3<x<4 15 :
36 15 36
B gcacs 3 —
36 5 1 36
27 , 5<5x<6 36 36
36 — >
{ ’ 6< 5 <o 0 12 3 4 5 6 x
Gy LTaleh FTjL
uLip 11.9
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(i) PG<X <6) = ZS:P(X:xl.)zP(X:3)+P(X:4)+P(X=5)

4 10 12 26
= —+—+—===.
36 36 36 36

(iv) P(X >4)= iP(X =x,)

= P(X =4)+ P(X =5)+ P(X =6)

10 12 9 31
=—+4—+—="—
36 36 36 36 u

11.3.5 g@aia] Lyaied FIFIAN(HbBIHI HHBPHHR] HeDD FIjL]
(Probability Mass Function from Cumulative Distribution Function)
(b Bestlblenev FLocumiitiLy ory) X-&@, Galley ugeued Frjy F spaiGleun(h X, —uleiLb Hi6Tamed
Br&@Lo. Coaid 2ABSHBHdS X, -H6fled LOTDTLONID BBSGLD. X, -Beb B BSGLD SHieTenedlss
o wiihb £(x,); @GS wpamulle F -a0phg x, -@ett BloLpssemar LOL G (HdbHeurTLD.

X, <X, < X, -+ GIGTMGUTIMI BN BSHGLD X,, X, , X, . .. LD IL| BT S Q)BTaBOTIq (1S GHLD F6vThlanev
FLoGUTUILIY LoTpf) X 67681, Lommitd F(x,) GIGHLIGI LIJQUG) FITTLTGLD. 6TaiGa [hlHLDHER]
Bleom FMiLy f(x;) A6,

f(x)=F(x)-F(x_ ), i=1273,.. . 2%aLw.

@iy

x=a-60 F(x) Fnjler HeTemney ‘F(a*) - F(a’)‘ 2AGL.  F  @G®DeymiLosYd Lommid
aIelILGsLoNS  OFTLFdSwunsaud Qupliugied, @Galey ugaed  Fagy  F -6 &I6Tened
P(X =x)=F(x)-F(x") 3&Lb.

Qg gierared QT jFFulebeumioed @BLILSTD) BHBHLbSEHMTE HBLLEMSEI. ABTIH 6B
@lay LTaIed FIiiesr Q&L TFMUINDEaIFTIGH HEOILD 6T6E5T688TSHH S/
ei(hHHIHhHT (1 11.9

£CB1p Os1(hssILL (Heirer @aley Lraued FrjLy F(x)-Qetr sevflblenev Froeumuiniy tomm) X -ulesr

Bl&BLbEFa BlawDF TN HTETSE.

0 —0<x<-2
0.25 -2<x<-1
F(x)=40.60 -1<x<0
0.90 0<x<l1
1 1<x<w

Guoguin (i) P(X <0) ommutd (i) P(X > —1) &revers.

203 &S 5a| LIJaIedEET
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&jay
X er6bTLGI p(H Fevlblewev FLoauTuiliy Lomp) 6T TLIGTE), OBT(REBLILL L HHaILHGTICO(HbSEI,
X 19es10u(mLd Logliyseraes —2,—1,0 opmid 1<Eweunedmis Glumiib.
QUTUIGDLILIG F6sTBleev FLoaumuitiy torm) X-&@, f(x) = P(X = x)
stenGau F (x)-@svr x = -2 -6b @1 11uds erevamev F(—27) %@
f(=2) = P(X ==2)= F(=2)- F(-27)=0.25-0=0.25.
BGg GUITGSTII TG HIGTETCV LIGTOTHEHESGLD,
f(-) = P(X=-1)=F(-1)-F(-2)=0.60—0.25=0.35.
£(0) = P(X =0) = F(0)— F(~1)=0.90—0.60 = 0.30
f() = P(X =1)=F(1)= F(0)=1-0.90 = 0.10 e7am’ QupiiBEHs.
101G [(FlBLDSEHR [Hlewm FTTLITEIS

2 -2 -1 0 1

f(x) 025 | 035 | 030 | 0.10
. [ |
A GLD.

F(x) etewib ugeued FmmiImg x=-2, —1, 0, opmid 1-60 HIGTATCOFHGT 2 GITETGH. b
FloTenevEer  wpeopGus,  0.25, 0.35, 0.30, ommitd 0.1
FHTGETLNGSBLILIL (HATETS).

Bb FI6TT0ECT 6BLDHE] Bleavmd Frifeneuid; &iLomestlsEesTment.

610 BLpFHHTEWID LI GFle)

y YasaT  Fl S )
® glaranabser 70, , by ®
0.10 1.\ 1 1
L0900

0.30/\
035 0.60

— 0.504

' 0.50 0.35
0.25 4\: 0.30

025 0.25
‘\‘g— 0.10
0o - 4]_>
I R ) 1 20X I R ) 1 2 X

F(x) -G8 LITeued FIL LoHMILD /&) @t Blsipssa) Havp sy

X, ~-@)6) SISHGHT &I ATCOEGT uLtp 11.10

() P(X<0)= ip(x =x)=P(X =-2)+P(X =—1)=0.25+0.35=0.60.

1
(i) P(X=-1) = ZP(X =x)=P(X=-D)+P(X=0)+ P(X=1)=0.35+0.30+0.10=0.75
-1 .
sihGHH1HHT_(H 11.10
(b Hetlhlanev FaiL) X 68T (FlEBLbSEa (hledm FTTLITCHIS]

X 1 2 3 4 5 6
f(x) k 2k 6k Sk 6k 10k
eraatle, () PR< X <6) (i) PR<X <)) (1)) P(X <4) (@v) PB<X) erciiucumemmd
SHTGYST .
XII - sewflgaiiiecd 204
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Sjay

OaT(RSSLILL L FTL HSLDHER Hlanm FTTL 6TTLIGTD OLoTdE HlHLDESH] PGTDTGLD. ABTRIS]
D f(x) =1@b.

Qar(hssiuL L ssaucvsalledl(bhsl  k + 2k + 6k + 5k + 6k +10k =1

30k =1 :k:L
30

e101Ga [(FlBLDSEHR] hlewm FTTLITCIS],

(1)

(i)

(ii1)

(iv)

. QI AMILGS LS (1 LGSSHeD ‘17 e1evayd, @b LIGSHhIE6TIeH

X 1 2 3 4 5 6

1 2 6 5 6 10
J) 30 30 30 30 30 30

esast _f(3)+f(4)+f(5)_30 350+360 ;Z)
PREX <) = f(2)+f()+f(4)= st 3bt =1

30 30 30 30

126514
+

PX<4) = fO+f(2)+/ )+ /(M) =353 3030 " 30"

PB<X) = f)+ [(5)+(©O)= =+ %ﬁfo’ ;1)

LuGps 1.2

. epedrmy Fomest priewwtiseT G7 Crrddled Fesi fi(HEesTnest. Hevl S@GLD HEeVHTIGH

GTGESIGESI G BEBTCHT [HHLDFHHR (BleOm FTTINDETS HTCHSTS.

‘3’ 6T6¥Ia)LD, LOMMILD
TG eLPGT ) LIGHBIEETE) <5’ 6TesayLd GMIbSLILL (HeTendy). gL @Bupedn aTFILB D).
Bpapemm s’ L Sest Fa i’ (Hd Osnansamw X @GnlsEng) e1estleh

(i) Bsupsse) Hop sy (i) @afloy Ugased Fiy
(iii) P(4< X <10) (iv) P(X = 6) flwemnenmnd Hiesrs

. LD&GHT LOMMILD LD&H@HSE FLOUTUILIL BlBLDSHH@|FGT 6Te8d H(hb) 4 GBLOHEBHGT O\HTGHIL 6p(Ih

GBHLbLSEHD 2 6T LDEETHETNGHT cTe8TessIGmBSEG HlHLbSEe Hlevm Frjileetujid @adley
LITeUGD FTTLIeGUIULD HTCESTS.

. (6 Fevflblewev Froaumdiciny Lorm) 0, 1, ommitb 2 Lodliyasenaer oL (KGLo G\bT6IT@BLD 6T68%.

x> +1
f(x)=
0 x-@)ar p wHLiLsepsE
TGS QUTUIMISHLILL L HFHLDSEHE| Hledm FITING

, x=0,1,2

(i) k-@st1 Loy (i) Galley Lgesed iy (i) P(X 2 1) AHweinmednd Hiessis.

205 &S 5a| LIJaIedEET
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0 —o<x<—1
0.15 —-1<x<0
5. F(x) = 0.35 0<x<l
0.60 1<x<2
0.85 2<x<3
1 3<x<o

616813 QBT(HSSHLILIL L (1 estlhleanev FLoauTuitiy Lompludest Galley Liareh FTiInGg
(i) Blsbssay hlevm Frgy (ii)P(X <1)wopmid (iii) P(X > 2) &ieses

6. p(h FLOGUMULILIL] LoTW) X-&& HBLDSHR [BIGODFTTLITCHIS]

x 1 2 3 4 5
f(x) k> 2k? 3k? 2k 3k

erasfled (i) kodliy (i) P(2< X <5) (iii) P3< X) Aadweinednd; Hiesrs.

0 , —o<x<0

l , 0<x<«1

2

% , 1ISx<2
7. F(x)= 4

— , 25x<3

5

2 , 3<x<4

10

1 , 4<x< @

GTGOTLIGI (b H&vtlBlanev FLoaumuiLiL) LomWludedT Galley LITaIe FTijL] 6Tesfleh
(1) Blapassay Bleom Fagy (i) P(X <3) wnmpid (i) P(X > 2) AFuieumedmd HTesers.

11.4 GHTL_jFFHuamenil Liyaisd&keiT (Continuous Distributions)
BuiLgHuied
(1) O g Hwineet FLoaurmd'ici] Lomm)
(ii) HloLpssey 2 [1ES) &L
(iil) uresed FrjL (Felley LTeI6D FTijL)).
(iv) HBLbFHe) 2L To5H) Friedmbg Lraed Frjileanetd Hiioneisse.
(V) ugaued FriedBhgl HlHLbSsa) A 1&d) Friilenesid SILoneildsev.
2ABwunednd; HNHBLITLD.

Flov Fowisefleh OFiy HDiMuIeH 2 GTer 10GSTFTISSNT AeTa) ebevd (B LletTallend:dlesr
2 SMeuld Guresimeunenn Hemeil B OowiCwessr e Geuaflufled 2 6irar TGHewID (B
&ImLS H(BSCaIGTTIQUTeNS. ASTIINCE 2Hb% Aeneil 1968 Fievellwid Fngduior@id. Qbs
2Ae1efh T(HSHI®IHSGLD Froaumuiiy tory) O FdFfuimes Fioaumdiiy torp) e IL(BEDG. (b
OLou'1Gwicssr @entGlauerluIIT O TSI LD IL|H®ETULD 2 GTETL SENUIGTS FLoITUILIL] LoTMuS6sT
F & AMLDUJLD; 2ASHTaIZ], OLou'IOwIcssTEer e OB 1HL0MS FFFH AMLOEMIEI GTGSIGUITLD.

XII - sewflgaiiied 206
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11.4.1 GHIL_FFFuinest FoamuiciL] woipPudedn Qienyuisnm
(The definition of continuous random variable)

l aenyuwisn 11.5 (61 _jFfwimesr sFoaumuicny o)
S GIGTLIGI p(h FamIOluef] 6T65T%. X : S — R 61a9iLd 6p(H FLoGUTUILIL) Lo R -G5T 6p(1h
SewILones [ -60 agGFed dlienult Qumith eTesi%. [ -@)eb 2 GITeT A/ x ~&GLD
P(X =x)=0cr6tLg X -@)6bT (1 O\STLf& Swinewr FLoaumiiLiL) LompwumgLb.

11.4.2 Hnipsasa] i_jihd Fijr (Probability density function)

| aemyuwisnp 11.6 (HBpHsHa] DIL_jHdh FIjL])
Q&L FdFwnest FLoaumiitiny onmluiled x [a,b] eTeviLompy 2 6iTem Y Pa<Xx<bh
b f(x)

FISEWILOTEST RaIOeUT(h HlHLDay x -DGLD P(a< X <b)= j f(x) dx 7
GTQQILD LIGHSTL] 2 GTeTEl 6Tasley, f(x)eTaqith 6p(h @g@mg)wg’)m
OO IOWIGHST Lo ILGOL W FATLMGSIS), HlSLDSH B AL [Fd) FTTLTEGLD.

a b X

uLip 11.11

(Cappiv 11.2 (BepLismmbsn) ]

TCHeILD 6p(1B OBTL JFFwImest FLoaumuitiy Lommy) X -&@, (b FATL| FBLOSH] AL [T
FITUTES CH®ANUTGTHILD LoPMILD CUITEHILDTCTSHILOTET HILIHS®CTETTHS: HLDSHHTGEILD
LIGSSTL|Be6T S O)EBT68eTIq (S Garessr(bhLD.

® (i) f(x)20, anss x-S wppid (i) [ f)ds=1. ®
o i )
@GPy

GLoma&esstL W@gw@mu%ﬁ?@/jsgu, X (b OBTL FFFWITest FLocumd'iciL) Lompj) eTestleb,

Pla<X<b)= If(x) dx, eresTugesime P(X =a) = If(x) dx =0 A@LD.
6160 Gy X @/1571.11_971_1_ P LoFIDLIG CIETGHTLT6Y AHFGH FlBLDSH@ LhFFMILDTGLD.

11.4.3 ugaued F1j] (GHaTe) LIFaId FTFL])
(Distribution function (Cumulative distribution function))

| asnyuwisnp 11.7 (@aila] Liyalsd FrjL])

f(x) eT@ID HBLDSI@] AL FESE®L W @ CBTLFFAwTeT Foaumdi'iy tomp) X-er
LITQUG) FITITL| 2H6V6VE Gellay LITaleh FjL F(x) 6TeLIg]

F(x)=P(X<x)= ff(u)du —co<YU< oo, |
Gy
(1) sefl  Blevevulled, f ( ) (X a) eTahTLg X A a LodHiewud; OBTETaISNHTCH
BlBLDSHHAITGLD.

O fdfnendled, x =a -@ev f(x) er6tiugs X Hag) a obliewiid QHT6iT augbnETeT
Bapaaa) 6. Agmagl f(a) = P(X =a) @b X OsmidSurer auans cTesfle,
2Aaidg acR-5@ P(X =a)=0 @Lb.

207 &S 5a| LIJaIedEET
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(2) Fweurmi'iny  wory)  OsmgFRwunesGung  setlfloevudiled  LWGTURSSIIL L Fal'l 6D
OpTeHUIIL_6vT%H LOTMHDLD CILIDIBIMS.

(3) Q&L jdFHuimest FLoaumuiti] LoTHIEE
Pla<X<b)=Pla<X<b)=Pa<X<b)=P(a<X<bh)
(4) Camrgdgfwnes Foeumdi'ny orPulest ugeued FrgLy OFTLFdSuinest UTaIeh FTiL 6Teo
2ADLPGHLIL(BEMS).
11.4.3.1 L1yausd FHjIdedn LiswIL|®heir (Properties of distribution function)

X e1e®itd Q&ML FFFWITet FLoaumuiiy ommléb@, SLbSBTERILD LIGTLE®ET &aley LITaI6) FTijL
Uisd QFISng).
(1) 0<F(x)<1.

(i) F(x) -1 g@muinm QoioiLm@Lb. 2AHmTaig x <y, eTesfled F(x) < F(y).
(ill) F(x) eraueisblavid G fESuim@Lp.

(iv) lim F(x)=F(=0) =0 oppub lim F(x) = F (+e0) =1.

(v) P(X>x):1—P(XSx):1—F(x).
(vi) Pla< X <b)=F(b)-F(a).

eI(hSHHIhHT (1 11.11

Cx> l<x<4
f(x)= * * eT@ILD FIIL| p(h ALT&E FiLy eTesled Lompfled)
0 x-@er N wHLiLsEss5SE
® C -@et1 o)1y srevarss. Gogyin (1) P(1.5< X <3.5) (i) P(X <2) (iii)) PG < X) aHwaunesnd ®
BTGB .
Sja)
OFT(WSBLILL L FTTL BlBLDSFR DAL [T FITTL GTGTLIGTGV,
[ feoyax=1. 16
o 1

1, /4
f(x)—ax

DASTAIS ’[of(X) dx+!f(x)dx +_£f(x)dx =1. ULILGTay = 1

OBT(HSBLILL L HHI6VETO(HbEI

! 4 ® 1 2 3 4
.[ 0dx+ J- Cx? dx +I Odx=1. 1 &)»-@)et1 FlasLpFH6) Bledmd FiLy
—00 1 4 l_”_Lb 1 1 . 12

34 _
ow[’ﬂ +0=1, :C[%}zl —210=1 = (=,

1
10106 (FlBLDSEHG| AL [TSHb) FATLTCIS)

sz I<x<4 .
f(x)=421 A&LD.

0 x-@ar p LiLsepss
[ (x) Qs gEfungeoned, GOl L 61k LoinIn@sLo X -651 Hl&LbE5e) LFLDTELD. 61651Ga
FLoaumuiiy Lory) O jFHunesiGung) GUIHFerTes <-2 < AFLD LODDILD > -89 > -ASA|LD
25w @p Cmig & GBuF(Hs®ar spetmis0sneTm @ Lommmid OFuig) LwieTLI(HSSEUTLD.
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(i) PA.5<X <35 =P(15<X<35)=P1.5<X<35)=P(1.5<X<3.5)

616016

35 35
P(1.5<X<3.5)= J.f(x)dxzij.xzdx
1.5 21 1.5

3 21

1.5

"1 3

_ 7
126

(i) P(X <2)= [ f(x)dr= [ f(x)dr+ [ f(x)d

616016

]2 (Y
P(X <2)=0+— [ dr=—| =
21 2103 ),

_(2-r) 1
210 3 63

(i) PG3<X)= T £ (x)dx =f F(xX)dx+ T £(x)dx

_1(4-3) 3
21 3 63

11.4.4 Baipsasa] DILjHH FINANHHIHI LIFaled FIjL]

1 (ﬁj” 1 £(3.5)3—(1.5)3

] (Y
=—J.x2dx+0=— — .
211 21( 3

|

fx) _ |
N f) =

. 79
ujLLeIre) = .

A |

Q

1.5 3.5

35
P(1.5<x<3.5) =] /(x)dx

uLip 11.13

P(x<2)= zj F(x)dx

uLtp 11.14
1,
U J0= 7%
uTLieTa) = ®
o 1 2 3 4 x

PG <x)= j F(x)dx
3

uip 11.15 |

(Distribution function from Probability density function)

(b OB FFHwimest Frocumdiiy tompf) X -@)6t, hlaLpsEey AL [T FiL) opmid Gelley LTaleh
Friyd (6vevg LTaIed FIiyp) X -@)6T A®ISEI HlHLPSEC] SEAICOFM6NT O\HT6EIIq (hdGLD.
X -Q6t1 H51pS56) LTauame Raunmleh e7GHemIGoeiTnI Sitoneis@Lb. X —@)6iT BlsLpS%6 AL TEHH)
FedBhg O FdSwines Foaumdiny orm X -@61 ugeieh Frjenud $iLonesildEaLn, LoHmiD

LOMISEGUITEALD HTGILD ILALPEODHEDUIS HHBLITLD.
ihSHH1HHT_(H 11.12
x-1, 1<x<2
f(x)z -x+3, 2<x<3
0 x-@er N HLiL5eEs5E

GTGOTLIG FLOGUMUILILY LoTW) X -@)68T Fl&BLDSEa L 15

Fagy f(x) eresfleh
(i) ugeued Fmjy F(x) (i) PU.5< X <2.5)

ASNIQUDEDNS HTCETS.
209
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f(x)n
1.00
0.75
0.50
25
0] x=
BSL&56] 2L [TEF) FTL|
uLtp 11.16
Bl &SLpS 50 LITaIeOSBET
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Sjay )
(i) QuevTweDILIg F(x)=P(X <x)= | f(u)du

x <1 ereqipGLing), F(x)=P(XSx):IOdu:O.

1 X
1<x<2 erapndCGungy,  F(x) = P(X <x)= JOdu+J(u—1)du
1

—oo

2 2

:0+[(u—l>2}x:<x—1>2

1

1 2 X
2<x<3 arauibGungl,  F(x) = P(X <x)= [ Odu+ [ (u—1)du+ [(3-u)du
1 2

)

2 1 2 2

—oo

@ x> 3 e1aipGLTg), F(x)=P(X<x)= jOdu+f(u—1)du+f(3—u)du+j£0 du @

= j0du+j.(u—l)du+j‘(3—u)du+j.0du
1 2 3

—oco

=%+—=1
F(x)
2 0.75 )
x—l)
, 1<x<?2 0.50
Qaummlett epeuid  F(x) = 2 , 0.25
3
1—( 2x) , 25x<3 0 1 2 30X
< - LITeUGD FITITLY
! Isx< ULt 11.17
(i1) P(15<X<25)=FQR2.5)-F(1.5)
_[ (3-2.5) ) ((1.5-1)
- 2 2
XII - sewflgaiiiecd 210
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_ 1.75-0.25 ~075

P(15<X<25) = jf(x)dx= I(x—l)dx+j(—x+3)dx=0.75

1.5

Candlds: (i) F(x) 2mavidgg QI misemleid O\GmL &S eTeayLb
(i1) wLib 11.16-a8whg1, 1pICHTessigdler Ly = %bh =1 erev10yLd CFlds%. |

11.4.5 pnipssa] LIFaid FIFIANHbH HHIPHHN] DIL_jHdh FIjL]
(Probability density function from Probability distribution function)

O rgSwines Foeumdiiy tory) X 681 ugeued Fagy F(x) -eSbhgl HlBLDSHe) AL 7o) FiL

f(x)-20 SiLonellg@Lp auLplapemediid; SHGLITLD.

@@ OsTLFSHwner Foeumiiy omP X -6 ugeed Fmjy F(x) eretis. @esll auamsuiL eb
Bmsa @LsHbewsdemd [ (x):@:F '(x), erebTUg KBS ALTSE) FaFedLS
&S SLD. '
eI(hSHHIHhHT (1 11.13

(b FLoaurditiy orm) X -@)6st Lgeueh F,

0, x<0O
F(x)=<x, 0<x<1 erafled
1, 1<x

(1) Blsbssey 2 igd) Fagy f(x) (i) P(0.2 <X <0.7) fwuaunednd H16ss.

&ja)
(1) f(x) -t Qs dd) yerafsafleh x-gor1 Qumnidg F(x) -2 auensuil
0, x<0
f(x) =F'(x)=1:1, 0<x<1 eres QumECmrrip.
0, x2>1

f(x) ereqitd HlHLbSsa) 21 75S) Fary x =0 -6, Aevevg x =1 -60 QT FFAWLMHMI 2 GTET ).
f(0) wppid f(1)-2 eraieuansiiain euegumpidbseurd. f(0)=1, wppid f(1)=0 e1evg
Osifley OFuIGeurid .

a1a1Gau f(X) e1eiLD blBLpSHa) AL TS gL

I, 0<x<l
r(0)=1s . .
. x-Q@ar p wHLLyseErsS

211 B&5LhS&a] LTI ST
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(i) P02< X <0.7) = F(0.7) - F(0.2)
=0.7-02=0.5
AGVGVH/
[ |
0.7 0.7
P02< X <0.7) = j f(x)dx= j 1dx=0.5
0.2 0.2
@GPy
auegweplig, P(X <x)=F(x)= f f(u)du 2&Lb. F(x) <edevg  f(x) 4w
Bauppleevnasrnflevneugy Hspsse P(a< X <b)-gu GuUpeTLD.
@y
Gom@mlin L 6&Lps%E6 AL T Friifenes
I, O<x<l I, O0<x<l1
X)= 1 =
f( ) {0, Ulp L% EpsS am;vevgl/f(x) {O, A F L5 ensEG

I, 0<x<l1

. x) = . . o
216V6VH/ f( ) {O, l_ﬂ/p Logh_'u_/as@a';@ 6T63I6Y LD QUGHTUIMIHHGUITLD

eI(hHHIHhHT._(H 11.14
k 1<x<5
FLoQUTUICIL) LoTn)) X-68T (6SLba%ay 2L 7dd) mjy  f(x) = . . GTevfled
0 U F L% eSS
(i) ugeued Frmy - (1) P(X <3) (i) PR<X <4) (iv) PB<X)
Sjay =
S () 2@ Boipssa) i ibd) sy ersisnes, f(x)20 wppud | f(x) dr=1

BTG/ dex+jkdx+]ide:1
5

—0 1

0+k(x)f+0=1:>4k=1:>k=%

10106 [(FlBLDSEHG| AL [T FATLTCIS)
1

fx) =14’

0,

1<x<5

Up F UL s5ens% S

(1) ugeued FrryLy

LIT@IG) FITJLY F(x) =P(X<x)= jc- f(u)du .

x<letandGung  F(x) = Jf(u)du: JOduzO.

X 1 X
1<x <5 eramndGungy F(x) = Jf(u)du= J.Odu+_..%du =%(x—1).
XI1I - sewsflsaiiwich - 21277 !
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X 1 5 X
x5 arayoGuig  F(x) = Jf(u)du:JOdu+J%du+JOdu:l.
oo —oo 1 5
0, x<1
x—1
ABTAIS/ F(x) = R 1<x<5
1, x>5
.. 3—-1 1 .. . .
(ii) P(X <3) = P(X S3):F(3):T:E (F(x) Q&g @ pLiugme).
(i) PR<X<4) = P(2£X£4):F(4)—F(2):%—i=%.
(iv) PB<X) = P(X23)=1-P(X<3)=1-~=L1
2 2 -

sihGHH1HHT_(H 11.15
P LOGTFISHISHGHT Al FTVSDHS: GHBGSGLD FLoauTdiliy omg) X 651 HlaLbEse) AL [Fdd)
FITL

ke®™ , x>0
X)= ;
/(x) {0 e i
(1) k& -6br o)1y H16vsH (1) wgeued FrryLy (1) P(X <2)
(iv) X -6b1 @e@mbsLL FLD [B165TEF CB HVGHHGBSSBTET [BlHLDEHEC HTCHSTS (v) P(X=3).

Sjay
() Blspssa) 2 1HS) gy f(x) eeugmed, f(x)=0 oHmib I S(x) de=1

DABTAUS) T 0dx + Tke“dx =1

—o0 0

-2x «© —0 0
0+k| & 1=k = s k=2
2 ) 2

eT1Ga HBLDHER L [T FTiiL)

2, x>0
S =10 , x<0°
(1) ugeued Frryy .
UTWeMLILILG Lgeued FAiL F(x) = P(X < x)= J f(u)du

—oco

x<0 erebCGurg  F(x) = Jf(u)du= JOdu=O

X 0 X 2u \*
x>0 e1abGumg) F(x) = If(u)duz IOdu+I2e‘2”du=2(6 2] =l-e?"
e L 0 = o
0, , x<0

B0 wbg) Cupicugs  F(x) = {l_e_zx x50

(iii) P(X <2)=P(X<2)=FQ)=1-e" =1-¢" (F(x) Qa4 eTeiTgmeD)
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(iv) X @GombsLL FLD B1657E GBI AHVGHGHSHTET [HlHLDEHH
P(X>4)=1-P(X <&)=1-F(#) =1-(1-e>*)=¢*
(v) Qsnisfwneided, x =a-6v [ (x) GTGTLIG X601/ a LobLIenLd: O\BTETISNDBTET HlHLDHER
<o, 2gmaig f(a)#P(X =a) @b X QsILIFALTD aiend eTaflleh, AmeIds

aeR-4@P(X =a)=0 2. aranGes P(X =3)=0%@Lb. u
LuGpa# 11.3
o . , .. . kxe™ , x>0
1. goaumditiy or) X -udeh flsipgse) SALTEH) sy f(x) =
0 , x<0
616316 k —GiT LS IGDLIS BTV .
x O<x<l1

2. goaumditiy oy X -udedr Hlsibsse) 2L jEd) Fagy f(x)=:2—-x 1<x<2
0 o wFLLFer5E
‘(i) P(0.2< X <0.6) (ii) P(1.2<X <1.8) (iii) P(0.5< X <1.5) flweunewnd; etz

3. @ umed elhueeTssHle) NesfGuiTdd:asrii(ib Lmedlssr erey FroauTuiiy tomg X eTeis.
@onbsUL FID 200 O L &6 ommitb AHsuLFip 600 0L L THGBLGHT BBLDSE AL [T

FITL
k 200 < x <600
f(x)= : :
0 A ) LUy%epsE
® (1) kg sresss. (i) UTaI6D FTTL HTCESTS. ®

(iii) 30069 Lj&eir ommitd 500 9L L Fa@pdEleant Gui esiaifl afimLienest Q) BLiLSNSET6T
B BLDBEG HTCETH?

X

4. goeumdiciy o) X -ullest H&Lps%6 7S Faiy  f(x) = ke * , x>0 6T631)6D

0 , x<0
(1) kwody (i) ugeued Frgy (i) P(X <3)
(iv) P5<X) (v) P(X <4) afwcmnepmnd H168s.
5. goeurmdiiy oy X -ullest HlELbEEe LTS FijL,
x+1, -1<x<0
f(x)=9-x+1, 0<x<l 6TGorI6H
0 A FLsepsE

(1) ugeuev Frgy F(x) (1) P(-0.5< X £0.5) &r6vas.
6. Froeurdiiy oy X -uflest ugeued Frjry F(x)

0, —o0< x<0
1
F(x)=4—(x*+x) 0<x<l
(0=17("+x)

1, 1< x< o

e1avfled (1) HlasLbaEey 2L 7sd gy f(x) (i) P(0.3< X <0.6) Afwiaimemnd H1eosis.
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11.5 &mewila 1 JLImjLiL] (Mathematical Expectation)
FLoauTdiciny Lomrpluflest wpdduwiiomesr Hprnuichysefleh peTm b6t Fewslld THTUMITIL AEGLD.
sesulls el umiLider (9m Quuiiser erdumgiiy iy, Fonsdl, Lopmid 1pFHed elevdals QLI(Hd:ES

OB LpFHeONLIGHT.
QUPSHLOTE  eTetr  FunFdl  wpepuiGauGuw  Fewfls  erHuniliyn e 1q
QUMTWMISSIL(BHEDS).
ta,+ta, +...+
N GIBTSMGT a,,a,,d,,...,a, -5 FOMFH] 6168 LoFLILY, araTa , AGLD .
n

a,,a,,0,,...,a, AF n erewwseflest L OBTGL®LLILD COFTGSH DD LI

F(hSBLOTHECEAUT 260G AIMSBLILIHSECUT FITFIf] 2 Fa|En.

MMarshd o1(hHHIHhsT (B 11.7

6,2,5,5,2,6,2,—4, 1, 561a0ILD Lid | GTGETEH®GNT S H(hH/%.
Gsat smE) 6+2+5+5+21-|(-)6+2—4+1+5 =3 @,
6,2,5,52,6,2,—4,1,52u8uw 10 crasrseanujip Fioaumuici Lompg) X-657 LoNiLEeTTs

H(BST6) (HBLDSS56| Hlevm F1iL

x 4 | 1 2 | 5 6
L I S I A I T
® P(X=x)|10 | 10 | 10 | 10 | 10 ®
A GLD.

FFfldH1et GLomEBESTL. HeviTd:SL DL

_4XL+1XL+2X%+5><%+6X%=3 GTGOIQYLD LOTMH) GT(LPSHGUITLD.

81061 (HS IS5 HITL 19 65T eLpGVLD FLOGUTUILIL| LOTIUNGST p@IGGUIT(1h LoSIIGHLILILD BT (B BLDSHAITED
OIS Flewr S@GLD CLI(BEHOFGH Fn L1 VTS 6THGUT(H FLoaumuiiL LommluIesT FomFifl Hevevg)
1Sty e’ QumeurTid 6TesTLg C\gellaTdng).

e1601Gau FngFfl = X.(x -@etr o)1) ) X ( FlHLbSER) )

FLoGUMUILIL] LOT ) FeotlBlanev 6763160 @)d:ida_MHmI GULoUNLIT@LD. O\GBTL [T ENITEST FLoGUTUIIL LOTIEDWIL]
OurmidSalemnuied, Hessile THTUTTTILD Fa 't %G USevTs C\BTeHUN_ 06T g it uICeGu
HGWLOUJLD.

FoauTdiy orf) X -&&16 Hlapsse) UTasE 0F1GSE QuUIgens @B HeTe EeT
LwGTL(RSSLILI(BEesTmeT. LeTeflufiwienevrs QuTmissaieanT spestnl edLowiiGuUTd@ onHommeTn Flemed
216060/ FlBLDHEa] LITeucdlest LommiLiT(h 6TeseVTLD. (BlaLpH%e Liauedlest eoLowiliGLITeHET SemeelCi
Fn&fl 2A@Lb. GLoayitb Flemedest SemenauGul LiTaumLIg 606G LITeUGHT LommILIT(H @LD. AGOTT6)
D165 AHT@RUSGBLD (b HlHLDSH| LTINS SesFADLiyliL @)evrhl HTew1allceev. AHBTAIS]
B CauaiGeouny LTeIvEEBSGLd @8y FuneFflujd Hemevid eLowievrid. @BLIID D5S
UGTORUSET GTaTFHTH Hesoilh%s @uieyd. FLoaumuiiy omg) X -@etr bHlSLpSsaL1 Lreuedanesits L)
FN% 2_HaHGTNET.
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11.5.1 synsj (Mean)

aenyuwisnm 11.8 (FynFf)
(5 FLoGUMUILIL] Loy X -@)6bT BlaLbSHa] Fladm 2606V AL THHF FmjLy [ (x) TG .

fo(x) X saflBleoev wmy) eresfl e

fo(x)dx X Qsr_jgflwunest ommg) e16f ed
E(X)2icbevg u eresiug erdlgumitnfest oy evevgy Fangifl evevg X -Qetr sewsis
GISTLIMILIL 6TGOT GuedTWIIGBLILI(HEMS). |

adliunissiiuBin iy QOungeuns Fwaumditiy oy C&TeT@psd oEILTs B HSHTS.
uesTLpedm Friummy OFuuii(ip spp CFrgeaesnuiled sp( FLoaumuiiy Lompludest eTEumitieo Yyl
Oarerer @bg eTHTUMTSHSILRLD oI 2 FeLb.

@g,rj)mlb 11.3 (fhlempL1630m1663113)) )

BaLpssa) Hlovn Aevevg AL Fddemiy f(x) 2w @ Fuoaumiiiy wrm) X eres. g(X)
eTe®ILD L FLoaurmu'iliL) Lommluslest Friifest erS)umitiny oy,

De)f(x)  gx) salflew wm e

E(g(X)) =9«
J. g(x) f(x)dx 2(x) Csm_gsflwmest omm) 616 60

\_ J
g(X )= x*, erarfleh Gromasassr CHmmLd H@BLd GTHTLTTHBILGLD Lo FLoeumiIiL) Lomm)) X-aT

2abyeraflulleh 2 erer k -aug aflevdsli QOL(BI:ES O\BTmE 6TeuLIL(HEMS).

Zxk f(x) X soflBleoew wmy) e1esf) o0

E(X"H=1.
J.xk f(x)dx  XQsr_jgsfluner iy eresfl e

@SPiny
k =0 e1abCUMS), QUETWEDLILILG,
Zf(x) =1 X gaflBleoev wmy) eresf) o0

E(l) =9y «
J.f(x)dle X Qsrjggflwnest omy) eref ed

11.5.2 uyouPLIY DIVOFHI OINILITE L_aTeneu (Variance)

ULl 6TeID LeTanuied eTear Fyeysefiest Csm@nier Fgnad  obnedHms
el LU L F76y eTaleumnl LTSNS 6TTLINSS Fa DISIMS). H6s 1% FEWITSE, LOTHILITL L GTEDG
eTehTLG R(h HTa TGl eretsewile FunFfuledphg aflevscbsafles  aufdEhiserler
FonFfwn@Lo. rpun(, ugeled HmIDd HEned AHuw CFTHSET PSHS®ANLITEGHLD, GLOGILD LITaIGY
GTRIITHI LTSNS cTTLINSHS: GDEEDS.

XII - sewflgaiiied 216



B [ [ [ ® . EEES

‘ aenyuwisnm 11.9 (Lyauping )
V(X) or o’(or 6,°) ere1d @mIn (b FLoaumd'itiny Lomm) X657 ugeupLig

V(X)=E(X ~E(X))* = E(X ~ )’ 2.

LgeImLIquiesT aufdseLpeuld Sl alevdsEid eTeutiL(Hib. AsTalg 'L aflevdsibo =V (X)
AGLD. FLoUTUILIL) LOTIUIGST LiFeudLIqu LD S 1 eflevdEUPLD GHEMUINHD GTCETESTHESHTCH B)(HdGLD.

11.5.3 &ewil® IHFLITFLUIL] LoPDID LIFIDLIlg UT6IT LIGIIL]FHeNT

(Properties of Mathematical expectation and variance)

(1) E(aX +b)=aE(X)+b, @@ a Lopmio b ASwies LompledHeir.

[l L1630TID
X (1 seflflanev FLoaumuiiy Lorm) 6T6ufleb,
E(aX +b) = i(axi +b)f(x,) (uedTwemLILIg )
= 3 (@ f )+ b )
= a3 % f(x)+bY ()
. 0 .
= aE(X)+b(1) ( if(xi) =1j

E(aX +b) = aE(X)+b. -

BCsCunetim, X @ O FdSunes FoeuTdi'iny oy eTesiled, g 't ev O\BTaEHUIL VTS

Lorrmm) 6lem19sse0TLD.
SHawergGCasmmip 1 E(aX) =aE(X) (b=0 erauidoGugy)
fawargCammip 2 . E(b) =b (a=0 ereuipCuing)

(i) Var(X)=EX>)—(EX))

[hleH L 1630TLD
E(x) = u er6or 210)Gaurip.

Var(X) = E(X —u)’
= E(X?=2Xu+u*)
= E(X*)-2uE(X)+u’ (u 6T68TLIGY (1 LoTMIEY)
E(X*)=2up+p* = E(X*) -y’
E(X)~(E(X))
217 Bl &SLpS 50 LIFaIcdEBET
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Froaurdici) Lorp)) X -@etr LgeunLig euid HesTdEIL 636 LomHm] auLh]
6% = Var(X)= E(X*)~(E(X))’ u

(iii) Var(aX +b)=a’Var(X) @k a wpmito b yHwewar Lompledser.

[l L 163D
Var(aX +b) = E((aX +b)—E(aX +b))’

(
E(aX +b—aE(X)~b))’
= E(aX -aE(X))

= E(a(X - E(X)))
AE(X-E(X)).
a*Var(X)

61601 Gau Var(aX +b)

SawargCsomin 3 1 V(aX) =a’V(X)  (b=0 erauioGunsy)
FHoearsCsmmip 4 : V(b)) =0 (a=0 erenpGLmgy)

UTINLILG 6TeSTLIG] FLoaumuitiL Lommludesr odliyserflesr Famefl u-gort QUi aflevased Lmml
FFUNEDTS HHEDS). 6° APWSHTS B (BHST6O FLoaUMUIIL LOTHSST FanFleowi’s QUTmids
2bsionsd Hiesan) GoVbss1s @b, o Qufliugis @)mbSTed FLoaumiiiy Lommslufer
Loy ser FrnFiuled b 10%6b eNevEuNHEGHLD 6T65TLIGI CLIT(HETTGLD.

ugemLg Gufluig ugeumLILg Fmwig)
A Y
f(x)
f(x)
__________________________ S
FnFfufed(phg efevsed FnFfufed(phg efevsed

Gy FpnFflufedBhg OauaiGalm LgainLIg H6T
uLtp 11.18
@Cr Fgnaflud Aesmed CeuaiCains ugaunug GsmTetr. @) T jdSluinet Foaumdiiy
Lompilserflest pdf-sener GLomEessi L LD H1e8mIEES). AN QUMETIMISET Locwl 6Uigaied
2 TN G| u

eI(hSHHIHhHT_(H 11.16
SLDGHTEILD FITITL (1B FBLbSHG Hleawm Fj1enesid GBISENEI 61655,

X 1 2 3 4 5 6
f(x) c? 2 3¢’ 4c* ¢ 2c

(i) c-etr Loy (ii) Fmaf] LoMmILD LTQINLILG. HTCETS.
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(1) f(x) (b HHLDBS@] (FleDM FITITL| GTGTLIHTCV, AMSISH X -&GLD, f(x) =0 omHmib z f(x)=1.

ADEUITEV, Z fx) =1

cF+2c* +3c*+4c* +ce+2¢ =1

ADISG X ~GGLD, f(x) = 0 6T681LISTCY, ¢ -6t FriddluiLomest oL %%@L'D.

c—l <216V6V —l
5 oy

e1a1Ga, HHLOEHR [Bladm FTTLITGEIS]

X

1 2 3

J(x)

1 2 3

25 25 25 25

| — [

DN |y

(i) &g oHmILd LTeINLILG HTCRT SLDSHHTSILD 1L I QUEDESSTEWILT LIGTL(HSSHIGaITLD.

X f(x) x f(x) X' f(x)
1 . *
25 25 25
2 4
) 4 8
25 25 25
s | 3 9 2
25 25 25
4 4 16 64
25 25 25
s |1 5 2
5 5 5
s | 2 12 7
5 5 5
115 585
3 f0=1 D xfx)=— o > X flx )——

Fnsifl:

ugeupLILg :

e1e1@at FrnFif] Lommitd LgeumLg pemGul 4.6 ommitb 2.24 4@ LD.
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ECN) = Taf(=s2 =4
V(X) =EX*)—( E(X)

585 (115 ’

25 25

219

®

4.6

=3 - (x )

- —j =23.40-21.16 = 2.24
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I H1HHET._H 11.17

8 CleusiTemar LoMmILD 4 H(BLILY LibZISET Q\BTEHTL 631 Fa L uNGO(Bb%I BB LbSHISET FLOGITUILIL]
wpepuiled Caihols(hssliLpEsnest. CaHihols(HSSLILBLLD PaIGeuT(s HhLiy Ubsid@d .20
Olauebeuid CFTesHwTHaD CHTHOBHHESILBLLD RaIteuT(h GaleTamer LbgS@GHD .10 CHTHEGLD
OSTDHWITHAYLD H(hKI%. 6THTUMTTSHSILBLD OlaucbayId O\BTENH LOHMILD LITQUMLILG. HTCESTS.
Sja

X e1681LIg) Qoucbavid OHTe% 616515, Fddluiomest Gsiaysermales (i) @ LbsIH@HGLL H(BLIL,
evevg (i) @ OaucTener ommid spp Sl (iil) @esr(hG GeusiTenar. 61atiGar X 6Taw/LD
FLOQUTUILIL] LOTM) SLDFHHTSYILOTHI QUEDTWIMISHILHEDS:

X (®uess(hGio &Ly ubgiser) = I 2(20)= T 40
X (b SBLIY LB LoHmILD sp(h GeueTenentl Lpbg)= X 20— X 10= X10
X (@yess(hGio Geucirenarts upgiser) = I (-20)=— 320

e1e01Geu X Oamer@pid todliiyser 40,10 opmid —20 HGLb.
OLonds LUbLIHST 1 =12

12
2 ukgI%H6T CHIHOS(HFS GLords aLls6T = 5 j = lf xil =66
X
o : . (4
2 &L LUhSIS6T CHIHOEH(HSS aULflE6ET = 2} =6
- . : . : 8)(4
(b H(BLILY LibgI LoHmILd (b OaueTener Lihdl CHIHOSHHS:S = =32
® D\ ®
8
2 QeueiTener LibgI%6T GCHiho\s(H%% aULbHET = 2} =28
FLoQUMULILIL) LOTHS) X ~@)68T Lo 1L %6 40 | 10 -20 OLordsLd
GriLommy (NoLbiIseNGTeT 2 ML Sele 6T6sTeusl%:m% 6 32 28 66
BsLpg50] Blenn FTiLTeIg)
X 40 10 -20 OLordsLD
ENEEEE
7G| 66 66
Fgna :

6 32 28
E(X) = =40-| = |+10-[ 22 |+ (=20){ 22 |=0
(X = 25/ ) (66) (66) ( )(66j
2ASTUG] THTUTTSHSILBLD Olaucbayid O\pTens 0.

ugeupLILg :

) = Y p) =407 ) a102 [ 22 ) (c20)7 [ 28) 24000
E(X?) = D x f(x)=40 (66j+10 (66J+( 20) (66j o
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(E(X))' = 0°=0
@iy V(X) = B(X)~(EQ0) = T2 -0= 200
Var( i) = 3000
6T161Ga E(X) =0 LDQ)Q_ILD ar( )_—1 .

sihGHH1HHT"_(H 11.18
Ae™™ x>0
fx)= { : .
Up wHUysenss
GTILD HlBLSHR] AL [T FTTL] 2 GTAT (1 FLoaumuiliy Loy X -&@ Fangifl Lommid LigeumLIg
BTGB .
&joy
OsT(RSSLILL (HSTET LTaIeh OFBTL TFFUITCTS GTETLSE FaI6HSSALD.

FOAFIf
aagwepig u= E(X)= f x f(x)dx (QuiGewmel G&HiiLig
- 2A6L6VG LGS O\ Teanaulll v
0 o y
. _M ALPDDUIGDETULD
= .[O(/'te )dx+Ix(/’Le )dx LWGSTLI(DSBGUITLD)

0+;Lj ) dx

1 ( e, In )
0+A4 (—2 LD (LP(LD GTGRT N -&& ,HTLOT O\ TaHUIIL 6D 7, j dx = T
0

1
A
ugeumLIg

auegweplig, E(X?) = j x> f(x)dx

- I 0()’ _M dx+I ’ (/le_lx)a’x 2DVG UG @QJ/T@S)&EU_WI_@)
papuilenesu )b
B LIIGSTLI(H&HGUITLD)

=0+AI (e )

= ( j jz (BT OFTHUIL_6H LWGTL(HSS)

eteiGeu  Var(X) = E(X*)— E(X))

_z_Gj_L
A A A’

UDSEWITED FITFIf] LoHMILD LFeIMLIG ALPEODHSU i LommILD — !

Y n

221 BlSp&H&Ea] LUTaIOSGT
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LuGps 11.4

1. SLpd&ETemid ep(h FLoauTuiliy Lorpf) X -6i1 FlasLbSsa] hlevm (H6LVE)) AL [THHF FTTLH@HSS
FIFH] LoHMILD LITQUMLILG. HTEESTS:

1

E x=2,5 4_y
0/ (x)=1 " (i) f(x):{ R

L y—013,4

5

1

2x—1 l<x<2 L

(iii)f(x)z{o(x ) L;ngm W) S@- 26 07
i HPE20 0 A wHUysEsE

2. [BT6TE@ Fleulin LihgIH6T LoD MILD eLPGHT M) H(BLIL| LI HET G)HTGETL 63 (1 Fa DL UNGO (BhGHI LIFGS L 1%
B g 2ABHSSBEH BB UhgIST Cavaluiey eT(hdari(hEeTmest. Hauriy Lbg Gaveriluied
T(WS@GLD FTSEUI Fo MIS®ET X 616515, X-65T FHlHLpSEa] Hlewm FajedLujd FymFflepwn b
HITGOSTS.

3. uonmib o° AHwear wpemGu eslblanev FLoaumiiiy tommf) X -681 Frigd) ommitd LreumLIg
opmid E(X +3)=10 wpmid E(X +3)* =116, etesfled u ommitd o &168575.

4. BIcI@ ST BICRTUIAIEET (h (LD HESTLLIL(HEGTDCT. SH®eVETIGT 616886 %M

DaipeD@ Blspssa) Blavp F1iiL), Sned, oHHID UTaIDLIG ST,

@ 5. @ uwessseT @uuieh aiGeunn ey Lwewl CrISHNGLD b HloewdHng Fiflwme @
Craddled aubgl CF(bLb. peIblaut(h BT HTaeVUIILD, p(h LOTESSTIIT H6¥d L 1qe0(Bhd/
Qruiled HlewevwidSHng CFevH . Lomessiaug quled Blavevwidamd L ujid Gridded b
TIGHTS F15HHEGD Cridams X 16 BHIOLhigefled @GnldsevTin. X -61 HEHLOSHa]

DAL TS F1iiL 1
— 0<x<30
J(x)=430
0 L wFLIL%5ep5G

6763160 FLoGuTUIiLy tormm) X -6b1 61ty odlienu sessild g aflend s,

6. sewflestl HwimflssLpbCUTS  2AuNTHBess1daTest  LoessICETD  LweTL(HSSLILBLD (1
LO)GTGOT Gt FISGIODTGTIGHT LIpHL LD GBSt 27 FiL

3¢ x>0

J&= {0 ) wﬁ?dqg@é@.

A &LD. QUL FrIFeTSS6T 6THTUTTSSIL(HLD UL HTVEHMB HTCETS.
7. goaumdiiy o) X 651 hlELpSEa AL [T FiL

16xe™ , x>0

f(x):{o , x<0

QAGLD. FLoauTuiiLy orm)) X 681 Fngif] LommiIth LUTeIDLIG HT6E8T.
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11.6 DIP(PsHD LIFaIVHGIT : Flod FDUIL] Hedil [Hl6MV LIFaIe0THGIT
(Theoretical Distributions: Some Special Discrete Distributions)
FonFfl Hpond ugeupLIquiL T LVGan OUITSHIGITET BBLDSHe] LITAIEMET LPHE@SGBULILI
L@EUed SHCTLD. Flov FMLiy aumdihg FeBlamev BSOS LITaIOEMETS HT6ETGLITLD.
BIL@EHudeh 16s1aU(HLD S6OTFlE6V LITeUGH®GNT S HTeETGLITLD.
(i) @B yeiTar] Lgaleh (i) @upyeirem Liyaied
(iii) OurGeurred) LiTeueh (iv) F@BMICIL LIT6IGY.

11.6.1 spm Lysirafl Liyausd (The One point distribution)

f(x)=P(X =x,) = 161607 auadgwmidsLi(bLd Hlasbssa) Hlevm Fry f(x) -eLig (s yeirer] x,
B BSSLoTeRITEY, FLoaumuiliy Lompf) X -&@, sp(b YeiTarf] LigaumLIg <HeDLOW/LD.

2AgTeugl P Laaflulled Hl5Lps%50] Bleovn GellbsieTens.

Ga LITaI6L FITiL)
0 —-wo<x<x,
F(x)=
1 Xy Sx<o0
FOnFif :
E(X) = Y x f(x)=x,x1=x,
ugeupLILg :

V(X) = E(X*)-(E(X)) Zx Fx)—( ) =x,—x =0

e1ed1Geu Fngf] LommILb LgeudLILg LpedDBW X, LoHmId 0 AGLD.
11.6.2 G)m Ljeitarfl L1yausd (The Two point distribution)

p , X=X

l-p , x=x,

(a) swsfghm auews: f(x) = { Qv 0< p<1.

6763 AaLouLom)l @b LFLIyseT . wppib x, B BSGLoneuTed FLoeumiii wmg) X -4

B\ Leirer] Lraeh 2 6B (h.
@y LITaIeh FTjL
0 , x<x
F(x)=<p , x,<x<x,
I, x2x,
FonEF :

E(X) = Y xf(x)=x xp+x,x(1-p)=px +qx, @Heg g=1-p.

ugeubLILg :
V(X)

E(X*)—(E(X)) Zx S —(px, +ax,)

= (x12p+x2 ‘I)_(px1 +qx2) = p‘I(xz _x1)2
g Hpitd ugeupLlg wpednGi px, +qx, O pg(x, — X, )2 < @LD.
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(b) £gneer uens :

p=q= % 61a0LDBLITI, @)1B Lj6iTe) LiTaueh
1
E , X = xl
f(x)= : @i 0< p <1 6160 AGLD. CLogitd Gelley LITaueh FTijL
E , X = xz
0 , x<x
F(x)= % , X, Sx<x,
I, x2x,
X, +X (x2 - xl )2
QUGLD. FIFH] LoHMILD LiTeumLILg LpeDILI % LoHmILD Y A GLD.

11.6.3 GUIFGemmad Liyausd (The Bernoulli distribution)

Qeupmganes bEpSsa) p A% B(HEGLD FTiunHN CFTHMETE®ENT (LpHedleh
TGS Felsiv sewfigaiwevrarny Gmdev GuiGesmed(Jacques Bernoulli)
(1654—1705)6urmy. auj smevond) 61" (B ABT(HF@BSSL 190G 1713 @b
2AaUTG LO(HLOEGT [FldCaHmevenumed Gouafluf L' aigg mrevies Safldse
sameuulled, GLGeted @FGueiin GFngmesisatlesr eraewldms CLNFTS
B wibsed, Oeupmlseflss allflsi p 6@ CMBBSSOTS BSLS50| 1-5G ABHD Gmdisiv GLIjCarad
B(5&GLD 616014 F 119 SHTL 1QGOIITI]. (1654 - 1705)

&S5 H(hSHNIc0led FHallsv sesflgalluievreny Gmdev GurGeTeduiesr
Ouwigmed eflerhigLd CuiGesrted LiTeaed sp(h FLoaumuitiy LomBludesT Hesflblenev (BlSLbSEa LITAIGOTEHLD.
eTanOWITeTn aflevd@Lb LoHmID wiTaoeTTeil QIS AFTalgh aunn evevg Caeval
( T(WSBIGHTLLTF: FDVFHGT HVVE LLbBET, GODUT(HGTOT®a H6V6VH G®MUTL DD HELEV
QI (BET ST, 1IDLIL) A606eVGI @mriL] SHebevg LGaun) Fddlus G &6T) 616w auamSLIL(hSSLIL(HLD
R FLoaumiitiL) GCFrgamert GLiiGesnmed CFIsaeTITEGLD. CFTHM6TS:GH CFTHMH LOTDTSH B)(HHSLD
Ooummuiesr FlsLpSHe) HewLou/oTm] LeuLpedn FATUHD euensuiled GomGlsmer@pid GLyGermed
Grrngaman eLpeuLd GILfGeurted) Cangamend; O Crifl(hEms.

| assmywisnp 11.10 (GLIFCoIM Liyaid)
X Q@aupy) = 1 oo X (Csreval) = 0 e1ew euedguwmissiuBd sp@n GuiGestmed
Gargamnesiu)LeT @anevenibg FLoaumuiii) omrm) X -&@ ,

£ (x) = {p
q

x=1
, @ 0< p<l1
=l-p x=0
X 1681111 OWLiFGaevtTed) Froaumuitiy Lomy) eTesayd Lommitd f(x) eredrLigy GuiGestmedureled 6TesiayLd
wpanGu SAeLpsaILHEDS |

2A6V6VG] FLOTGHILDTSH
Qeupm) p A Hlspbssa) 2 Lw  CuiGearted ugaime NSTUHMID P FLoGUTLILIL] LOTH,
LIGRTLIGTEQILITES  AMLpSGEIOUDID p opmid X ~ Ber(p)etend  @olnd i’ med, X -@ebr
B5ps5a] blevn FiL|
f)=p1-p)", x=0,1 s
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OuiGestred) LTeuedsst Galay LiTaled

0 , x<0
F(x): q:l—p ’OSX<167'WI_.IU@L'D.
1 , x>1

Fgna :
E(X) =D xf(x)=1xp+0x(1-p)=p,

0 wwmnmpind 1 wdiiysemer o' (K6 X CMBTeTaIHTel , AH6HT TSHTUMILIL LN P GTTLSLI
‘Ui sHe0emeV” 6Teod: da MEUTLD.
ugeubLIg
V(X) = EX)=(E(X) =2 % f(x)-p°

= (Pp+0°q)-p’ =p(-p)=pg @ug q=1-p

uaTUeTE®al p, FIasf u Hmb ugaLy o° Abwaal 2 @Lw CuIGaiTed uFaIaeL
9estuppILd X (b GuiGesrmed FLoeumuitiyy omp) eTeufeh
p=p wppd ' =pg

p=q= % 61aLDGLITg), OLTGestmed) LiTeaeh

1 ,x=0
f=12 @i 0< p<1.

— ,x=1

2
0 , x<0
1

Lonmitb @alley ugeusd F(x) = 5 ,0<x<1

1 ,x>1

AGLD. FIAFH LoHMILD LiTeuDLIG (LpeDUL %LDQ')QJL'D % ASLD.

11.6.4 mmmuiy uyeausd (The Binomial Distribution)

FDVEET 260G LLdE6T, Olaunm) 2eveugy Gsmeval), Gammum(h 2 L CLIT(HET A6V HELGV
QuUTHET 2Aevevd DS Frsduioner GCFmqaer QrsEGD QUess(h FISENIG Fn DISE®ET
o' (HGp  G)&mesenq(h&GLd OSTLhEI HlHbSSLILBLD Fov CFIFMeIsarled MIBEMILIL L6
WpSSwions LweTU(HSSLILHEDSI. ASS®BW PAICUT(H o MISTIGHT FHlBLDSHN®ESTUILD GILI(hIHH6D
aIguflenertt’s LuwichTLI(hSS) Flev FLowibigeteh Hevar auenrLL Ggi 6 Hewildhs iILBHENS).

(B BITGSIULILD (1 (LHGDD FGSTLLILI(HEIMG 6T65T%. HaevFaTletr cTevressiidamasmul X GBlEENS/
o16t15. @asf] X ~ Ber(p), ar@awasfled p Sicbevg 1— p erenuid Blaipssal e samev (X =1) ebevg)
4 (X =0)dw @uevenged speirny o’ (HGLD HevrdEng).

P BIGHIULD N HL®a FGTL LIRSS 6TetTdh. F®evEaileh eTctessiidasamus X GBlEENS
e1657%. Qest] 0,1,2,...,n ASw woFijsemer X QFT16TENG. S®UBETGH cT686EsIH®SE X ~FHTCH
BSDS50]
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P(X =x)= (Z]p*(l —p)

n
X = X GIGNTLIGI N F68STL 6LH6TI6) X HaevEarflest CFIUNNIDG PSBSHTH, ABTAIS] [ j
x

L flE61M6h HEGUHGBHLD LODMILD LOSAPGTET QULOIBETIG) 11— X 14FBGBLD 6TGS HLDEMS). 6TeTG0
a0 leweralles Hlabssay p*(1— p) ™ A@d. nwdliy 30 -$@Lb GnaiTs @)HE@GLoGLTS)
DI CHMmLD LWIGTL(HS SIS OUIT(BSBLOTCTHTSLD.

| asnywisnm 11.11 (FFmoIng Fwaiming i)
n -0 jdfuwinest apunFserileh 2 6irer Qaunmlsefle cressessiidamsamus X @nldsTev,
(1) n -QsrLgdflwnes wpwPHSET  FTFTLDDEIUITELD LOMMILD 1 ~GTGBATGHT L,

BHHEBEITHRLD

(i) Qaunn) 2evevgy Gamevad) erents Qi L @ Fnddlwione alevera)semern
1oL (KGLo &IGauT(h wpwH o C\sressng (hdbSayLb

(iil) @aleur(p wwnHFAGID p eTed GOISHILBLD CounBuier BHHLLSH@] LOTDTH
BBSFLD, ADLOBSHT6D R(H Sevhlblewev FroauTuiliy tomp) X mBmICiL) FLoUmUIiy omy)
6TGY SHMLOSHSHLILI(HLD. |

I aemyuisnm 11.12 (FFmmIng Liyaiew)
FERMICILY FLoaumiii Lorm) X 616s1Lg) n-Friumm apuinEseriled Oeumm)serilesr cTessressllgeBaniiid;
GDISENG 61651%. CeunmlssEnes Hlapssa p el1ard Camesr mey, CahrevaldEnest HlHLpsEa]
q =1-p AGLD. FEHIIL uTaIemev X ~ B(n, p) e1681d GMLILIT.

. . n X n—x D
X -6b1 (HlaLpgsa) hlevm &y f(x) = (xj p'd-p)™, x=0,12,.,n A4S

F@BmIty efeunssddledlmhg ureuedlesr Quuir Qumii’t g. a wHmib b, LIPO%EHSS,
FRBMICIL 9ifleurTd LD,

n (n
(a+b) :Z[ jaxb’”‘ AGLD.
x=0 X
(1 &evt] LpwHFuIed Qeupmldsnes HlaLpsse p eTetis. @esfl, a = p LoHmid b=1— p cI6iTLI®SLI
Ao eflaundssgdled LweTU(HSSIDGLTE FHMILILY FLOGITUINL] LOTHIEETG [6ELDSHHEF6T G
Fa (P60 1 eTav1d SHewreunid. Camgaenuieh sperGleurp wpwnduyd @m elevereyser, {Gamail,
Garevall} 6768 UEDBLI(HSSHIQIBTED, LTI T -2 MILIL] 6T68 ALPSHLILHEDS).

pLODMID NGTEYILD LIGSTLIGTEISMETd:; OSTesL ML LUTeueleerttl 19TUPDmID e

ALY FLocumiiciy) omd) X 6161, Faagfl u odmib ugeunulg o wpenGiL

u=np and o’ =np(l-p)

aSTunissiu®Bd iy Qungieuns Fweurdi'ny oy G&TeT@hD HILTSE BBSSTH).
uestpedm Frgupm OFunuliuBi @ Carsameuiled (b FLoaumdiliny omPludesT eTHFLIMITIeLL]
yfbg QFmerer @bs e1Sumissipb iy 2 ajip. p = 0.5 c1abdBLng 2evevg n QufuigTs
B5&GLoBUTG FBMILIL LTI HGLDLIL] FLOF FTTH HGDLOUJLD.
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p=q= %GTQJL'D@LHTQ], FF(BMILIL LIT@IGY

f=" (%(1] Xx=0,1,2,....n. 4@id
=53] =0,1,2,...,n. A@LD.

ASTAUG],

Hol
f(x)= -1, x=0,12,..n
x )\ 2

Fn&f) LHmiLd LyeumLLg LpenGLL gw/j)gmb % ASLD.

e1(hHH1HhHT._ (B 11.19
196U HAIGTAUNMINEG AFBIILIL] LITGUE) BTG LD.
(1) shghl FIT6wT BTESSTWLIAISET 63 (I (LOGOD FGBSTLLILI(HEIGST MG LOM LD SEDCUHGITIGH 6TeEsTEws 1% B
X @WlsSng 616515
(i1) epp Frmes useL 10 wpam 2 (L L LB Em& LoDmILD 61685 4 CHT6h DIcUSeHT 6T6tsT6Hs %M BEMUL
X @nsHng) 616515.
Sjay
(1) eobgl FIM6s HICRTLIAIGET 63(HLPEOM Fr6¥sTL LILI(HEIGTMEYT. BHTGRTLIAISET FTTEIMa TGS LIGTE)
@I D@D HTIEMUSSOBES R0 SR HDLLIUSDSTN  HHpSER] P = 5 Loppid
1
= 1 — = —
q p )
ol BHTCRTLIKISNGO (hhd HDVFET S LILGNETT cTcssTessldamsamuws X GBEENE 6T651%.

0,1,2,3,4 ommid 5 b odnjseend; Csrer@pid ML Foeumdity orml X eTers. n=>5
LomMILD p :% AGLD. SABTUH| X ~ B(S, %) ASLD.
616G AF(HMILIL| LITQUGD

f(x) = (njpx(l—p)”, x=0,1,2,...n
X

f(x) = > (lJX[le x=0,1,2,....,5 er65rmr&LD
=2 7] =0,1,2,..., MTSLD.

5 5
ASTAUG], f(x) :( J(%j , x=012,..,5
X

GTGOTLI/

(i) sp(p Fmest useL 10 wpevm 2 (BL L LB EMEI LoHmILD 61685 4 CHTGHT MIGUSHGHT 6T68sT6HsT %M B
X @WlsSng etetis. 0,1,2,3,...10 eTaiid i samend CFT6T@HLD FIHMILIL FLOGITUILIL]

o) X e1651%. n=10 ommid p = %%@Lb. 2AGMalg X ~ 3[10, é)%@fb-

227 Bl &SLpS 50 LITaIeOSBET

26/11/2024 11:15:48 ‘ ‘



B [ [ [ ® . EEES

. . A . | 5 .
LIS U6V [BT68T @ SO LILSDHTCT HlHLDBER p = 3 opmitb g=1-p= 5 A GLD.

J(x) o (ljx(slmx 0,1,2,...,10
X) = || = , x=0,12,...,10.

x \6) 6 -
sihHHIHHT_H 11.20

LS G es1Tds6T O\BTe8stL 6p(h LebauTiiliLd Caialleh, spaiblaur(m aflesmelN@GLD BHT6HTE SacTd
Faped el safleh ety Fflwiner e wn@d. 2assSlet gl ufled (B LOTETRIT
e welEEnm 616515, Frilwimer allewtsafler cressiessiidamsamus X GulsEng ereufley, (1) m@BmMILIL
ugeued (i) tomessiou a7y Frilwinest eflent &6t HefiLgnaTest Hlapssea) (iil) GODBSLLFID (1
alewL Fneigns Qhdb% 6BLpSH6e) ASWIIN®NS HT6TTS5.

&)
(1) Qeummlzerisr eressienstidansamuws X Gpliugred, X C®mer@sid todliyser 0,1,2,...,10 A@LD.

6168516 AF(HMILIL] LITQUGD

OummlsHTest HlHLbSsa) p = i ommitb Crevald@ g =1—p = % Lopmitd n =10 AGLD.
61651Gau X m(BMILIL LTIV HIFEE DG, X ~ B[lo,ij 616514 GO LIL(hEDS.

10 x 10—x
8P whg Cupieug) , f(x) = [ j(i) (%) , x=0,1,2,...,10 @Lb.
X

(ii) eap Frilwimest elewL HET AN ILSHETES HlHLDSH
@ e BTl @
P(X=7) = f(7) [J 13 120[ 75

3

(I LOTGWTQUT 67 (LD FINLITGT eIlewL ST AT ILSHHTET (hlBLbHEa, 120 [%j A GLD.

(iil) G®DBSLLFLD §p (b FilwimeT lenL wWefILGDHTE hlSLbSEa
P(X>1) =1-P(X <1)=1-P(X =0)

10 0 10 10
(T
0o)\4) 4 4
3 10
LTSI G®DBSLL FLD (15 Filwimet eflent wefliLgnHTes hlSibsEay 1— (Zj 2AGL. m

silhSFHIhammn_1 11.21
0 FmICIL Lo X ullest Fngifl Lommitd ugeumLig wpemCGut 2 Lommitd 1.5 A@Lb. HTe8rs

(i) P(X=0) (i) P(X=1) (i) P(X 21) afweunems H168srs.
&joy
BBLOEH@) STl n LoHMILD p AN LIGTLIOTaISTET Lo 1L |Bamends e mluiGearessr(hLb.

SILILL L $5aI60F6 60 (BhS,
FOnFf] = np =2 oot ugeudLIg = npg =1.5
. n 1.5 3
B wihg) Cupiaug) L = ==
np 2 4
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=3 pmid pelog=1->=
q =7 whpnd p=l-g=1-7

I

np = 2, GTGSTLIGGHT eLPGULD n:£:8.e‘r6zrr@6uX~B(8,%j .
p

1136 [HlBLDSER LITQUGTGHS)
8
P(X=x) = f(x) =( G

X

‘ ~ ~ ~ 8 l 0 E 8—0_ E 8
0 P(X_O)_f(o)_(o @ (4) —@
- 8\ 1 1 3 8-1 3 7

(i1) P(X =1 = f(l):(J Zj (Zj =2(Z]

eI(hHHIHhHT_ () 11.22

(iii) P(X 21) =1—P(X<1)=1—P(X:0)=1—(%

ABC @upLotd swimflé@Lo Qum(mL serfled FamgFwins, 20% QUL s6ir GemuT(heTeTemal 6T6sd
ST plwii’ L gj. Foeumdiny apeomuied @O wngE 6 Oumpl ser GHikOHHISILBEDS.
Gogyitd  @@mur(heirer Gl seflesr erassessidansmw X @nldsmed (1) @p Gur(pL 6T
@oput(hererenas (i) HFsulFio @ Qureer Gopurherers (i) GombsULFID @)

QuUIT(BL BT GH®DLUIT(HGTETE6. ASIIDDBINHTET [6BLDBEG HTCETS.
Sja)
OFT(WSBILLLF n=06.

G@DUTHSTAT (K OuT(reanerd; CaIBOISBHLILGNHTET hlHLDSE6] %, ASTAUS] P = % .

g=1-p :§ G®DUT(HETET (B Hefleh eTetsessildamsews X GUliusTed, X OHT6iT@HLD

odliyser 0,1,2,...,6 AGLb.

61a01Gau X m(BmILIL LTeuenevlt 19STLNMIEIS). BT X ~ B(6,%J 616814 @M GUITLD.

B)Fe0 b CLmIeug)

(1) @5 GE@DUT(HSHGBETAT QWLIT(BL HGHEHSHTET hHLOEHHE),

6 2 6-2 4
meen=so (LT )

(ii) 2S)sLL F1b B OT(BST G®MUT(HGTOTSTH B(Bd% FSHLOSFE),
P(X<1) = P(X =0)+P(X =1)

LRI ORI

229
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6 1 x 4 6—x
1) :@(gj (5)  x=0.L2..6.
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(3 +0f5) ()

5
2ASSLIL FLD 6B OT(heT G®DUT(HGTTS TS B)(H5S HSLDHFa] 2(%) .

(iii) gembsUL FLD ) QUT(HL ST G®DUT(HETETSHTH Q) (K55S HHLDEHH]

P(X>2) = 1—P(X<2):1—P(X£1):1—2(%)

5
GODBSLLFLD @b OLT(BL S67T GDUTHGTeNSTS 5% HlaLbssa) 1— 2(%) .

Luama 11.5

. & LD HTEILD FBMILIL LTaled B(n, p) -4&1s P(X = k) cTeiueansd; Sevulld:s

(i) n:6,p:%,k:3 (i) nle,p:%,k:4 (iif) n:9,p=%,k=7

. 6T apwHAUIILD (h Bevdamsd Hb. O F1ds ﬁa;gpg,es@lz AGLD. UdF LpeOD Revdams

AT FM15S LPWUNFSEDTT 616518 OH16TH. Qovdanss Frds (1) Fflwuns 4 apemser (ii)

GDDBBLLFLD 3(Ih (LPDD HTHGHAUSNEG AENIUDDIDBTCT [HlBLDBE HT6E5TH.

. SLpGHTEILD CFTH®EIIHN6V FF(BMILIL] LiTeuenevrt LwGTL(HdE FLoaumiiliy tormf) X -6t Fymef)

LOMMILD LITQIMLILG. FHTCET .
(i) 100 BLawar sp(h FITGT BHTRTLILD FEBTLLILIBEIDS]. HEVHTGH cTessTevsllbamBamnus X
CIEEAETE
(il) 240 mar @ Fomest USDL  FETLLILBEDS. 6Te8T [HTetTE CHT6s DIGISNHTEE
cTassTGTIdamaamuws X GulsEng).

. @ OTIGFIS®eTUI) p(h GO L FASHSHHT HTHIGLD FIMSSHHTEH FlBLOSHHG] 2

4
Candgaii. gpdled FHwINS epediimI FISIHISENGT HTHIGE LSBT HlHLDSE®aIT;
FGOSTL_ )%,

. @@ 2 DuSHTTALO(BhHSEI @B SO L 10eTeueansd; H(Haleow s NHLIDGTUITETT

O&167T 1pH6v O\ FuIBDTT. 2 HudSmen a6t LUPSHTESLD FENBLD 5% 616851% Fn IS
Oararpsed OFunui L FrsHell png 10 Gursl smer elnuemesTwiTen e LfGFTS5T
FLoaurdiciLy pedmuiled uflGFIHGEDTT. Aaupmier (1) GDbSLL FLD (1 LAPSTET QLIT(hHeT
(i) Ffwns @b Qb $6TT LLPSHTS B (hdS BlBLDSHEE| FHT6H5TS.

. @ unggs Aa elerddetr LweTL(RLD FTevd GmhHUL FLD 600 LoessildsierSEnd:HTes

HsLp5560) 0.9 6T6vfled SGFamsws 12 aflerd@serfleh

(1) FHwns 10 alend@setlesr LuweTL(HLD HTevid GambsLUL FId 600 Loessls s 61 HerHd:ET6T
B &BLpS5R];

(i) gopbsuLsFo 11 dlerd@saflest uwetu®d  &Tevd  GombsULFID 600
OGS G161 BB S HT6HT [6BLDSHE)

(iii) GenbsUL FID 2 leTd@GEemesT LwWGTLHLD HTEVLD G®DEGLUL FLD 600 Locssigg e s6T
Il BTSN [FlBLDSE6 HAENIQINEDDS: HT65T%.
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7. i m@Bmiy Foeurdi'iy oy X -6 Fgngdl wopmid i aflevdsid wpemGui 6 omHmid 2
2&LD. (1) Hlasbsse) Hlevm Fajiy (i) P(X =3) (iii) P(X 2 2) Abweunedmd Hmesers.

8. 4P(X =4)= P(X=2) opmid n = 661gpiLbLiq 2 6en X ~ B(n, p) -6 LiTeued, Fme] LopmiLh
S 1L aflevdald AEuaimHeamd H1eoss.

9. 5 Fmjupm CFTS®IF®ET 2 ®L Ul @ FHDIILY ugeuedesr 1 wHmib 2 Ceupmilésme
BsLpsE0 % LpawnGus 0.4096 wpnmid 0.2048 @b, m@pliy Ugeuedlesr Fongf] ommitd

LITQIMLILG. HTGETh.
@ LA 11.6 )

O\&BT(RSSBLILL L [BT6dT & LoD m) eilewLbefled(bg Flme e LiEaLb IhLeL LI

L ulenesd CHib0\s(H%Ea LD :
1. X 61e9i1D FLoaumu'iciy tormludest BlasLpsse) A1 7dd) FyLy
2
— x21
f(x)=1x’
0 x<l1

61631160, QML 6T FaMMI FALITCHIZ?

(1) &Fgned Lommib ugeIDLIG 2 GTeT (2) FnnFf] 2_aTeng) AeITed LyeunLIg F)eOeev

3) Fgnedl ugaunuig resr(HG Fevenev (4) LTaINLIG 2 GTETE A6TTeL FITFf Bevaev
2. 21 penapeirer p(h St FLocumditiLy pemuiled @b HIGUTL 1% 2 L bHdl. @)1 Hievs(hs6rleh

@ GL DL TGISNHTGT FBLOSE| ML [THH) FTL| @
! O<x</
S(x)=11
0 I<x<2l

6TGOTI6Y @L L WITGSILI UGS SSEM6st Fngif] opmmitd LyeumLilg pedmGiL,
I P [ r I8 [ I
1 =, — 2) -, — 31, — @ -, —=
23 2 6 12 212
3. @ AlenemuimL’iqed HDILGS LsaL e aflaemum(Buaii 2 (BL (REDTT. USDL 66T 6 -£05;
L 1gee, afleverwm(Buauy T 36 Gausvevaumy, Sevanavbiwasiled T k>, Caamumy. kg k
erebTLg)  usaL  HTCBD  erevr.  k={1, 2,3, 4, 5}.aflawerwni’iqed  erdlumiseiubih
Oascbaid BT I
Y @ )2 @ 2
6 6 2 2
4.1, 2,3, 4,5, 6 eresoressfl_i’t. aAmids usLujp 1, 2, 3, 4 61637 6T6vsT6wsH 1L 1
BI6T@ USs usLwd Gamquings o Uil (®h @uesi(hid ST (HLD  6TevTEe e
I L' 1L V0TS SiLonest|SsIL(HEDG) . Qb Fa L' L 60 GMWISGLD FLoUTUILIL LOTM) X 6165 .
Bast) T -Qett GwiLommy (MNoLGEHGHT 2 mILiLE6ITIGH 616886 %
(H1 (2)2 (3)3 (4) 4

5. n=25wmpid p=0.8 erermy 2 e FBMILIL LFaIeh O\&TesTL FLoauTuiiy tomm) X e1esileh
X 61 S 1 NevdESEeHT Loy
(16 (2)4 3)3 4)2

231 Bl &SLpS 50 LIFaIcdEBET
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6. n e Fe8etL LIL(HLD 63 (B BTessTLISEIe8TTel GILMLILI(HLD SED6V LOHMILD Ly FHeIIGHT 6T68T6ss %60 %
Gaupium' e X @GBlsEng et6sis. X -@eit F1gH LobiLEeT

(1)i+2n,i=0,1,2..n (2)2i-n,i=0,1,2..n 3)n—i,i=0,1,2..n  (4) 2i+2n,i=0,1,2...n

1
7. f(x)= I a<x< b eTeqId FjL @ OBTLFFHwImes Floaumdiiy Lompluliesr HlaLpsse)
2ALGES) Fnilamend GHEENS eTesilev, eTaI(BUITIDDIGT 618 alommitb b -Qetr
L& 1L TS @TTE?
(1) 0 Loy 12 ) 5 odmud 17 (3) 7 oy 19 (4) 16 Lodmup 24
8. (b HMTOLIBSTL L ATHIENG 87 ueTafluled (b 16T CUbhIHeT 160 LomessiauTHmanr
TnBECsTeET(H aU(BEDG. AIBLBBSHISND wpedmGus 42,36,34 Lommib 48 LoTEssTaTHET
LwesslGElesTmeeti. FLoaumuiriy wpedmulled sp(h Lomessiau Coihols(HSHLILIHEDTT. AT
Foaumuity  wpepuie  GCHIBOSBESLILL L  omewTen  LwesslG@d  Gu(phElaeTer
LTSS EAGT 6TeRTessilbamaai X GBISENE 6T6tis. HTetTd CuU(bbsl L (heTiseileh
B FLoauTdiiy wpedmuied Carmbol%(hdsLIL(hSlesrmer. HalauTn CaibolE(HSHHLILL L
PL (WBT RL1q au(BLD CUBBEHIGTET LoTessTal S etT cTesessighmasmwl Y @plasdnsgl eTetrs.

@afl E(X) ommid E(Y) wpavmGu
(1) 50,40 (2) 40,50 (3)40.75,40 (4) 41,41

9. @)1 BITGTLIBISET 63T LiLI(HEGTE. (LPSHED BTCRTLISEHG) 6V HOLLILGSNHTET HlHLDBER
0.6 LommiILd B)T68sTL_Meug) BHTTULISEGH eLPEULD He6ev el &% 6lFLbFHa) 0.5 AGLD. F6ssig
® NHBedlehT  (wpIQeyEeT FATUDME®E 6T68d H(hHI%. X 616tiLg OLords  Hamevserlesr ®
TS E®ILIS: GPSEng) 61ets. E (X ) -6t1 Lofiy

(1) 0.11 2)11 3)11 (41
10.  wevayer Osfley auews Caiey spetimled 5ellerTdser spaldleuresined 3 FnsdHuwiomesd
FURTF FFND el 6T 2 6TeNg). 2aEsEleT Ml uled 4 Hebevg AN GLoeh

Frilwimest afledL_ el 6p(1h LOTGRTAT HGTLILIGDEHTET HlHLDSHE]

11 10 1 5
(1) EYEY (2)% 3) EYEY 4) EvEY

11. P(X =0)=1—P(X =1)odmid E(X) = 3Var(X) erafled, P(X = 0) Sresms
2 2 1 1
1= 2) = 3) = 4) -
(1 3 () 5 3) s 4) 3
12. erdlungiiy iy 6 ommid ugeunLig 2.4 C\sressr sp(p @MY FoeuTdiny omp) X
671636 P(X = 5) -@)etr Logliiny

o[SI3IE o5
NEEIE] oS3
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13.

14.

15.

16.

17.

18.

19.

20.

FLoaumuitiL) o) X 68T BlaLpbEay AL 1&) FL
ax+b 0O<x<l1
f(x)= . :
0 U wHLLFers5E

opmio E(X) = % 6T6stley a Lommid b -6b1 Lol LpadmGu

(1) 1 opmno % 2) % Lopmmyinl (3) 2 opmno 1 (4) 1 ommiib 2
0,1, wpmmpio 2 Aadw wliyseiley speitenn X CsmeTdng c16tis. agGHT 6p@H LomMled

ke . P(X =i)=kP(X=i-1), i=12 whpib P(X =0) :% crafled k -@etr Loy
BTGB
(H1 (2)2 (3)3 (4) 4
196U (HAIGSTAINMIGT 6T/ HGSTBlE6V FLOQUITUILIL] LOTHI?
I. @b prefled (b GO L FLOG@mSMmUIS Bl FGHLD LD (LPHEHIFTGT 6TeEsT6w5:mS
II. o @GP L sewdded O&TLFalesrng uwewd FL(H euthis  alfloFuiled
F1$E(HEGLD Liwicssis6netr cTessiensildbams.
1. &b OFT®VCLSE SAeLplient Bleme) COFuuid HTeVLD.

(1) I ommuid 11 (2) IT o (HGuo (3) HI o (HGuo (4) II opmuo 111
2x 0<x<a

(b FLoQUMUILIL] LompSesT FSLpSHa] 2L Téd) Fmiy f(x) = ) )
0 Mo wHUyseprss

676816V, a -@)edT L)Ly
(M1 (2)2 3)3 4) 4
P (h FLOGUTUILIL) LOTHSGT [(HlBLbSER HlwMF FTTL] SLDSHHTEWILOT D QUTWLINIGHSLIL(HSDS:

X -2 -1 0 1 2

f(x) k 2k 3k 4k S5k

e16vflev, E(X) -4 FLoomest odiiy
1 L 2 i 3 1 4 z
(1 15 ) 10 ( )5 “4) 3
g 0.4 QsnesrL s GuiGenned ugaed X eresfled (2X —3) -67 Lgaued
(1)0.24 b) 0.48 (3) 0.6 (4) 0.96
r@poiiy ot X om epupdseflss IP(X =4) = P(X =2)eraud QL jifeest
2 FNEEGI 61651160 ClouMmludest HlHLbFHHa)
(1)0.125 (2) 0.25 (3) 0.375 4)0.75

(1 Hevvilest] ADLIGHGTWITONT S| HL[h% HTeV AILIISEHO(BbEHI Se8IEI HTL Fga L SEDGET
BIDLULD RIOT(H @(BLSI QUTIQS@HUITATISD PUhaU(BSEE Sessiastsemar alndmmr
eT6TLIG] QFfluyid. 2A(BdG eLpedTiy aumiq deswnariseied Fiflwuns @essi(h Cubd@ Haul (b
sewsilesllenw aIH@GLD FlBLOEHE] GTGT6H?

57 57 19° 57

2L 2) — 3) 4) =

()203 ()202 ()203 ()20

233 &S 5a| LIJaIedEET
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LITL_F 3 (hHhBHID

(5 FLoaumiiciL omy) X etesiug) S 6Teith & piGlaualuiedmhg R eTewitb GLod'iGhwicssr sewsid et
L& 1968TQUIBLOTMI QUGTUIMIGSLILI(HLD FTTLITGLD.
R -@b 2 crer @evi Olauaf] 21606V 2 1 H6WLD 246V6VF] FaMIL6T6T %6 esT GhBiLomTm (DDLIKISET

S -@)eb, (1 HlBLOAUTS ADLOENS). eI\ BlBLDeLD BlBLDSH6 LoFLIeDLIG: CIHTEEIG (HI:GLD.
FaIOeuaf] S-aS(phg OLowiOwesseT R -4@ eudTWDISHILMBLD X cTeID (I
FLoaumeiciy orm), X -@etr oids cTevTestilS5a5H1H QHHHT SHSBHE6V FLOGITUILIL]
LOTOMIT@GLD. ASTAUS], (APIQAD] HGVGVF 6TGSSIESSIL Hddb (LPIQGYDT 6T68T LOGIIL|B®ET
oL (WGLo CE1ewsTIg (hdGLD. @IS S Hewviddled 2 GTar RaICGUT(H LoFIINGHT (FSHLOSEH LD
L) HONLIGEST 15 BLDS 56 O\HTEESTL_HTHALD, [l HLDHEa|H6HT QLDTHS Fo (HFED RGTMTHALD
B)(pd@LD.

Xy Xys Xgyeon X, ey GIGHID B3 LOSNIL BT ClbTevsT. X eT6hTLSG (b Sevflhlewev FLOGUTUILIL
Lorplewestlev, Fmgy f(.) Aeveugr p(.) eted GO LILBEDI. Cosid f(x,)=P(X =x,),
k=1,2,3,...n,...6T65TLIEI HHLDSHR BlODF FTILITE QUTUIDIGHHLILHEDSE).

X, <X, < X3 <+ GT@YLDLIG X,, X,, X;, - . LDSNILB@BEHG F(x) -0 hFHLDSER BlODF FATLITES
O\&/T68TIq (hSGLD FeslBlenev Froaumuitiy ormf) X -@)etr Gelley Lgeied Fmjy  F(x)-@)ebr
Bapssa) Heoms Fmjy F(x)=P(X<x)=Y f(x), xeR3yaLD.

S 6IGhLG| P FamIGlauar] 6T68TH. X : S —> R eTeqyib 6p(h FLoauTuiliy Lomm] R -6 (i
SewrLonest 1 -60 JCHauiid Lodlienul’t Qumid 61651%. I -@)6b 2 GTET AMETHS] X ~SHEGLD
P(X =x)=0cr6tTug) X -@6i7 p( QSTLFdFFwinewt FLoaumiitiLy LomprGLb.

QL& Fwinest FLoaumiitiL omlufled x € [a,b] eTeILommI @ 66 FIdELoTeT spaiblauT (s
b
BlasLpay x -m@&LD P(a< X <b)= j f(x) dx eTe®ILD LIGSSTL] 2 GITeN ) 6Testleb, f(x)e6Ta®ILD 6p(1h

G®DWDHD CLoUIOWIGET Lo IL|OL W FATUMGSS), BlSLDSEE| AL [T FTTLTSGLD.

1(x) TULD BlBLSHR] AL [TIHENUeDL Wi p(1h O\BTL FFFuimest FLoaumuiriy Lomm) X-68T LITeIeh
FITIL A6VeVG GNay LITaIe) FjL F(x) 6T6iTLIg

F(x)=P(XSx)=j|£f(u)du, —oco< Y < oo,

@ FLoaumiiin oy X -@etr Blsipssa) ugeusd Fafy f(x) e E(X)Hebevs u eTand;
GO Cu(h'b
fo(x) X saflBleoew wmy) eresfl e

E(X)={.
.[xf(x)dx X Qsm_jgRlwner omyg) 16 6O

—o0

GTGOTLIGI GTSTUMTTNIGST oIy 2i6vevgl FInFf] Sevevd X -@ebr @essils e1STumitiny eTes

UTWIMISHSIL(HEDS).
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«  V(X)oro’(oro,’) erend G (b FLoaumdiciny tomm) X -6 ugeupLig

V(X)=E(X -E(X))’ = E(X - p)° 246Lb.

SHellB SIS FLITFLIL] LoDNID LIFIDLIIg ud6dT LIGHIL|FH6IT

(1) E(aX +b)=aE(X)+b, @@ a opmio b ASwies Lompledseir.

FHewargsCasmmip 1 : E(aX) =aE(X) (b=0 ereuvGumgy)
SHewargCasmmip 2 : E(b) =b (a=0 ereipGLmgy)

(i) Var(X)=E(X*)—(E(X))’

(iii) Var(aX +b)=a’Var(X) @kiga wpmitb b yHwewar Lompledser.

SwergGsomin 3 : V(aX) =a’V(X)  (b=0 e1aoGungy)
FHwargCsmmip 4 : V(b)) =0 (a=0 erexpGumgy)

o X Oaupd)=1 opmid X (Ggrevad) =0 61687 cuawguimidsLiLi(hLd s GliiGesred) GoFrgemestu i cir

@ Qevevenbg FLoaumiiliy o) X -, @
p x=1
f(x)= , @i 0< p<l1
g=1-p x=0

X a6t OiGerrnel) FLoaumuitiy Lorm) e1esiayid ommitd f(x) eredrLig) GLiGesnted Liaieh
GTGIQYLD (PN AMLPSHLILI(HEMS

o X eretrugy QuiGested FLoaumuiiy Lo eresiayd ommitd f(x) etedtLig) GiiGesned) LiTaueh 6TesayLD

wpamGI AMLPSHSLILIHSDS).
o ueLaTeda p 2 L QuiGesrmel ugalemevts esTuPmitd X sp(h CuiGesned FLoeumiitiy tomy)
eTaulled, FomFd) p LoHmILD LFeuNLLG &> AHiaer
p=p ppub o’ = pgASGLD.

o n-01LiFAwnest wpwnlsetled 2 eirer OeunmlEetletr eresirenstlbamasamit X GulssTey,

(1) n -CasrLgdfunet wpuHFPSET  FTTLUDDEDGULITERLD LOMMILD 1 ~GTGBTGHT L&
BHSHBHEDUWITHRLD
(i) Qeupnf] evevgy Gsmevad et Quuii’s @m FnsHuioaes eNaneresean
1oL (hGLo p@IGauT(h wpwmEyLp G\bTessng (hdbHaLb
(iii) paeurm wwunHAlid p orerd GUSSHILGD Ceupmluiest HsLbSH@ LOTMISH
BBSFLD, ADLOBSTCVR(h Sevflblewev FLoaumiiliny tommg) X mBmiciL FLoeumdiiy Lomp)
6768 AMLPSHLILI(HLD.
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o mBmIIy Foeumditiy torpl) X 616G n-Faiunm wpwndserled Ceunmlsemeir cTesessildamEmULId;
GWISENG 616515, QounmsHTest Flapssa] p oTesid OBTesrL M6, CHTeLNSHTET KSLbSHE)

q=1-p AGLD. FEHIIL UTaueev X ~ B(n, p) e1681d GMLILIT.
n
X 61 BsLbs50) Bleoom Fy f(x) = (xj pd=-p)", x=012,.,n HASD.
o pLODMID nGTULD LIGRTLIOT®AIS®ETS OFTesst e A@BMILIL LTeuedest FF(HMILIL

FLoQUMULICILY LoTW) X 6T68T%. FIM&FH] u LoMMILD LiTeubLIg & Lol

p=np wppip o* =np(l- p) AGLb.

- B
@ememnuid GawidLnG (ICT CORNER)

https://ggbm.at/dy9kwgbt ®1s0s031 Scan the QR Code

Qe 2 evallew Hnssald, OsT(HSsuL (Herer 2 1e/elerea)d
GO L H1' 1 F& QFuuep, GeoGebra-afletr “12% Standard Mathematics
Vol-2” ugsip Ggresimitb. QUiLessisSneT LdsssHler QI FILdsd 2 mhigser

LML BTG OFTL eI W LY ASENIMUIBISET FHTesi(hLp. Aaumpled

“Probability Distributions” 67e9/1b i$Huwimugamsd Csiia) OFuis.
QUiCunapg @m b CGTLFUTES L6 LeSISSTeTH®meT QUiLdsdHe) Hreseriiser.

ADTSH G/ LIGSSHS BTG 6T LD O\FUIg) LTSS LD.
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Z60l[hlsMe0T 630l HID

"BweneyCart! sellBS ST B1ew) SSmSET LRSI b
B vwetu(Bésr LweTUBRSSL ULpHS CBTeTaumy”
- W6 o*oLITsdT [Hlu JGLO6ST

E il |.'; ‘I
12.1 D1p(pasId (Introduction)

sewtigaiieme OHTLJHlawevd HeullBid GTTMID SH6shhlenevd %eusiELD
e16T LD @15 OLBLD 19 T6yEeTTES QUMBLILIHSSHIAIT. HDMIGT C\HTL [Thlamevd
FGTBLD GTGHTLIG OULOUIONIGETHET HesoISHEIGVIGT T GTGESTESSIIL (LPIQUIT (LPIQ@IMD
eTatgaer  (uncountably infinite) — O&meser.  1piQ&yEeflelT  Fa HMISEET
SUQUILL WITHS GBI STGLD. AFTaUG 6Ths BH OLoUl TETHEBSHE
Qe Gui  eTessIewilL  (pIQUITS  (APIQAIDD  HeRTHmBS  CET68sI (hdEGLD
FTLODWIS  OFTGETL G T(HWSHIGHTL LIS CFTLThamevd Hessiaddlet
SADLOUJLDFTTLITESI S| §p (5 O\BTL FFFuimest auamaTauewiTeg @t Gauafluimn
LeTeNasenTeh SiewLowiOumm)(pe@LD.

F6sTBleneud; A0 (Discrete Mathematics) 2 Girer
2 MIIYSHET  APIQRDI B WGTEFALD — HAONG ARG DILILFET .
AP IMDSTUN(BHSTE 6TevoTessilSHdEHTHa D (countably infinite), Hesllbs ggatr ~Limatr 5l Goir
Beveuuileh @ BEGLD. BT 6Thg B LeTells@pdE@Ld Qe Gui wpigaymi (1903-1957)
SADVS] TG Sbd:db (LPIGAUIDD LGTeEmed CFT68sI (hSGHLD. 6T(WSHISHTLLTE §p(Ih (LPLGQG DI
FIGEHGT 2 DI E®end O\BTeT(H AHMLOUJLD p(h FTTII®ET QUTUIMIGHIL GLmid Beveweriesr
aufleng GFiq FeTTE AMDLOGS] 1965 AH®HT aurfland CFmiq &6 Lpparensuyid L' 1quwied (h Hm (Kb
QUMSBUIED QUTUIDIGE @UIeILD.

LSOSIGTUSTLD BTHMIEsTIgeT Qmidudevid, 202410 HTHDIEETIQET CFTL GHSEHVID QITLDHS
sl ADHIHT Fellbleavevd; sewflad or6tin @b yHw flewer 2 (BeurdHesr. @udafled
2 GTGT HIHSHIFHET QUIGH GTCTHET HEIHMBLI GLITEV (LPIQQYDI AV GTGEITESSIIL G&Hd:db (LPIQAIND
FCRTHIFEETS OBTGETL 2 DI SE®ET QUL WTES OFT6ETIQ(hSGLD. QRIIMDE HESIHIHEET
FaTElan6Vd HEUMBIGET GTGTMI HMLPSHHGUTLD. GLOGYILD Feshhlevevd FHeusigdElesr FMnMIeOLIT6TS)
Qs sew155)0(BhEI @I CTETSET FHISHNG 2 WIS QRGTDIGOHTGHTY OSTLIyUBSS
Wi Engl. e1aiGau Fesflblevev 2 piiE®end OFT6ET. Fewidamsd; C&Tesr(h @(h uflenFeis
(sequence) ADLOGS (APIQEME]. FETF6V 2 MILILEETTC HewThisenled @FAMIILG SeTanLouilencsrd;
et @uisyGrowictrn)) eressiewil  wpiquing Davr CauellseT aIgid QebevTsSTed auflangF s
SADLOSGHLILL L 2 DIILE®6N T O\BT6e8sTL GLou et Eleh HT6wT @UIcVTg).

SeutlasiIl LWIGSTLIT(H HMETSSIS HIDEGTILD LpSENILT LBISTHNY] QU(BHeD LD HEEGSTAU(HLD
2flau. Fesllblenevd HesuIhIS6T eLpeVlD Hessidhd(hFerflesr LweTUT(HH6T AUHHfFBHewrTed Hewsflesl]
<2fleflwicd, 2mfleflwiedett s wpdBwit uGHwTEBar oI BLILIDSS FHTEETGVTLD.

GLoaiLD, 6T hlaneVds HESTBIHET LINMIL FH(hSHIFEET AQ LILIGHL UITHS OETET(H F (hSBLOTGISILD,
O\arflauesgLomest peieer Seustlest] lred GomiflseT (programming languages) 2 (BauTdELILI(hHEeTmeT.
2SI Feustlosl] ADNehTH6T, Festlhleawevd HewrhiEer LUNHMY) HeT@ SHMI HSGHT eLPGULD [HlT6v
OBMlpedmEeT (computer algorithms) o (BeaurdHBLb BHlavev T’ (HeTerg).

Fellblanevd  Fellpld FHNUBTD D GILTGLD BT®LOFTTSS FapriL(haugl  wWrbsesley,
197 & FDTH®ETLI LGHSDIFH0, AuDBINGS Hi6y ST1enised GUTeTn HNETH®ET UATIIILE %
S(madlwins allerhid) OFwicbL(HauCsH @GLD.
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Seoiliblanevd; Hess1ddlc0leh GFTLOTGUIHISET, H655T% HiJ S HaMNLIED, LeONIGHT @UINBEsTISLD, UGHTLIL 5
Gariun(, @ul§ (hd Gxmi un(h Guesim Lev 19 1es6IT 2 GITeT6s. HMDMIGT SH6shhlanevd HessilaLd
FMihs auflens LomHmhIs6eT, CFIas6T Hessisd 0HTGHSSPIH® GUTETN HE®ULILIEHETI LpHSBL
GGG w HHMMIHECSHTID. @UiumgHlev, m@EmiiyF GFwevser (Binary operations), idad:
sessiigLp (Mathematical logic) eTewiid @5 (9fleyseants umm) Simlbg G516 Gaurip.

S CEL

- o arangy (1) @ rd@Ld. (belongs to)

- eTeTmauTm (1) 6TeiLommi (such that)
RI6uT(H () AdeTd SN GLD (for every)
- Gsflailiug (implies)

LuU<ELIJm

- 2uhBs 2 6Teng (21) @psSev (there exists)

OUITEIITS (B FeWIGHD QP6iTn AeVeVS PTNISGLD Gopul't @ piiysefler 5% (b
CFweleww CFweL(HSSHID wpemedi GFwied (operation) er6drmy GUINILLIL(BLD. Z-60 2 6TeT i
o itndest Geom 2 miiL (negative element) FrewT6d 6T6HLIGI, HFFLoUISHIGD 6By (15 2 mitienLl Lor” (HGLp
AFOFWII GG FH(BEHIUBTGHLD. AIuTDIes CFwed RrmIiLF GFwed (unary operation)A@Lp. Z
61681 HessIgd)e) TGHEILD BB 2 MILILBETGT Fo (HH6 FTETLSNG B)(h 2 MILIL ST CHMANLITEDG/.
ASBTAUG] Fo_(HSH6V HTEI6 6Teq)/LD O\FuIe) FFBMILILE OFIc) 6T Fo MUILIHLD. Fn(HHGVIF BTG + GTGSTM
OFwel, mpmiiyd GFwed) (Binary operator) 67657my HLoS&LILI(HILD.

O SIQITH, 63 (1 Hew8ISHB6D 63 (1 O\F WY &G n @ DI LWGTU(RSSLILHLDGLTS], & n 2 mILILF
Crwel er6dTmI SALpSSLIL(HENSI. RUnIflafled, mpmiiyd QFwevser Lnm) eNifleunsd HTe8TGUTLD.

@ HDMN T GBISHBBIFHT
® ®

B ASEwmuiGHest wpigalled LomessaliS6T 1968TaI(HeUGTAINGDMN MBS BLILIT.
o F(HMIILF CF w6 QUETWIGHM LOHMILD AHHGHT LIGHTLIEH®ET GFTHGSH60

o 1eONIGH el EET LOF) FF(BMILILS O\F IS GUGDTIIMISE] HBGHT LIGSSTLIE®GTS FIfLITTSH60
o wni'(h erety Sewlls OFT@GLyEefles 6% mBDILIYF CFwelledw ueTUNIGEH AHH6HT
LIGSoTL| 56T CFTHSH60

&aot] LOMMILD Fo_ L (B Fa HMISEDET AL WITGTLD HTGE)ISHGY

B 55 QEILILIE®ET QUGN C\FUIg) CULOUIGHLD 11" I QIHCTTHMET AHLOSH6)
OLouiord, apreserLT(h LoMMILD [Bl&F FUILOGTEDLOE®GT HGDL UITOTLD HTG5)I%H6D

FJ&E FLOTGILOTRTIOISMET CHTHmIeNSH Aaunmne Qur L d Gsml um(hE®ent
LWIGHTLI(H S HIH6V

12.2 mpii ¥ Glauisd\®seir (Binary Operations)

12.2.1 susmyuwismmxker (Definitions)

R -687 LBy Mg LILIeDL cTevTbewwllE A(BMILILF OFWeds6lT Fo 'L 6b (1), HLhldHeD (— ), CLiHd:sed
(x), LoHWILD QUGFSHHD () eTTLIDBTTGLD. 19241D HTHMTeETgesr @milufevid tommid 2024Lb
BTHDTCETIQ6ST &L SasHed aumiphbs sessies AMlepiser TGU6b, O5uIed), Gsmad) GumerGmmy
GLomas M auLpdsiones @uinsessiiasd CFwelser Flamey OFdiub Lt Sm6n CLITELorL(hSe
APWINE) O FUISTTHGT. AFGT eLOGULD ATHET LI BI85 @uimSEesslls HLOUILEH®ETS CET6T s
FEWITET S GLP®D LPGULD 2 (BUTSHTIEeT. eneurm Gupiult @bs b 9fley miess
BQuih &l BLD 6T M AHMLPSHLILIHEGSTDG).
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T(HSSISHTL L 15 TCHILD B)(1h Bich 6T685TH6N6 Fn (HFH6D 1T @Ied 6T68T GT6TMILD SH6umHmlesT
OLBEBILD T Buich 6768 6TeTMID ABIBAITLD. ABTAUZK], AILDSHBLOTET Fa L' 1 60 (+) oHmID (X)
OupsH6y GFwedlser N eratin sewigded @ 2 miijsmend Gs1eaa(h OFuweL(hdSHaIFTe)
OIS O Fwcl 6TesTmI HeLpSHLILI(HEGTNEHT.

2ADSGBW GBlui (Hangeled, m+neN; mxneN, Vmne N=/{1,2,3,...} er65rmi 610pZH1ECmLD.

Goma= mlur @esst(h mpmiiyd OFuichs@pid SipdsTemid flflsamen Blameayd CFUiaImEHd
HaUGHT 5.

(1) N -6b @uribal G CrrsHled @uets(h cTevs1a6 61(hdaliL (h CFwebLI(HSSLILIHE TGN

(2) meusarletr Lpigeied Sl &@Lb 2 miiy e (Kb N 6168TD H659155) GG B)(BSEG).

Q10T 53 (1 QUMMM HEWILD L) QU TUIDISSLILIHLD 6ThS 63 (1h O\FWeweVL LD [BI688T 56T El6D
(B FFBMILIL CFWeS) H6vevd) FBMILILS CBTGLIL GTGOLILI(HLD.

| assmyuwsmp 12.1
@@ Qeupmmm sewend S -@)6ir L& euedTwIMISHIIL L *  6Tedt) TCHILD (1 ClFuich, ey
FFEDILILE CF1LI6) 6168 HLpSHLILIL CouetsT(h0)Loesleh g/ 165TaU(BLD LIGESTL|SETd G\FBT6EsTIq (hd:d
Gauessr(b'LD.
(i) SxS -6 26rar albaut(p euflowFs Camg (a,b)-%@ * eI6hin CFWIGH HeVoTiqLiLITS
QUTUIMIGBLILIL 1 (HdH CaresT(hLD.
(if) SxS -6b pabeuty auflevsd CFmg (a,b)-uer S-60 a*xb eretim Gy i 2 My
B @LD. |
CoumielsLomsd Fa mlevtned, S -6br 16g) euenumIGsILHLD * 6T65TM FBMILILF CFuicuTesg S -60
o airer 2 pi'ijserfles spaitleun euflensd Gamgamwiuyid S -6b G F 2 miiewLd QBT TLLU(BSSILD
(5 aNd) AGLD. BB 6p(1h FITTLITHALD 19GTUIHLOTII QUGHTUIDISHBGTLD.
@ *:SxS > S ; 2wsmaug), *(a,b)= axbe S, QmiG axb ereiLg CT R 2 MIILITSLD. @
-GS le®aTey a * b eTlIOLITUPSILD H6sTIQLILITS S -60 2HewLow! Gauessr(hib Lommitd S -4 OleuaflGui
ADLDUIS T L TH. @bBledevuiled S -Aewig *-6t1 $p HdLey CUDHMIGTETS 6T60S Fa HEUTLD.
BUILIGTEDL L QLT LIGHTL| 6TGT NI Fa_MIGI].

| alsnyuieny 12.2
PG )] 216V6VH] ASD & CLoMLIL L AFBDILILF CFWeOSMGTLI OB T CHenILD

P QuHmHD FeTSEGHT LOGI UTWDISHLILL LT A% @uinsenils HaLoLiL axb 5

eTGuTLILI(HLD.
* 616D FFIHMILILTF CFwiemev S -@)6HT 1O 1DGSTUBLOTMILD GIGHTIINIFHHEITLD:
Va,be S, ,a*b 61651 5 (hLOGSETEOLD QUM Ihdgl, GLosvitd axb e S . uLp 12.1 |
@GPy
GoGeuuarer auammuednuiedhbgl eibleuT(h FEHDILILF CFUILD AL LI LIGTL FleDnay
OFu'uib eT68TLIZ C\FeMauTSng).
@GPy
x6T6dT) OFwich B GOUIHST6H. * 6T16TLGI +,X,—, ~ AewHS a1 6D, Aewsill CLIBdHH6Y,

Gurettm GFuichaafleh spetTedmd GMI%@GLD. GLoavitd *<Hesig mHILILF CFwedwns QwliGsT (=)
BveuTLoedBLILGSHT 2ig) aUTUIDIGHIIL(BLD HEESIEH®BL1 GWIT(HSBHTGLD.

T(BSHISHTL L1, AULDFHBLOTGT Fa L' L6V + LoHMILD OLI(hdHHe x Aevid N -6bT L&) T F(BMILILIF
O\FwIG) AGLD. AT, HLOGHD — AT N -6i7 L&) @I FBDILILTF CFUIG) HBTS).

Bz Filunigs. (3,4) e NxN er6irs.

* (a,b)=—(3,4)=3-4=-1¢N.

eTWGar —Aeid N -6 L& @I FBDILILF QFWwed ABMEI. ACH FLOWSHGD — AewTH 7 -6T
L& @i FBDILILF CFwed 6TetTLg Oseflay. e1ariCar, Z A +, X oHmid — g9 Qurds HLb
SADL e QubmeiTend). eTesiCa, (Z, +, X, —) @ @uinsessils HLOLIL) A SLD.
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2 HmICHTEEE APESmal
(b O\FWeOGdT AFIBMILILILT LIGSSTLIMGSIS] 215 QUTWNIGHLILI(HLD S8l OLIT(hISBHTGHLD.
(a) N o167 0 oHmid GD AP 6TeBTHeTULD CFISSH alflayuBSSLILL L HewTbTesT 7,
GTGULILI(HLD (LP(LD GTGHST HGOSILD AGLD. 7 ~G5T LB — AGTGI (1B FBMILILF CFuIcd) A@GLD.
2160 N 637 L6 — p(h FBILIYE COFWEd) HE1F).

(b) CFwed) + Aewig, Z -e1 16K F FHBRILOYF CFwed HE1H. T(HSHISHTL LTS,

1
(1,2) e Zx 7 -&@ + (1, 2) = 5 ¢ 7 . cteniGau, Z 61651 Hesidang aliflayu(hdsd: EenL el

Oumid e Q A@LD.

(c) eravwasmard  GEmess.  2qliuewrd  Qrwebur(hsefley 07 AL  uGLILG
QUMTIMISHLILIL IV TGN 2 68sTanLoanis AMGaurid. 61e1Gar, + ek Q\ {0} —61 L%
@0 FBOIIYF OFwed AGD. @areunCn +, x, — AHwemeuser Q -6 L% FBMILILF
O FWIHHET AGLD AesTTe) + AetTg Q \ {0} —6t7 L&) AHewLouyid prF FFBMIILF C\FuIch AGLD.
GomOaressi(h Q g R —-&&W whmid R g C-d@ib elfleyu(PSaiaisn@&d HTIGwID T65T6H?
6161 GAIGOTIT GT(LPHSHIGTONT . 6TasIGa, +, —, X, + AENI DH1Q LILIGHL UITCYT 6TCTH6EsNS O\F 1LIGLHGBHL GHT “
X2 =2=07;“x*+1=0" 16510 FLOGTLTL" (h AUDSHFANGT CLPGUBIGEGTUILD D GTETL SENI (b GTGHT
Osr@iy Caamaili(hEngl. 61eCal, TNHETCa 2 GTeT 67685 O\BTGHLILIL 65T AIEHAPMIT GTEETH®ETULD
SDOLIKGT TRTEMATUILD ST’ 1q [FFumuid 3£o01 LMTdE] 2 Tl G@GHLOTUNS LML FGHLD 61688
Oar@iunesigl R -1tb C-1b @b @Fle 10&116Lflwr 6168 Opr@rinest Cuemgy wpaomGus N, Z,
Q wnmid R b 61685 Q&1 &SLILE®6 CST685TIq (5EEGLD 2 1 SeuuThiseTTs B)(hdb@GLD.

Qs
@® Crwedzdr | z Q R C | Q\{oy | R\{0} | C\{0} @®

DL | ADLG| | ADLeY 2L DL | ADLG DL | ADLGY

+ Qumnmy Qumnmy Qumnmy Qumnmy Qumnmy Olum Glum Glum
o areng | 26eng | odreng | 26drerg | 26dreng | -efldbamey | -afldbeev | -efldbaney
ADLG | ADLey | DAY 2D DL | ADLG DA | ADLGY

— Glum Qumnmy Qumnmy Qumnmy Qunmi Glum Gum Oup
- | 26Targ | 26Teng o areng | 2dreng | -aldme | -afldbavev | -allbanev
ADLG | AdLey | ADLaY DL G ADLG| | ADLEY ADLG | ADLE)

X Oubpr | Gubmy | Gubm Ounm Oubpi | Oubp | Oubm | Gubm
2 GTeNG | 26TANE | 2 6TeNg oaTeng | o6Teng | odrergy | odTeng | 26Terg)
ADLEGY | ADLG | ADLGY DL G ADLG| | ADLEY ADLG| | ADLE)

-+ Glum Glum Gum Gum Glum Qunmi OQumnmy Qunmi
b | -afldbamev | -aflebeev | -aflebemey | -aflebedev | 2. @Tengy | 26eng | 2 éreng)

ei(hBHHIhHT_(H 12.1
SLpSEHTEID FHMILILF O FuIOSET, AHSNHGI HessThISe ) AL QLI LIGTTEOLILT OLmHmIGT ST
GITLINSGF CFIHld%. AaaTmleversamming misliyd CFwedules Blubgsmetaw HlenGaummitd

9L’ L eueneser 12.1

LPEOMEDUIT> HTCET .
axb=a+3ab-5b*;Ya,beZ

&jay
Z-@6t1 15% x AL mHmIIySE COFwed erediugied Va, beZ = axb=abeZ ommib
bxb=b’>eZ . (1)
7, -6b7 16%I + Aes1g FBMICILF OFwed etettLgmed (1) = 3ab = (ab+ab+ ab) € Z ommitd
5b* =(b*+b*+b* +b* +b*)eZ. e (2)
GLogyitb, a € Z opmitp 3abeZ = a+3abeZ. ..(3)
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2), 3) AaFweunOBHE 7 -1 1O&H = A& FBOIIYF OFuwicd) 6TGTLIGTEID
a*b=(a+3ab-5b’)eZ S 5GLb. sTaiGou a*b €7 eIasTLFTc) * Hevig) 7 651 L)
2ADL @ OLINHMIGTETS). [ |
12.2.2 Fmmici s GFuisludedr Gogin Fed L1sILgHher
(Some more properties of a binary operation)
uforpuits uein] (Commutative property)
2 Oeupmmm sessitd S 681 L% FBDILILEF O\ Fwed) * Aevg) LFLDTHMIG HESTELOL|EHL LIGTUNGHT

RaI0euT(H a,be S -&@Lb a*b=>b*a, c16TL% 2 cTeLOWLITE CalctsT(HLD.

Gy’ Lsin (Associative property)

@ Qoupmnm sewiid S -6i1 L&) FHDILIYF COFwed) * Aewg CFILIYL LIGHTL] 2 DL wiGTueHT
a*(bxc)=(a*xb)*c,Va,b,ce S c16571%H 2 BTDLOWITFHSRIGHT(HLD.

F1oa0ii1 LieinL] (Existence of Identity property)

* 61681 A(HMILILS O\ Fwedudett Sp e € S e16dTLIG) S -68T FLoasf] 2 Myl eTesfle Ya e S, a*xe=a
LoMMILD e*a=a eTedTLa hlavmey CIFu i Lp.

eI j1osmmi LiswiL] (Existence of inverse property)

S -6b e e1amILh 6p( FLo6sh) 2 miiy whsied Vae S Ibe S, 3a*b=e whmid b*a= e ereiley,

beS eretiug a-e1 GHoAm 2 My Sevevg eTdliomm 2 miiy e1etii(pib. s mrb b=a”'
@ GTGYT GT(LPSHGUITLD. @

@Gy

a’' eI S-6L (I 2 MIILTGLD. a”'-£9 a-6iT 6TH LoD 6165 M) Fn MEUTGLOWIGHT) 1 GIGSTMI Fn D)
Buievrig). .
@GPy

(i) 1eZ erciiug pm Guipdsed Fesfl. 7 -6 GT Q@F 2 miiETeT @)SSHeTeLoeLL]

OupBBSGLD. aaymiiny n-1=1-n=n, VneZ er6t1m UessTaOL Hledmay CFCIuLb.

(il) o7 2 punder Qupsse e1diommews leTdsd T(HSHIGHTL LIS, 2€Q -6 OL(BIHB6D

e IE)) %e@ 24 GLD. x:% sy Gaumy e1hs eTeviamyp 2-x=x-2=1, 0#xeQ

TGS FLOGTLITL &L [hledmey GOF Wi b LicssTanL! Qmm)(BSHTE).
@iy

R FWBE  Fa DYl 'PAIOGUTHTDIGSGLD HDVS < ADRTSEDGLD’  GTeTLIMS

OBTL YU SHIOOLITLPEH s palbleuns  CFmg  HeHeVH  eLpediml 2 MILILEHG@HSEGLD
Blem sl Cauctr(Hip.  @alGleun(h CFmg HeLVS eLpesTml 2 MILILEEHS:G BlemlIILS 6TeHLIS
LIRIRUGTE) GTETNFHEV6V. AGTTe BbF QUIMBUITET FlEUELOECTI) @)dda HMIGHT LomirienLl BlemN LI
FIVF FNhSSEI. ASTaS “PAICUTHTMISHGHLD” HDVS “ADTSHEDSGLD” GTTLISGT LOMILILITCTS]
"G5 o Teng) (91) @(BESH6 TRTLSNS PLIL R(1h CFTIq ADVE CLPGTMI O DILILSETTS 6T(HSSI%
O\BITGIITL G MEOM LOMISHGLOTIHI O_(HeUTSHS (UPWLIMFGHSETLD. HRIGUTI FHT65T @UIGILOTUNGT, SITLILIL L &
Fo DM FIIWITGITZ 216DV GTGTLIG] (LPIQ AIITGLD.

FLOGHT) LOMMILD 6THTLOGOM 2 MIL'IL |FHGHTIGHT 6 (FELDSHGTELD FrTTThg 68T EHET 24 TmuwiliLiL Geauesst(hLD.
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9estauptd Gamium(hser GoGev GUINI L (1pIgeseer 1OFD OUITEHIGITET alqaidhded
hlermtG:EHleTmenr.
Capmip 12.1 (F1060f 2 MINAGIT 63(HEDLOTHZH6IT6MID)
[ R Buinsessils AeLoried FLoes] @ DILILITesIE] (2_6TeNS| 6T6860) §p(HELOSSHGTELD Wﬂlﬁlj)g;g;])

[hlehL 163D

(S,*) er6tLIG T @uiNEessile HeLOLIL] 616515, * &3 QOLIT(BdGI S 6T FLoes] 2 pIlILiTesig) S -6V
o GTeng) 6161d; O\bTes. CLogitd pCy sp(h FLoesf] 2 mitiL) o’ (FGLp @ 6iTen gy 616wt bHlemid:s.

S -6t7 FLOGE] @ WILISHGT e, e,6Tes @) (BLILSTHS: CBT6T GaurLD.

wLpHedleh e, £ FLoesl 2 MILILTSQLD, e,83 S -G 2 ILILTHQYLD 6T(hdHIH0\BTGHTL T,

e, *e =e *e,=e,. .. (1)

19D& e, 20 FLoGY) 2 MILILITSGLD, €, 83 S 68T 2 DIILTHLD 6T(HdSHIH0IETGETL M6V,

e *e,=e *e =¢. ..(2)

(1), (2) -eSBhal, e =e, . 61aGal, FLOGS) 2 MILIL] P(HELOSEHGTGLD UTUIHESE). [
Capmip 12.2 (c1hjiosmm 2 MInIsin s(He»LodIhedTenin)

@7 @uinaessils AeLotied i 2 et 61hiioem (@)(BLILIGH) §(BELOSSETELD UTUIhSS).

[hlehL 163D
(S,*) er6dLIg T @uiNsessiis ALl 6Tetid. GLog)d a € S 6165%. a 65T 61d)jioedm S -6
2 GTeNg 6Tevd OBTeTS. S -60 2 6irerm paIblaur(h 2 pInINGLd G p(h 61d)ioedm 2 mir'iy Lor” (HGLo
B5F@Lb. Crogiid S -6b e1&)TLoemM 2 MiLiL) (HEST6H 2Feb FLoesll 2 miiy e 2 niKuins @HeESLD.
aeS eretis. S -6b 2 6irem 2 My a -m@ GT @ e1dHlioedm 2 iy 1ot (HG @B GLD 6T6w
ble195 5.
a -6i1 c1)ioedm 2 PICISET a,, a, 6T6sTm @)h 2 M SET @) BLILETHS: CHTETCauUTLD.
a, £ a -61 eTHFLomWITSS; %16 CeunLomuiletr a*a, =a, *a=e (1)
a, 8 a -6 eTHTLo®DWITHES; 0\%m6eiTCeurromullelr a*a, =a, *a=e ..(2)
a = a*e=a*(a*a,) ((2) -ebring)
= (a, *a)*a, (G&rriyrs LessTIIGHTLIQ )
= e*a,((1) -6brLiq)
= a, (FLocsilliLicssnissiiig ).
=a, =a,.aaGa, S -6 2 616 2 iy a -N& R8T (b e1dHioamm 2 miiy Lo’ (HGLo (S EGLD
TG AWNIGUITLD.
@piny
Gammip 12.1 opmid 12.2-@etr 2 edsredLowinest sp(paLodgeirantoants afifleuns Gomiigried
O\&fbg GHT6ETETETLD.
IhHH1HHT_(H 12.2
7 e1681) Fewsidblev '+ e16dTm) AFHMILILE OFwed Csress(h (1) ewayt uessy (ii) uflommmi
uesery (iii) Gartiyls uessy (iv) Fioesfl Lessr opmmitd (V) eTHTLoMLI LGS ASUIDAISEETLI
OUDMIGTETSHT 6Te8IE FIfLITT &%,
&joy
(i) m+neZ ,NmneZl.cemGol, '+ Aeig, L 65T LbGI I FBMILILF OF el @ LD.
(i1) Goayitb m+n=n+m,Vm,n € Z . e1eaGal, LflLommmiLl LIGSTL] 2 GETenLOWITGLD.
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(i) Vm,n,peZ,m+(n+ p)=(m+n)+ p . ciesiGer, GFILILLI LIGETL| 2 GETELOWLITEHLD.
(iv) m+e=e+m=m=e=0. etaiGas, 3 0€Z3>(m+0)=(0+m)=m . 61c07C6u FLOGHIILIGESTL]
2 GITOT ).
V) m+m'=m'+m=0=>m'=-m. cteiCat, Vme 2,3 —-meZ>
m+(—m)=(-m)+m=0. ereGal, TETLO®DLI LIGHILLD 2 GTeTg. QRIITNIS, dn L L 6D
OFwed + ez, 7 -6b1 L% GLomEsessiL £obd LIGESTLS®ET hleawme) GFu'iu/ib.
Fa 'L 6O FLoast] =0 opmid TGSID P(H AP 6TGRT M -GS Fa L'l 6 GTHTLOGDD —m
GTGHTLING S HUGSHEIeD C\FHTTGourLD. u
eI(hHBHIHHT_(h 12.3
7 651 15% @uimsessfls OFwiel ' —' s
(1) Loyt uesery (ii) wflomrpmis vessty (iii) GaFrryls uesy (iv) FLoesflll LessTL LoHMILD
(V) TSI Lo®DLT LIGESTL] AENIGUBET CETST(HETOTSHT GTCIE FiLIMTTd:db.
Sjal
() shldsed '—'  dwergy Netr g @F  mGOIIYF  QFuieh  ehev.  AGTTED
7 6%7 LO&] @ FBMILILF CF W6 AGLD. 6Tes1Gar, GLoayib Flev LIGESTLIE®ET '—' 665D AF(HDILILIF
OFwelleowd; C\F1e8s(h 7, 687 165 61T Lo ILEG@BSSF FHMTLILIG] HEOGVF).
(i) m=4, n=5 erafled, (m—n)=(4-5)=—1 wopmio (n—-m)=(5-4)=1.
Biug (m—n)=(n—m). erenGay, '—' Aawgy Z-@as LBg LfomdI UesTenL Blepnay

OFu'iuing).
(iii) (m—n)—p wHmpndb m—(n—p)Guremeunmles m=4n=5 wppub p=7 erevID
(m—n)—p=(4—5)—T=(—1-T)=—8 wpmub (D)
® m—(n—p)=4—(5-T)=(4+2)=6. ) ®

(1), (2) -e@wig (m—n)—p=m—(n—p).
e16Gav, '—' v 7 651 LO%I CFILIYLI LiessTenL (hlepmay O\ Fu ).
(iv) #oash] 2 pitiy evevev. (6r6tr?)
(V) e1d)iioemm 2 miti) evevev (a7681?) [ |
IhBHBHIHhBT_(H 12.4
7,687 L6&] + 61681 FEBDILILE OFweld) (1) e eyl uessiy (i) uflommmn’s uessy (iii) Gy
uessty (iv) Foesfll uessry ommid (V) eT&iioemrll L6t AE®aIS®ET CLNDIGTATST 6TeTd
FAluTiss. @i Z ,= Amavids) @I L LPLPFHECTIGH HessILD.
Sjay
Z,={2k|kelZ}={..,-6,-4,-2,0,2,4,6,...} cratim QL &L WpPFSGHT HaEHM D H(BSI%.
Z -G8 L5&| ol L 606t '+ 6168 FRBAILILE OFwiedenwsd; CETeR(h L6ToU(hLD LIGHTLBETF
FIAUMTSEGUTLD.

(1) aGsayb uas(® GuL' L wppdsalle s (HS6b R @I ML LpLp 6T6TT AGLD.
gOewrestled, x,y €Z, = x=2m oppitb y=2n, mne’.
cteriGay,(x+y)=2m+2n=2(m+n)eZ,. crewGau, Z,-6iT L5G '+ HeFI AL LI LIGHTL|
OuUDDIGTETS).

(i) Vx,yeZ, (x+y)=2(m+n)=2(n+m)=2n+2m)=(y+x).
e1a01Ga, + Aes1g) LflorHmy elbleow Hlevmey OFuISng).

(iii) @CsCuned, Vx,y,z€Z,, (x+y)+z=x+(y+2z).
6161G6v, GFjtiy il 2 eSsreanLuITSmg).

243 el [lanevds HeseflgLd
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(iv) x=2kererid O&meTs. 2k +e=e+2k =2k = e=0.
eteiGa,VxeZ,, 30€Z ,>x+0=0+x=x_
2ADSHWLITED, 0 FLoes] 2 DIILITGLD.
(V) x =2k o165 6T(H S50\ &80T 16V, B)&6T 6T TLoewm x' 681/ 19681aU(BLOTHI GLUDLILI(H SIS
2k+x'=0=x"+2k = x'=-2k. 25M005 x'=-Xx.
eteiGoy, Vx€Z,, 3 —x€Z ,>x+(—x)=(-x)+x=0
TG, —X GTGSTLIL] X € Z , -65T GTHITLOGDD A GLD. [
eIhHBHIHBM_(H 12.5
L= s1>aidg) Rhen wLppdselest senb ctefled Z -6t 5% Quinsesils CFwied + evg)
(1) e ayr't uessry (it) urflommmut’s Liesery (ii1) GFiiLs LessLy (1) FLoesflLl LGBt Lo mILD (V) 61H)TLoeDML
LessTL] AEweunemr CUNMIGTETSHT 6165 FflLITI 5.
Lo
Z,={2k+1:keZ}={.,-5-3,—-1,1,3,5,.} cr6iin Aeidg PH®OD LHLd:HMarTd: ClHT6HTL
FTSNDS H(bGH|%. Fal L 6O + Aevidl L ,-Qedr L& I ALY CFwed %F15). T6leesiley,
x=2m+1,y=2n+1 erauioQurpg x+y=2(m+n)+2 GIciLF ADTSH M,N-&GHLD QL oL
GTGHSTGRITHEBeU AMLOUJLD.  GT(BSSHISHTL LTS, 3,7 €L 6165t @5 PH®D CTHTEMETS BH(HH/S5.
ADUHGT Fn(HBeD 3+7 =10 er6tTLg I QUL ®L cTeTensITGLD. LTS, x, ¥ 7 6Tese,
(x + y) 27, AGLD. + A5 L, 65 L&) @I FRBIILILIF CIFUIH HGVGVTSET) GTHGUILILI LIGETL|BEGTF
Fiunigs Geuessiig i HeuSLblehanev. o
IhSHBHIhHM_(1H) 12.6
Oa1(HssiIu’ L HeisHleTids Neraumid OFwelwinesig (1) eyt uesery (i) uflommmit
uessty ommyed (iii) CaFiiyrs Luessiy AEaIEDETS O\BTe8T(HGTETSHT 6T68d FIALITT&%.
(a*b)=a";Va,beN (2AH%G5GM) L))
Sja
()a*b=a" eN;Va,beN 16115 2 c@oravio. 677G N 2yeu1gy) * 61 SLp 2eL 6y QUDDIGTENS).
(i) a=2, b=3 whw whHiysemer a*b=a" wHpId b*a=>b" AHwemasefey NN,
axb=2"=8 yewned b*a=3"=9 =axb#b*a
eTIGe * HeIg LfiLombmiLt LeterenLl Flevmey CFuILIng).
(iil) a*(b*c)=ax* (bc) =a") e1e9% Q1.
@b a=2, b=3 woHmid ¢ =4 erewt’t 1THUIN_& HeoL_L1Lig)
ax(bxc)=2x(3%4)=2" =2
24 GITGV (a*b)*c = (ab)*c = (ab)c =ag" =a" =2"
a*(b*c);t(a*b)*c
eTeGal, * A% CFIUILL UatsTanL Flewmaey OFdwing). u
@GPy
Qs mmiiy O0Fu1cds@ FLoesiluid eTELoammulLd Qevanev. (HTTessISEIL 6T 6T E%)
eI(hHBHIHHT_(H 12.7
Os1(hssrILL 1 Hesv1sEletTLOS] 1DesTauHLD OFwicvTesgy (1) e eyt Liesstyy (i) Lflormmit LiessTLy
(iii) Gttt uessty (iv) FLocsfli’s LiGssTL] LOMHMILD (V) 6TETLOGDLT LIGHTL] 4ENIDIE®GTLT QDM (hSGLOT
eT6v1d FIALMT&5.

m*n=m+n—mn, mneci

XII - sewflgaiiied 244



B [ [ [ ® . EEES

&jay
(i) m+n—m n -1 NDATeY AGTHI (B (LPLY 6T68T 6Ted1LIG OFeflouTdng). 61e1Cou * AeHH/
7, -6¥1 1% SAdLa) QUDHMIGTETS).

(i) m+n—mn+p—mp—np+mnp Vm,neZ . eieiGal, * AeI% LFLLADMIL LIGTL hlanne)

AEIEYETN
(i) (m*n)*p =(m+n—mn)*p =(m+n—mn)+p—(m+n—mn)p
= m+n—mn+ p—mp—np+mnp .. (1)
BCsGuresipy, m*(n* p) = m+*(n+ p—np) = m+n+p—np)-—m(n+p-—np)
= m+n+ p—np—mn—mp+mnp .. (2)

(1) wopib (2) -Spbsr m*(n* p)=(m*n)*p. eTeiGeu * Aevg CFFLILL LetTeOL
Hlemaey CFUIFINS].

(iv) eeT6sTm §p(Ih (LH(LY GTGVITenewT m* e =e*m =m, Vm € Z eIeiimaunml H1esst Geuessr(h'Lb.
25Cal, m¥e=m > m+e-me=m=e (l-m)=0=e = 0 Acvovgy m=1. @b, m
ANTH P(H HTGNFDOFUITRT (LPLY 6Te¥T 6TedLIGTe) m=1 et @hds Cauessnqui
2aFluidleveev. 61a1Gas e =0 1ol (Bibgner @mssupiquid. Gogyd m*0 = 0%m=m,
VmeZ. eaiGas 0 erehiug &Fioell o muiun@lp. eIeiGed  FLOGHIL  LIGTTLY

RN ENVECEE AN CEAET
(v) m'€Z e1etip i 2 piieo m*m' =m'*m=e=0, Vm € Z 6T165TDauTmn| H1erGaucssi(hLD.
mEm' =0 > mm —-mm' =0 =>m' =—2— | m=1I T oCuTg m' ey euedTWmISs
® e ®
wpiguIng).

m=2eTabOLITApGI m' (B (LP(LY 6TGBT. 24681T6D m=2 ST M -65T AN G LD IL|FHG@HSGLD
m @ wpp eresseIs B HEESCHmanicime. 61eiGal, 7 -6b erdljoamm 2 miLiL
ADLOWITS]. u

12.2.3 Lpauieir Diewfl®mer 1831 F0 FmHMILILF GlFuI0%HeiT
(Some binary operations on Boolean Matrices)

" susmywienp 12.3

@@ Oout Hewsfludletr paiGeurp 2 miiyp 0 2Aehvevg 1 AS QUBHSTD HSHMBUI 468

yedlwetr Sewf] eTearlILI(HLD.
|

@oliiuns yelwesr ubeysernesr 0 wpmpiud 1, weGain NSHIFTG QUITWIMISHHLPIGUILD.
LOGSTFMT PLULS®S FDISH AHevevd L& OFUIL LD FTEHETESeD “pL & CFUIH6D LoHmILD HDISHIFHD”
eradTLG@eTuyLd, Gl (Hpaiwed, Gl essfl Gumesin uew @ hisefleh yeSwiesr udeser 0
onmid 1 vwestu(hssriEesimest. B 2648%H auamnss Ledes esssmen alaunssSnG 61(hdsId
O&16TGaurip.

yedwesr  sewllsaflest  Oar@inlesr 1%k edraud  @p  euedswiTeT  CFuimuT(hs6T

QUMTWIMISHHLILIHEGSTNGT.

A :[ay] Lommito B :[b[j] e168T) Q7 auaswinest T3FeID @) LeOIGT AHSET 6T6HS%.
<dausenlest  @evewiiy v whHpid  FHENIY A ereiniS  GOIGSIUL (B 1968TIBLOTD)
QUTWMISSIL(BHEDS).
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| assmyuimnp 12.4 A wpmno B-1 Gleweoni’n
AvB = [a;|v[b]=[a; v, ]=[c;]

1, a,=1 s6bevg b;=1 erevfled

Qi c; = {O, a,=0 wHpId b, =0 erevfled

aenyuwisny 12.5 A wpmnd B-61 FbhHn|

AnB =[4,]n[8,]=[4,7,]=[)] B c, :{

Guomgs BlueunBledwbg , (avb)={a,b} e Quilwg;, (anrb)={a,b}@s Alg er6iLiH
ofeniigio a,be (0,1} |

1, a, =1 wOHOIW b, =1 erevfled
0, a; =0 swevevg b, =0 erevfled

IhHH1HHT._ (1 12.8
0 1 1 1
A= - B= 0 1 2E @res(Bid pCT aUHWITET LW Hewlls6T c1esley, AV B
ommid A A B A wieumenmds H168s.
Bjay 0 1] [1 1] Jovi 1v1] [1 1
AVB =11 1Mo 1]71ivo 1vi] 7|1
01 11_0/\11/\1_01
ANB =11 10 1]7[1a0 1a1] 0 1
GYeneIIL] LOPNID FhBHIL] Bewma] Gauuid L16BIL|HeT

B e16t1LIg1 G auedHWITey LyedlwichT Hessilsariler CFT@LILY 6Tetid. Qewewiiy Lopmitd FhEliL
B-67 LA/ (Fledmey C\FUILIGFn 19 LI LIGSSTL{S@®ET S HTSTGLITLD

DISHL_QJI1 LIGHIL]

A,BeB, AvB=[a,]v[b]=[a,vb,]cB

a7 GlevrGuileb, (aij v bl.j) =0 <2cbevgl 1 Vi, . ete01Gou v 61657LI% B 63T 0% 21016y QUnmIGTeng).
Ga iy Liedi |

Av(BvC)=(AvB)vC,VA4,B,C eB.eranGa, v eretuig) GFLILLI LigsanL Hlevma) QF IS
FL063HI1 LIS

VAeB, 3 ydflu el 0eB3> Av0=0v A=A, v -&@ FLoesh 2 mi'iny LFFus et @ Lb.
SIS FLODMLT LIGHIL]

6Th i 2iewsf] Ae B-&&, AV B=Bv A=0 er1681m) FLociium’ oL hlewmey GlFuu ibLig

B e B erettm ChiLommy iesslleniids HTessTiLpIq UITS).

616016y, 61Hloedm 2 miiy B -0 @pdEng. @&HCumevCal, Fhdliy A e16Tm CFwed) 4eog)

196 QUBLIGDAISET [Blanmay O\FU LD 6T6TLIGNS FALMTSBUPIQUILD. (i) AL eyt Lessty) (i) LflommmiL

11
uessty (iii) Gyl uesery (iv) Froest] 2 puny U = L J TGN 2ewsh) A@LD (V) 61T 2 ML

Bl 2 pIHILESSUPIQUITS).
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12.2.4 101" () o1650 HewiBip (Modular Arithmetic)

BFIaU®T QULPSHLOTET QUL QuinSessiid OFwedH6T, ewhld; go L' L6, 6wl GL(BdbSHeL,
ueSwiest Siewflsarlesr @eeseriL) ommitd FhEliy AHw FBpILF C\Fuw1cdsefler Lies sament: Lunm)
Mo HsBsmio. Quifefed 'or’( erasr seflsid e16srm 19flefed b LS mwmIILEF COFwed L
NeurSIGUTLD. n > 1 (b LD (LPLY 6TV 6T65T%. B)hi@, n 6T6dTLIG Lot (h 6TGET 6T68 AHLOS:BLILI(BLD.

a, b Quessi(h wppsH@HEE Qe GuiujeTer alGEITFID n —68T Lol ki 6Teslev, Lol (B
n -1 2l uled a -1b b-1b PHBEIEDFe 2 ®LwHTGHD. QPTG GPUTHSET eLpevLb,
a = b(mod n) ererd@VIIIBHaur.

Bgetig a—b=n-k,k € Z ommib a - £3 n A UGHGLOOITLHG HewlG@GLD L) b AeviZ
10)5% G®DhSD LD (LP(LD GTGET AELD.

T(WSHIGHTL 1L 1%, 25 = 4(mod 7),—20 = —2(mod 3) = 1(mod 3) ommyid 15 =0(modS5), ... GLogyiid
APUpSGFT  FeE®S N AD AUGSGLCUTH S FGD 1HGETRT FISHUSG  Fa MISHET
0,1,2,....n—1 24@b. 7,6

[0] = {..,-15,-10,-5,0,5,10,15,...}

1] = {...,—14,—9,—4,1, 6,11, }

2] = {..,-13,-8,-3,2,7,12,...]

3] = {..-12,-7,-2,3,8,13,...}

[4] = {...,-11,-6,-1,4,9,14,...}. eretriaunenn

Zs= {[O], [11,[2],[3], [4]} 6TV GT(LPSEVITLD. a0\t (1h O\ LIIeILD TCHeILD B)T68sT(h 6Te8THGIT
(B 54@ PALDFe 2 DLISTSLD. SN 6Te8H6T O\BT1GIID Q(hSSGLD. AevTed Z eow
GDWIS% LOlDS GTBTHET 2 LIGWITESHGUTLD.

20073@ @pétt, Lol (h eTevssesstigLoneigl 10-@evds ISBN (FiauGss Hleweuwiner S Ljdss
e1eor/International Standard Book Number) 676857 G\&7@&Lit960 LwGSTL(BSSLILL L FI. D HTTGHILOTS,
SDLE) BevdasLonesigy) FLoblaew CFISmaeTdETenig %@, B% {0,1,2,3,4,5,6,7,8,9, X} er6t1m
H61d )0 (b HlevL GEmg). 81-7808-755-3 e16trm ISBN e168576w0160 6L &) QevdsLonest 3 46u1)
9esTRU(BLOTMI Kool SHIGLDIEDS/.

1*8+2*1+3*7+4%8+5*%0+6*8+7*T+8* 5+9* 5=8+2+21+32+0+48+49+40+45 =245=3 (o (» 11).
oMM Hlemuil’ L Fa (h&ev 19651 S Bl Lpadmuied HessrdEl LIL(hEMS).

O*8+8* [+7*7+6*8+5%0+4*8+3*7+2*5+1*5=245 =3 (o' (» 18.

Quessi(h auLblsefleid, Bred spGr Fiflumiiiy (check) erever 3 g0t GlumiEGmTLb.

2007-$@01 19n& 13-@evds ISBN  ereter  (Desrupmii(dng). (@ 1ol(phsl  @euLoTs)
aueuLl)(Bhg BILomsd CFTLAIGLD 1psHev 12 Qevdsmisamer 3, 1, 3, 1,.... ererdn Hlevmsenmed
OupssiuhSeimest. 196stesty Hlewmuil' L Fo (BB FewrdS LihEng. 10 -1 2bs 1oL ki@
1(h&sLIL(HEG). 19616817 NSEMWITFID HeTGEL_LIL(HEDS. AS6HT Fal'L 6O e1d)ioewm o’ (B 10
GTGHTLIGI LSeLpGSTITaIE] B)eVdSLOTSLD.

2 gessions, 978-81-931995-6-5 erettm ISBN eressrenewnid; &(bg/Gaunid. @dlev @ 6)mbg
QUGULDTS 12 Qe hIEmaT 6T(HS%ISH0\HTET GaurLD.

9 7 8 8 1 9 3 1 9 9 5 6
1 3 1 3 1 3 1 3 1 3 1 3
9 21 8 24 1 27 3 3 9 27 5 18

BFleb @mid) Blevmuiest g (HHed 155 A@Lb. 10 -6t 1oL HiGs6meh SmEIGTET (2 Wiy Lpep
616857 160 24@51b. 160-8&1b 155-8@1b 2_cirer aflgEuwingib 5 @LD. 61651601 5-657 Fa_ 116 6TH)J LoD
' (H 10 -2 Qunws g 5 2A@Lb. @)% ISBN ereseuntled 13-a1% @evdHLOTGLD.
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ol (h eTavsTHess IBSHle, n 0 il G®DAUTET LS LSS C\BTesTL Hewid Z, -65T LOg)
"G 'LGh (B 1+, ommid n-e1 QumEs L@ n,x, AHw yHu Qs OFwedsmen

uUTWIMILIGLITLD.

| assnyuwienp 12.6
(1) g’ ot (B n (addtion modulo n) 818 1965TUBLOTNI QIGTUIDIGHLILIHSDS).
a,beZ, et6t1%. 9SG a+b & n A UGHS L &GLD LF) a+, b
(1) OudSH6v LoL'(h n (mutiplication modulo n) 4ewg) 1965TQUIBLOT L UTUDIGHLILIBHEDS).
a,beZ, c1651%. 190G axb 0 n A UGHS HDLESGLD LS ax b |

eI(hBHBHIHBT_(H 12.9

Fa L' L6V 1oL (B 5 O\Fwiel) 11" 1 cuemesetenwil LWGSTLI(HS S Hewid Z  -6iT Li&I + 6TedTm CFwedld:
(1) 2L eyt't uessty (i) uflommmitt uessryy (iii) Caiyl uessiyy (iv) FLoestli’t LiesstL LommiLd (V) 61H)TLoemL
LIGESTL] BN IHRUSGTEF FIILITT .
&joy

L= {[0], (1], [2], [3], [4]} o' (h 5 Fat’ 16O OFwcd 241’ 1L aueneser 196Tau LTI QUDIILI(HEMG).
Lbbxerflesr sewomesig {0,1,2,3,4} {[01,[11,[2],[3],[4]} et6d1m CBTGLIL Ae®LoLIEDLSG GDISSEDS.

+ 0|1 ]2]3]|4
olo|1]2]3]4
1121340
223401
3034012
® 414fol1]2]3 ®

L L uemeser 12.2
(i) OFwed <L auenewmied 2 6iTen 616beuT GleudMILhis@bLD Z ; -65T FIAWMES I 2 MmILiL] eLpeuLD
BIOUOULC g (BESTD a+sb -6 aflanerey p(BLOGSGTMLD UMULIkhdd]. cTaIGa, +, <A H/
Z ,-6t1 L&) AL @) CLIDDIGTETS).
(il) 2’ Louwemnied  26ter  UbHoyseT  (wpFeTadld  ep@eillLSHILGT  FLoFLTE
DUGBLILL (HSTATSHTC) +5 A6WTSH| LFILOTDDILT LIGHTLIGDL LI
(iii) Gerrmyr uesstedr  FAUTITILSNEG OFwed) i1 cuenessionws GrrQuimsl LweTL(HS
wp1q uing). 6165301, Qe aLpdaLoBLIT6V 1T 6T(H&&ISHHTL 1968 eLpevLd FALITTS% Gauetsr(hLb.
2,3,4 €7 craflev, (2+;3)+,4=0+4=4 (o' 5)
245 (3+54)=2+;2=4 ('} 5)
atanGar, (2+53)+54=2+;(3+;4).
@51 GuTeTm) O\BITL THSHTEH GTEVGVT FITEHSENILDTEST (LPLDOLPGTII 2 MIL'IL [H6HT O\BT@&H ININHE@LD
Qs FHUMTTSS LPIQUILD. LPIQQUTH, +, AevTd) CFILILL LessTenL Blewmey CFui b 6168
ST L_GUITLD.
(iv) 0 geevanLoullevree hlan LommiLd Hlged spCr Londflwinerenal. 61asGal, 0 € Z ; 6T6HTLIG] FLOGH)
9 ICILITGLD.
(V) aieurp Hlewg ommitd HlyeSeyid FLoesf) 2 pi'iy 0 2 6TengT6d 61Hioemn 2 niiy) 2 mid)
OFuiBEn). c1esGal, 211 auenesst 12.2-60(Bhgl 6THTLOGMLI LIGETL] 2 GEIOLD GTGHTLI%)
Osafleundng.
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T(WSBISHTL LTS

* Z s-651 2 piisefle aGseid F o pi'iy 2’ @6t eTHiLoemneniid HTaid Lpem SGLp
Camiq L’ (K ST L LIl (HTeT ).

* 2 gaevanLoudlevrest 11 eugy Hlengulleh Froest] o minfesr Flevevenus pHedleh He8erL PwiayLp.
III eugy Hlanmuileh Hlewr_tot’ 1 1orm% B&THEI 0 80 AL b 190G IV augy 676060 0 5@ GroGev
BHBLOGLITE Hewt_ @D 3-20%M6dT 2-65T 61&)TLoamm 2 MIinEd Oasrereur. Cogid @sNS
AGSTLAWTH2+,3=0 (oL’ (h S5) 6TGHTLUGID 2 BIMLOWITOISTHS: HTGHTGVTLD. cT0lesTes 16D,
0 ucergy 111 augy Blemir Lommitd IVeugy Blremev @ewessid@ b 2 miiim@Lo. IV eaugy blredled 6%
o Wik Hlavevulled Hevt GHIGLPD 2 Miiy 3 AGLD. 6165186 2-65T 61&)TLoeM 2 Wiy 3 €05
a7 Goupflebanev. @CHaufluileh Z  -a51 spaiGourtii @ pinest e1E)Loewmentuits GLmeurTLD.

* Qaieutpis 0-651 e1blioewy 0€Z, 1 -61 e1dljoeom 4€Z,, 26 erfljioemm 3€Z.,
3-6t1 e1fljLoawm 2€ Z g , 4 681 e1dlLoamm 1 € Z ¢ H&Lb. [ |
silhSHFHIHhesm_1 12.10
"B 1ot Qurpssl e1dss CFn@Hsetler e {0,1,2,3,4,5,6,7,8,9,10} -Qetr 2 sevord
A=1{1,3,4,5,9} -et1 LBg x,, e160TD O\FwedSH@; (1) AHewLayls uessry (i) uflomhmus uessry (iii) Gy
uesery (iv) FLoesflis LessrLy (V) 61H)TLoewmLl LIGESTL SIS FHLITT 5.
&ja)

X, 67165T) O)FwIeOuIesT O\FwIeS) L1 GueHEwIT L6856 (BLOT M.

|1 3 4 |5 9
@ 1 1 3 4 |5 9 ®
3 3 9 1 4 |5
4 | 4 1 5 9| 3
5 514193 1
919 |5 3 1 4

<L L cuemeser 12.3
LS 6T(HSHISHHTL 1960 afleuldsLig X, 6T6sTm CFwedldh@ A -6tT L6G) 16T6U(HLD LIGETL| 6T
FAuMigsev SLpdsessiaurmi OBT(HSSLIUL (HETETS.

(1) OuBdH6d 211 aueewnuileh 2 6irar 6TebeuT Qleummlhis@BLD A-6b FAwITSE e 2 mir'iL] eLpevLd
BT g (BULSTEY X, , A -68T L% el ayll LiassTL GLmmIcTend).

(1) <L auemewnuieh 2 6Tem 2 DIILHET AMGTSSHID ALPSHETLD eLpaeVaill’ L GHN& FLodLis
QBLILSTGY, X, UFLOMHIMILT LIGHTLIGOL WSTSLD.

(iii) X, 6T6dTLIG QULPSHHLOTS GEFFLILLI LetTL|d@ S (KrL(hLD.
(iv) 1 swevedLouievres Blevr Lommitb Hliged Gy ondfluimeaal. eTesiGal, 1 € A 6168TLIg) FLoGH]
2 MILILMTGLD.

(V) paiGeurp Blang ommid Hlredled Foesf) @ piiy 1 @pLiLgmed eTEFLoamL LGty X,, -&&
o yeownEng. 1 -6 erdliioemm le A, 3 -ebr e1dljioamm 4e€ A, 4-681 e1d)iLoedMm
3e€d,5 -6t erdlioam 9 e A, 9 -6t 1d)jioemm 5€ A AGLD. -
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LiuGpa) 12.1
1. S8 CFT(HSSHLILL (ST HessThISGT OB UTUIMISHILLIQBEGLD * QR FIHMILILF
OFwewm c1es1d HiLoT6s 5%
(i) R -6t L5 a*b=a.lb| (i) A4={1,2,3,4,5} -e7 L5 a*b=(a,b)-e» Hphwg,

(iii) R -ei7 185 (a*b)=ab
2. Z-6br 1hg * eretim  AGOIOYEF  OFwed) Desteuhomml  eueTwimISSiLL (HeTeng).
(m *n) =m"+n" :Nmnel, * AXH 7 -6 LbG AL LI LIGETnL GILINHMIGTETSHT?

3. R-etr1bg * Aewig) (a*b)=a+b+ab—7 6Ted auadgwmIdasLiuL’ L med * , R -6i7 L% el 6y

QuDmIETENTHT? SAeIeTEMEsTIch, 3 * (I—Zj HITGHT .

4. A= {a+\/§b:a,beZ} TGO, QULDSGHLOTGN OLI(hIded A -65T LbFI I MBMILIYF GFuieh
AGLOT 6T6oT LIfIGF TS S%.
5. (i) *etettm @ mpmIIYF OFwed Q -6b1 L) esrau(BLOTD uedTwnIGSILBEDS. Qb
* UGG, AML QLI LIGSsTL, Lflomrmmit uessy, Gyl Uty AEwuaimedn Hlaomey
a+b

; Va,beQ
2) a,beQ

QFIBDST 6Terd CaFridldas a*b= [

(il) *<Hewg), &Foadill uUessy Lopmid eT1Tioemlt U AHwewes, Q-er LbF

j; VYa,beQ.

a+b

2 GILOWITEGLOT 6Teod GFndds. a*b= (

6. * er6bT) ABOILIYF OFwed) Aueigy A={a,b,c} e165In Fewidblett LOF LfloTHm S
S (WL 176V 1965TaI(BLD LiL' 19 WieneVlT LT dd) OFuis.

% a b c

a b

b c b a

C a C

7. A={a,b,c,d} 16851 Hew5ISS6tT LOFI * 6T165TM FIBMILIF ClFuieSenus (DeSTUIHLD LIL 1q UIGYIL 65T
BB/ B.

c c d a a

d d b a c

B\ LflomHmiiLessy opmitd GFILILLI LIGSTLE®GTLT QLD MIGTETHT?

XI1I - sessfigafiwieh 250

‘ ‘ 12th_Maths_Vol 2_TM_CH 12_Discrete Mathematics.indd 250 @ 26/11/2024 11:17:08‘ ‘



1 0 1 1 1 1 0 1
8 Let A={0 1 O 0[,C=/0 11 0
1 00 1 1111
GTGRTLIUSGTRCT LonEiflwiest auensulenest 2 et i TGHILD eLpesTm) LG eusflHeiT

staaflev, (i) Av B (i) AAB (iii) (AVB)AC (iv) (AAB)VC Afuemeusamand sietis.
9. () M= {(x x] :xeR- {O}} GTGH&. * GIahLIG AHewill OLBEH6) 6Teoid  ClBTETS.
X X

* Yeigl M 61 16F ADLe) QOUDDIGTETST 616t SHiLomedhs. Aalaumonestey,
* el M -6 16 uflommmitt uessty, Gl LesTLE®eTuLD Blevmey GlFuiuom

e1601d GFridss.

(i) M = {(x x] :xeR- {O}} GTGHT . * GTGHTLIG, AHGHTILI QILI(BI:HED 6TGHTS; GIETGT . * AGVTH/
X x

M -ei1 1% 2L e) QuUDDISTOTST 61esid Siionetlss. Aaaumonesiled, * e
M -1 16 FLoesfliLIessTL) LoHMILD 6TE)TLOGMLI LIGESTLH®ET Fladmay CFUIL/LOT 61RO LD
Gand)ds.

10. (i) A=Q\{1} eretr®. A -6i1 18 * 196516uUBLOTDI UDTUIDIGHILIBEDS). X* y = X+ y — Xy
eTaofley * AeIH A -6 LOFHI ADL @ CLUDDIGTETHT? AaleuTonesfleh, A -651 Lbg *
<u6u1gy Lfliormmy a9 ommitd Gty ellblsemen Hlevmey CFdiu o eTesrd GCFrid)d:s.

(i) A=Q\{1} eretrs. A -6ir g1 * 96br6UBLOTLY QUETWDIGHILHEDS).
X*y=x+y—2xy eTestled * UG A -6 LOFI AL 6] OUDDIGTETSHT? HeI1auTONEs 6y,
A -6 LOZ] * A6BIF FLOGTIILIGESTL] LODDILD 6THITLOGOMLI LIGESTLH®ET [hlenmay O\Fuiu Lom
c1601d GFrid)ss.

12.3 &ewi® Hjhmsaiulsd (Mathematical Logic)

iy BGev (b FWLDTUIS SDMIS CHThd HessilEGLoand Lol (HLD6VEV, 63 (/6

FSFIGHT6sH) LoMMILD HTHENIGUTET(HLD AeUTT. B)(BLD GTGEIHMET 2 GTOTL SENL
yedwesr @upsesfisid GPlHs Aauis Lplgeyser LeGan Hiamnaerilet LpdhEiL
uhl@  eudblddletimen. @pliuns  sesstles]  LweTUT(HSefley  ALBLOTE LIS
S GEleirmest. GOUTLE (B ST55S56T H(hSaH AT ABLPSHLILBHSEETTT LoHMILD
F6TI% BT &BSEH6T NGTUTET QUGTTEE) G HlewDI (LPLQ&YBEGT QULPHISGITIT.

SISO  1pHD  YSSES®S eTapSwiens oHnIngfu  HCrss ,
$5&16@hT6s1) 2fleivr_miq e (384-32248).wp (CWim.<24.wp)) Aaumii. 1 724Lb BrHITGSTIQ6H  QMTE 5(861)
Oiioneiiu Fdgial @hesiuid el aIOIBIHLOTET HTL WLl Geufssi v (1815-1864)
eI ST GHeNeded GnUT(hsamar LwesTL(HSHID (Lpewment adEHI L . (Nestest
Bbs wpewmevws 192410 mrHDITEETIged auplipednriL(hSSuaiiseT s LG LOMMILD HHETVL 61V
LLDTTEGT A HTdsd, GOIBHs6er, Qunsessisd AHuamnedn eTDIIBSENLT LTTHSHTD
Frgsaile), HessflEailiCevr(h AHSLD pSHIICLTEDS] 6TetTn 2 cBanLoadw Hlmieicur smisuGev.
192410 BT MMTEssTIq 651 @miuflaiind ommird 20 241D BT HNTE8sTIQ 65T O\BITL GG EeILD FewshlS BT SHiIch
UeTES) GUnHm).

1930safled  ygmuiFSuneriser Qo eTesorgenmes (binary numbers) (hBluslomesr Fesig
LogesIL(h G e auied @)(mLo e1esssantest 0 ommitd 1 @bs 2 cvend AeIGLTEmg) e1estmmiy.) 0 Lommitd
1 sard 0%16ss(h 1OGTHEN®D AL QD LoHMILD LOGTGIG) HesHles BT QUG AIGLOSERLD
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wPIQUILD GTGS MY HesorL mbgesty. Devimy 19ed)i’ L b (1hediarigsn)) HevollesseT LommLd 186 MHmISET
Bhs QLo 6168 Fewlladamg (binary arithmetic) OFwieb(Wds augauLod&LILL (HGTETS/. [HTLD
&6l IBS HTEEEHMSB CUOTLONITELD LOHMILD HeSSTHLD LoHMILD Hevsilest) imlaflwich LT hisetleh 2 uidg)
ADSTEQLD 2416 OFUILIGUTLD.

OUITSIAITS HTSHHLD GTGTLIG] FrIIMTGS LIGHSMINGHT U IeUTGLD. HAGTT6) FH6wl% HTHHLD D6l
(1 HIVOWILDTES H655iIg auLflufled 1T H B ESSIa11LBHSS 21e81L0h)SEn). CLogvib @)% HI6veSlwiLomest
afserflesr Osn@lienur LweTUBSS) Fiflwiner Asionerbismerd OFui AeIndsEng. D
H6sstlent] Bl S HTCE 63 (15 F &) aumiihg H(heNLITES H(BSLILBEDSI. TOesI6s ) @/ LpFHILOTS
6&LDFSF) [lrevsermlesr Filwimes sestenLoaws FRLMTSHESI LWGTU(HEDG).

12.3.1 gapmi 1oPmud DiHed1 Gous 0B (Statement and its truth value)

6w BT HeIMNLIGOIGHT 6TAMILI LIGS) 6T GTOeUGTIDITEY AH6HT (LpGHTEILDTLA BT dHLOMEGLD QU ILIGSHiLs
2 (BT ST HIOUTHAHGT Fo_DDIBET AHGVVH 6T (LPGSTOIDTLHG BT LiwiGsTLI(H &H)6Tm6wT. O)LI(BLOLITEILD
F(hSGHId OFTLT196) BLOULPL U cTevTeuThIEaeT GluaflliL(hds CLomLh) CEHamauli(hENS/. HeaUB6T
QUTEEHNI AIDSEHETTS B)(HIS6TNeT. OauaGaln IGHHUITET QUTSHEN QIEHHET

(1) gngmgewt aursEluin (Assertive type)

(2) s L aurdwid (A command or a request type) E E

(3) efwiiy eurdEuwio (Emotions, excitement type)

(4) aewrm aundSuid (Question type)

(5) $Imbs aundHuip (open type)

@ I aemywisn 12.7 ®

Fa DI GTGSTLIG] SP(H FASTITGHT QUTHEILOTGHLD. DeIauTSHEISGEGT CWITIHET HUGHI 2 GETeLD
2I6V6VG] HAUMI GTGHT AGLOILIGVTLD. 2A4c01T6) QTeST(HLD H6Vb Q) (BSHHeD Fn L 15).

L 1L ®aT auTdEwIGLoT, eflwil'iL) eurdSwiGLom, eilestm aurGEIGLOT 6B Fa DM HHTH).

Q1 FaDfI6ST QLU ILDENIL] GTGTLIG HFGHT D_GHTEOLD AGV6VS ST GMIILSTE AHDLOGIS).
(b Fa DM 2 GBTLOWITUINGST 215687 GodiodienL T evevg) 1 616vd GOINNBHHCDILD. (1 Fa MY
SaIM) 6T6vTl6L 26T Gl oSl ienL F 2i6vevg) 0 e1es1d @Gl (hHEGmiip.

6T[hdh R (1h UTHENISEIMGLD 21687 QLo Lo 1L QT SHENSEIGD Fo MLILIL 1S FI6V BILIH ST HG@HSH S,
gL LOTMIUL L T6Y AG| P(h SDbE andEWLTELD. 6T(WSHIGHTL LTS, (1) xxT =35 @b Hnbs
QUTSEwLD. @Fer GLowl LoSNILneg x -681 LoFIeoL CUT(ESSSHI. ASTaIZ, X =15 6I6se) g/

2 GBsTeLD. X # 5 6168fleh 1) Haumy. (i) a6t b sl L auetr. @)% Hmbs aumdEuird erbleeresfley.
2 GBIMLOONLIGHTS; H(BBLILI(BLD H(BSHGI BLI(HSS BLIT LOTMILI(HLD. |

silhHHIHhHT (1 12.11
196516 (HLD GUTSHENIkISGTICO(BbEI FILITGT Fo HMISEOGT AHGDLUITGTLD HTGHTLD.
(1) 2. 085560 8% 2 wiTLoTest &L 6Teu6TeVL FHTLOTGLD.
(2) 3+4=8.
(3) 7+5>10.
(4) 2AbsL1 LSSHSHS 6TavTdHE O\HT(h.
(5) x =3 ereaflpd:@Ld Cug (10— x)=7.
(6) @b DGV CTRIIGTR] AHLDFHTH Q) (HSHEMS!
XII - sewshigaiich 252
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(7) 5 61518 G)FevEletTmmus?

(8) 5 Qeumml) Gum GuTLbGHISHHET .

9) @351 wprgaflelT 247ibLILD.
&joy

(2) b1 Gouiodiiy F 24@tp. (1) wommid (3) Aeugl eurdbluimiaetlesr Qowiodliy T 4% 2 Greng).

GTGWT R, AMRUEET WITQYLD Fa MHMIFHGTTSLD.

(5) augy urdSuid x =3 &G 2 68sewLo LOHMILD X # 3-5@ SaumI. TG @)% 2 GSTeLDUITHBaUT

2H6bevg HaMTECuT @BH&Gw T G Crrsdley @es(hLons @evevioeh @)(BLILIGTE

QBILD P (b - HDTESLD.

@) ez aundHuip s erewiuid (6) augl AFFHwdmsuyn (7) eaug elermaanjp (8)
QG UTLPS®SULD GBI (4), (6), (7), (8) ommid (9) AF UTFHEWIBIZET Fn HDDIFGTCOGV.
(9) Aewg sp(h wpgevsTumLTest (paradox) Fa MDTGLD. m

12.3.2 gal” (hd FaDMIH6IT, Hidhdh GYeNHILIL|EHANT LOPNID GLowl DI L QIsDNEHNT
(Compound Statements, Logical Connectives and Truth Tables)

| asmyuisn 12.8 (Haf LPnibd Fal” Hdh IoDdNIFeT)
R FnpPlwet Qe Sehevdl ASNG Copul't & pmiserts 19fés Quievraliqed
AG:Fa DO F65Tdda DI HCVVS| G Fida DI 6TGS AGLPLILIT. §(1h FaHDTTSH] BITGET(H AGHVE/
2USH& CLoPLIL L Fo HmIFerTlest CaFItILImuiesT 1) (15 Fa L' (B Fa_HM) 6765 HDLPSGHLILI(HLD. 61616,

6Th% P(h Fa HMILD F6l G DN ADVG Fa L' (BT DN AS B(BSS (LPIQUILD 6TeHTLIGI B)F6iTeLpeVLD
Osarflaurdng). |

Bl BIaPnIhF) 1(hHHBHIHBTL_(h

7(hSH1SSHTL (K 12.11 -6 (1), (2), (3) ASw UTSENUBIEET H65 Fo HDISTTGLD.
Fal_(Hhdh Iapnishd) I(hHHIHHIL_(h

“1 (B LIBIT 6TGRT 21606V LOMMILD 2eni”"1q CHTATTANGD 2 GTETH” GTGHD Fo MDD H(HI%.
GLOMHGBITL FoMDITCETZ L9GTUIBLD S651d5 Fo NMUISGTIGHT Fo L (B Fn MHMITGLD.

P : 1 (b USIT 6T6TST 216V6V.

q : 21’19 CaHrerTalleh 2 GTeng).

611G, O\BT(RSHBLILL L Fa DM R(1h H6STIS Fo_ DM AGVGV. G| (B Fa L' (B Fa DD AGLD.
GLoGev 2 6irer afleungmisanedl (b, 6T1hFCeurn(s eram Fmmmib T Acvevg F -6t odlienur

OupIED). 616560 @) 63 (b LoTMILITS B(BSLILIL GUTLD. )b Lom ], Fa DM LOTH) 246DV (LpGTGILOTL Gy
Lo 6T68T ALPSHLILI(H SIS APGSTOLDTLAGY LOTWISET QUITEIQUTS,p,q, I , ....6T68% GHMISSLIL(HHeTmET.

I atemyuisn 12.9 (Hjd%has G)nILIL|®H6T)

B68s1(h 21606V% AHSDE CLOMLIL L Fn DDISEET Qw651 L Fa HMISE®ET 2_(HITHGAUSNES,
“LommiLd”, “2A606V)", “eTavileL-1968T6oIT”, “6TedIMIT6L LoHMILD 6TesTMT6Y Lo’ (HGLD” LommItd “H6hev”
wPpFHOLI QIS HE®T Q)G IL|HETTHLT LIWLIGHTLI(HSHISECTLD. @IaT &eSHHMaEN 24/hidlevddleh
apedmGus ‘and’, ‘or’, ‘if-then’, ‘if and only if’ wpmud ‘not’ eresrCmmid. Qb% Qeevor’iy
UTTSDEEDENT HIJ & Q)OGRILILBET TGN Fo MIGIT.

Ffld  F DISOBHEEH  RMH  FL (WS FmD®D  ADIUSDG Fev  B)DGHILIL|EHET
LweTu(RSSL(hEesTmest. omyiiy (Sevev), ewewnued (LoHmyib) Lommitd ACINessTay (H6V6V)
AENIDAISET Fev AQLILIDL HTS5E BT ILBET A GLD.

|
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| asnyuwisny 12.10
P ‘FaHmId CHTE6 6TGHTLIGI RGN AH6VVH AHSNE CLoMLIL L Fa DDIS®GT Flov i1q LILIGHL
F15% QeI FeTT6) Banessiddl 2 (HFalTdh@LD (b CHT®aI 2AGLD. |

| aenyuwisny 12.11 (Couisnio DI 1_aienesnr)
F6olld: Fn MMISET LOHMILD Fnl'(BF Fo DMISEHSS QoL Guiiest CFTLTINMES AHEaUHETGHT
QLou’s Loy E6T eLpevLd Qeuai(BESILD (b AL L QUETEDW GLOUIGHLD 2L’ L QIGDET GTGHTLILT. |

| asnyuwieny 12.12
() p PUHHeHS Fa DM 6T6G8IH. p —68T LOMILIL] GTGHTLIG| p -65T GULoUILob ) 1968T 6T TLOEMEDULI
O LI Fa HDTGLD. AP —p 61657 GBI L m6d GO nI(BHaurs. p -6 GLou’t Lok
‘P’ 61601160 —p-6t7 Quouio iy T A@Ld. HaiauTilevaeuoluicsleh ig F <4 @Lb.

(i) p, g aGse@id Qb H65Md FHMIGET 61651%. ‘oHmid’ (and) 6T6HIM AUITTS@SUITCD
Baess1dsUILBOUTUNS, p LOHDID q TGN Fa L' (HE FoHedm AL SHCDTLD. B)HW6HT
P Aq e1aTm GUuL L med @mliindHaur. Qsamer ¢ p Qavewiicd g’ Aevevg ¢ p Osmng g’
6TGUIL1 LIQ&&HeUTLD. p -1b g -1p T <% Ghoul odlien QUPBIBESTE p Aq -65T GLoui
iy T A@GLD. SAeiauTylebenev 616vfleh, 28 F A@GLD.

(iii) @ueser(h Fefld FaDmIBEET P oPHDID 9 HET 2A6V6VE (OT) 6TGHTN QUTTSSHUITE)
Bamevrdsi(h oL pg OunL(BLD & L (Hd g pmi p , g -67 19fCi9eenray (disjunction)
erauiIL(hLD. @Fart, p v q 6165TD GWTL L m6d GUIIBHeur. Qsewer ¢ p 19flinleewrey g’
2A606VE or ‘ p Fle¥stewsiid q° TNl LIQHHVILD. p -1b q-LD F 6165 GlouiodienL
OunBmhbHTD pv g -6 Gouiodliy F @i, Saieurphlebene 6Tesiled g T A4@LD. |

BHJdd G)eNRILIL|HT LODNID DIFHedT GO IHIO DI 1 IHINHAT
(Logical Connectives and their Truth Tables)
(1) @160 NOT [] erdrimd@GFut ominasin Gowisnio DI 1L Q1em6mt

- p-6iT QULOUIGHLD 11”1 QUGHGHST

p |p
T F
F T

QL L auenesr 12.4

2) wpmup AND [ A | s13TLIBZ D@ F U1 G)snswnuisvlsdt Gow 1snio DI L 1636301

P\ q -6t QLowienLd 211" L 6uenewsT

p q pPAg
T T T
T F F
F T F
F F F

9L’ L auenesr 12.5
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(3) 21606031 OR [ v | s13TLIB DG F U1 1ITF1 NTsnsiaisdn Gowisnio DI L 1606301

PV q -6t QowienLd 211" L Ien 6wt

p q pvyq
T T T
T F T
F T T
F F F

9L L auemneser 12.6

I(hBHBHIHhBT (1 12.12

p :'@ailins @wsdng!’, q: ‘oo CUUIEIDS ST S DDISEsSEG P, PA], PV q LODDILD
q N —p A QUTTSDBEHGBL G Fn QUL QUTFHEUIBISEST HMLDGSE (6T(ULPHIS).
Loy

(1) —-p . @aflns @evanev

2) PNq  : @eflins @wdEng LoHmILD LoeLp CLiuIEng)

3) PVq : @alins @rsHng Hebevgy) LoaLp OLIEDG)

@) qv-p : e uuIEng 2cvevg GarflTns Qeanev

p ety Fppled PCT ph FlbFpm p LB 26TeNHTR ASDGHTW GLouienio
2L L auemewniley 2 = (21) Blears6T @pS@GD. pAqg LOMID pN G 6ITED Fnl' (Hd FnDHMISET,
P oppitd g A5 Qyessr(h H6ohld g DIS®TL1 GLNDIGTETS]. TG HEMAIHEHS @ QLo ienLo

® L L QUeSITHETI6D 4:(22) Beogser @ussLin. 1aGal, @CHCGUTL @b Fnt'(Hd Fndifled n ®
OCeuaiGaumiest 26T FoHmiseT QLipCumlesr Glouienio 'L cueesnuiesig 2" HleIsamend;
O\ TaBTIq (h S LD. [ |

eI(hSHBHIHhHT (1 12.13
1965 TQU(BLD FnMHMIGST UMULILILIT(H H@HS S 6T FH6HT BlaIH6T CHAULILI(HLD?
(i) pv—tA(pv—s) (ii)((p/\q)v(—mv—‘s))/\(—‘t/\v)
Sja)
(i) (pv—t)A(pv—s) 616D FoDBIGL p,s, t 616D LOTHIHET ABTOUS] 3 26T Fo HDISHGT
QL 1oCumiHsiimert. e1e51Gar, @6t Glouienin 2Ll aueewuled 2° =8 a6
B)_pGLmLD.
(i1) ((p AG)V (—rv —|s)) A(=tAV) GTGSTD dmmmled p,q,r,s,t,v 6I6hIm 6 LOTMISET @)L

OLIMICISHTE 2156T GLoUIenLD 2L L aueenuied 2° =64 Hlawgser @ 1oGLmiLD. [ |

BubBmaIs 3aHuI
| aenyuwisny 12.13
p wppid q gGseId Qb F»Dusefles BHlLbS®EIS: F»DDIcS,  peTaflsd g~ 616D
B DdDS GPSGLD. Qs p —> q erevid GO BeuT. @hi@ p 95 HHICHTET 26V6VF)

(LOGT 2 STIGRILD GTGTMILD q £9 (LPL4e] AHeDVF NeD6Te] 6TeTMID HMLOLILMTHET. p -651 GlLowi

&y 2 essreiowins @ whs q -6 Godiodliy seunts @uplndesr p —>q -e1 Gout Loy

FAUDTEGHLD. AXIITHICLEE 6T686D | D GETEDLOUITGLD. |
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P —> q —67 GULoUIGHLD 2L L QUHGHT

p q P9
T T T
T F F
F T T
F F T

2L 1L aueneser 12.7

eI(hHHIHhHT_(H 12.14

Bes1m Hhis6iT 6168Tl6l, 1IN 4 + 4 = 8, GTGTLS®ET p —> q ~A5T F(hI%5,

@b 2 6T HmIEET p LommILd q 19esTeu(BLOTMI C\BT(HSSILI(HENS).

p: @esrmy Hkuseir Hipewio; g: 4 + 4 = 8.

q -681 wpiqeurteurgy T 616 TLSTY p —> q 657 Glowitodliy T b ma).

R(h UPFENILDTGT H(BdGI GTGTGOGTNT) p LOHMID q-65T QUTSHENIKIGTIGET A(TSSHAIS®ET
H(hSleD CFTET(H p — q £ OFWweOLI(HSSHTa L TH]. CLOGYILD p TGS q &L ST GIBTL LI WISHTH

BBs55Ceuessng ui SAaufluibehanev.

VDTN FH6IT

p—>q ereim  Hubsmerd  Fanmled phg  Cogid  epeTmi  BLBS®ETE  Fn DHMIGET
aI(HNG&LILI(H ST, ewauser ECLp L' 1quicd (S ns).

(i) omismevsd s Hms (Converse statement) g —> p-

(ii) erdljoawmd % Hmy (Inverse statement) —p — —g .

(iii) Grrommid F mmy (Contrapositive statement) —g — —p. u
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D : LIGIT GTGRTHGIIGH 6T688T6u3 %605 (LpIg el6V6VTHS/
q: 2a1°19 GEHyenTaileh 2 6rarg)
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P LODMILD q FIDLBSLILIL L BTG5 & IBLOTET [BILIhEHESTIS dn HMIE6T SGLD O\51(h S (HeTeTeuT.
(i) p— q: (BUbS®ETS FnMHM) “LIHT cTeTHGHT 6168568815 (Lplg eN6LeVTHS/ 6T6sT 60 (NesTE8T
oar1° 19 GHraTTele) 2 GTETS/” .
() g—>p : (bUS®VS Fndm)) “ani’1qg GHTOTINGD 2 6TeNF 6T6SIGY, LIGT GTCHTHETGHT
GTGHSTEEsN G (LpIg AIGLEVTSHES”
(i) —p —> —q (TEHTD®ONS FnDHMI) “UST 6TOTHG 6T63Tew0lGHmSE (LPIQeINeVGUTES <606V
e16vtlev, a1 19 Garaniaileh @evanev”.
(iv) —q = —p (CHiLommId g pmi) “2ai’1q CsHrermailed eenev 6T6uM60, LNGTGUIIT LSBT 6T68sTH6N 6T
GTGESTEEsN G (LpIg AIlGHEVTSHE] 16DV .
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9L’ L auenevr 12.8
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12.3.3 Gounoid, (pysorLIn) DYID HFFunddTenio
(Tautology, Contradiction, and Contingency)

| auemywienp 12.16
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® 1. (5 QLouindgis@flw Giodienin i’ auenessuied Fa Hmid Coreeud@ilu HlTeded o ¢irer ®

2 DIISET ADTSHID T A% B)(hSHGLD.

2. (b LpISTLT(HSGHw GLowienio 2L aueewnuileh Fnpmid Casreweud@Gi Flredleh o cirer
2 DIISET ADCTSHID F 45 @) (B SLD.

3. p(1h GLoUIDSEHIGHT LomILILy (B (LPTESTLITL TELD. §p(h (LPTGSTLML 16T LomiLiL] 6 GLowiLotd
2ASLD.

4. LOMICILYLGYT Falq Ul §p(B Fa HMIGHT LNFNNDewT6y (B GULOUILDLD AGLD. LOMILILL G Falq Ul §3(IH
T DG @ewsTIc) p(h LPTGHSTLITL TGLD. AT PNV —p 6@ Godiod @b, P NP
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O\HTGITETGUTLD.
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~

T
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p P |PATP
T F F
F T F

9L L cueneser 12.12
Grom&reid GLouienio i L auanessiuied sevl &) [Fliredled F ol (HGLp 2 6Tengmed, p A—p (b
LPITGOSTLITL TEHLD.
@i
< Lauenant 12.10 6, sl 8 Blyed wpepeugitd F s @uliugted (pvq)a(pV—q) 9
LPITGOSTLITL TEHLD.

BFFUNOITDIG:F) 61(HHHIHBIL_ ()

p q Pq -q Ppoq | (P79 | (pe>q) A ~(po>q)
T T T F F T T
T F F T T F F
F T F F T F F
F F T T T F F

DI L euemener 12.13
Guomsesor.  Qowienin 2L auenessuied L&) Flgedled T wHmid F SHebg @I(HaISTEV
OBTHSHIUL L Fo HWISST GUOUIDAPLD 246DV LOPMMID ALPTSSTLIT(HLID Hevev. 6TesiCal, @& P (h
BlEFWILO)GSTEDLD.

12.3.4 G)(mewip GuiedL] DiVsVZH GBI swL_J Hedtenio (Duality)

| asnyuwsnm 12.19
P (I Fa DM QUTUILITL 19 IO LI @) HELD AT v, N, T AHI®USEHSHG LpenGus A, v,
F soaer uhlel(haugett eupeurd Qumii(hEma). s @penio 2uevig T (tautology / Gouioid) &
udlevrs F-gouyid, F (contradiction / wpgessrun(p)-s@L ubevuns Toouyd LbeS(HauseT eLpeuLd
Oupri(hEmg).
@GP sny
(1) @upeoLo ey bOUTps — 6165Tm GUUT(H LOTHDLILIL TS,
(2) @i @wLoddletr GbLord 4B do DDISTET HGLD.
(3) HAmiiy g dmusermest T (Qowitord) ommid F (wpressium(h) AEeISET sp6dTmIS00ST68T M)
B)(pLoLD A4E)GHTHGDT.
@) T, F <45 ompoiiu(hEng). @$65T LomIS@eUlL|LD 2 GSTeLD.

G)memio Fu 1019631 GHr_ Ly
P Fa ' (B o Dm S, AHI 1, A, LODDILD vV SAFewausaar Lo (HLb C\bresst(heiTarg) 6Tes ey
S, -ph&I A -G UFGVTS v -aUlLD LOHWILD V -SGLI UFlevTH A -amauLd Lidlall(h a6t eLpeuld S,
6TGs T L oD QLIDGVTLD. S, 6TGHTLIGI (I (LPIGTUTL e @) (BhETev Lot (KB S, 6TedLGI (b
OLoU'iLoLD GLD.
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1B HIHBBIL_L 1%,
1) (pv @ A(ras)vF-er @usod (pAg)v (rvs)a T.
(i) pAl=gv(prg)v —r] a1 @@od pv [ g A(pVvg) AT ] ASGLD.

12.3.5 jdhas Forandh Hedtenio (Logical Equivalence)

| asnyuwisnm 12.20
A whpid B eresidln @uessi(h da ' (Hd FaHmIsemet GLouwienid LI GIeHEssIHETIGT HeL &)
Blyevser Gy ondiflwnest Gods oliysearts QUDBIBLIIHT H®aU Fidd FLOTGILOTCING
et iL(HLp. @Fmer A= B 2evevg A < B eretim @mluil L meb Gulindhaur.

|
GLomaeser auaemmued(phgl A -1D B LD &iTd% FLOTGILDTGImE 616560 A <> B &68umiq LIS

(b OLoUiLoLd 6T68TLIGI GFerleuTHN).
FLOTITLOTITenIBHaT6T Fod aldhFeiT
1. STIL S5 NS HB6T

(i) pvP=EP (i) PAP=D.
[hleHLIG3ILD

pvp| pnrp
T T T T

F F F F

9L’ L auenevr 12.14

Gomsessr. Glodieniy 'L euewewsiled p, pv p LopDID pAp Adwemaliser G GlLoul
Lodliys@manrtt QupmieiTengy). 6teiGal, pv p=p LODWID pAP=Dp. [ |

2. uflomphmy eAFseir

(i) pvg=qVvp (i) PAG=qAPp.
(bl L163TLD
p q pvqg  4qVvp
T T T T
T F T T
F T T T
F F F F

2L aueneuer 12.15
pVq Hpid g v p Feflest Qout Lodliyser Gy Londflwns o ererey. eTeiGar, pvg=qVv p.

BCBaGunev, i) pAg=q A p 6161 Hlem9SHeUTLD. -

3. Gy el seir
(i)pv(qu)s(pvq)vr (i1) p/\(q/\r)s(p/\q)/\r.
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® 4. ubiSL () fHseT ®
(@) pvgnrn=(pvg)A(pvr) (i) pAlgvr)=(prg)v(pAar)
BepLiesnd (i)

P q r gnr | pv(@Aar) | pvyq pvr  |(pv@Ar(pvr)
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G Londflwins 2 erene. s1eiGar, pv (gAr)=(pvg)A(pVvr).

BG8sxCumev, (i) pA(qgvr)=(pAq) Vv (p AF) e1eT Blemilds wpiguib.
|
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3. etreupLmaIserle 68 N -6iT L% e FBmIIyG CFwIed) HGLD.

(1) sL$H60 (2) OupsH6v (3) au&GHev (4) 21d6v1HSHILD
4. Qou't 6TevsTHG G Hewerd R —6t7 L) © * * 196sTQU(BLOTMI QUeDTUMISHILIBHENSI. @Fe) 678 R -6
LB FFMICILSF O\Fuied Sichev?
(1) axb=min(a-b) (2) axb= max(a,b)
(3) axb=a 4) axb=ad"

5. * er68Tm F(HMICIYF OFwed a*b = a7b 6168 QUATWIMISHILBHEDS]. * GTHGHT LOG AFHMILILIF

OFwich &1F?
() Q" (2) 2 3) R 4 C
6. Q eretim FewIdSHled acb=a+b+ab eres auaTWIMI. 1965TESIT 3®(y®5):7 eTaeile y @)adr
Loy
2 -2 -3
1) y== 2) y=—= 3) y=—"2 4) y=4
(1) y 3 )y 3 3)y 5 “4) y

7. R-6ir 6% a*b=~a’>+b* erafled, * Aevgy
(1) uflordmy a9Hs@ s BLriuBio uemed CFiiiy alidlew Hlewme) CFdwing).
(2) Gartiy eH5@ a1 (HLLBLD AerTed LflomHm afldlew Hlewme) CFdiwiTg).
(3) uflorrmmy @9$) Lommitd CFitiLy elbEman Hlewmey G\Fu'iu/ib.
(4) uflorpmy @9 Lommitd Gty elblsean FHlevmey O\FuiLIT).
® 8. 1968516au(BLD FoMmISerley 618 T GLouiodienr GLpml(ms@Ld? ®
(1) sinx e @’ L& FrijLy.
(2) paICGUT([H FSHIT el LFFuiopm CHT®eU HHcwsl HSLD.
(3) (B HVLIGILIGHT LODMILD HHFGHT B)an6ssT 6T68T6ss 6T GWLI(BIHBMLIGGHT LPHDBIGVILD HDLIGHGH.
4) V5 2@ Ahswpn e
9. 9esTaU(BLMaUFTED 618 Qouiodiy F g Qummlmd:@Lo?

(1) Qstreny @bHwimeiey 2 cirengy cvedy V2 P(IH (LP(LD GTGVT
(2) Qzetrana @bHwnaded 2 drargy icvevg N2 o NESLpDT eTatm
(3) Qstrency Leafled o GTaTg) Scvevg) N2 §P(Ih (LP(LY GTGBST
(4) Qzairaney Lamafleh 2 arangy icvag) 2 s BB 6TetsT

10. (1 Fa " (B Fa_ D6V 3 H6511 o HMISHET 2 1 LIHSSLILIL 1 (BHSBTCO ALDOULOUIGHLD A" 1) 1ew 6T I6HT
Blenr&eesr eTevreusdbands
(H9 () 8 (3) 6 4 3

1. (pVq)— (pAq) -6 610 daHul c11?
() (pAg)— (pVaq) (2) ~(pvVg)—(pNg)
) (V=g = (pA—q) (4) (p A=) — (P V—9)

12. (pV q) — r-6t1 GBILOTMIS Fa DM 6THI?
(1) ~r = (=pA=q) (2) ~r—=(pVaq)

3) r—(pAhq) 4) p—(qVr)
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13. (pAq)V —q -6t7 QLouiento 211" 1L euenesst SGLp HTLILIL (HETETS).

P q (pANQV(q)
T T (a)
T F (b)
F T (c)
F F (d)

19651 QU (HLIGHIEEITIG) 6TF O GBTaDLD?

@ (b () (@

1) T T T T
@ T F 1t T
3 T T F T
49 T F F F

14. —=(p Vv —q) -6 QouienLo it 1 auenewmileh senL & el eupLd GLowr Lobliin) ' F' eflavereyserisst
G EEES
(M1 (2)2 3)3 4) 4

15. 19erau@pLeaIEariley 618 Filwebev? p ommitb q TGHeILD )b Fo HMIFHEHSE; LNGTUBLD FHiT %

FLOTGTLOTEIDAISHET GLIL(HEMS).

® (D= (pVe)=-pA—q )= (pAg)=-pV—q ®
B)~(pVg)=-pV—q @D-(p=p
16.

p q (pAg)——p
T T (a)
T F (b)
F T (c)
F F (d)

(pAg)— — p -6 GQLoUIGOLD 1L’ L Guanemidi@ LGHTou(BLIGIEGIG) 6Ty Fifl?

@ ® (© (@
() T T T T
2 F T T T
3 F F T T
4 T T T F
17. = (pV@)VIpV(pA-r)] a1 GpLotd
(1) = (AN [PV (pA—T)] 2) (pAQN[pA(pV )]
(3) " (pA@APA(PAF)] @ " (pAQNPA(pV—r)]
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18.

19.

20.

(1

2)

€)

4
)

(6)

(7)

®)
)

PA(PV q) 165D Fo DI
(1) @ OouiLoid (2) 2@ wpramun(®
3) pNq-3& H75% FroneuiLonesionad (4) pV q -&@ HTdHd FLOTGHILOTCEIE!

1965TQU(BLD RAUCUT(H Fo HPIDGLD 21F6T GLou't Lol 1ewLI SITLOTEHS .
(a) 4+2=5 oppip6+3=9 (b) 3+2=5 wopmiud 6+1=7
(c) 4+5=9 oppup 1+2=4 (d) 34+2=5 wpmidp 4+7=11

(@ (b () ()
() F T F T
@ T F T F
3 T T F F
4 F F T T
1968 TRU(HLIGHEISETE) 6T _GTITELOUIGHE?
(1) p(1B FaWl6tT LOMICINGET LOMILIL] i5Fa HDEDUWITSHLD.
(2) @ OLotienio it L euenewtuiled @mid) Hlred wpepeugitd T 6Testleh ) 63 GLouILOLDTGLD.

(3) sp(p GodiewLn 2" 1 cuevewuileh @mid) Flred LpLpaigiD F 6T681l6h i 61 (LPITGETLITL TELD.

(4) p Lowmitd q TCHeILD B)(1H FaDMISET 6T68H p <> q GTGTLIG] §p(h GLOUILOLOTEHLD.
LITL_F 3 (hdhBID

S eretig Qeupmmm Fewiid 6T6dTE. S -6 LOF UITUIDIGHILUBLD *  616Im F(HDILILSE
Orwedwneng S -6 2. arer 2 piiysefler ailaur afloFuilt Gsmq (a,b)-ujLewib
S -6b a*b e1651p PG ph 2 MiIewL QOGTL LB SSHILD 6p(1h i) ASLD.
uflLommHmILs LGETL: 63 Qleummmm Hewstid S -6 LEGTes m(hmILILF O\Fwicd) * esig) uflLommmid
FeTeLow L wGTulesT a*b=b*a, Va,be S e16iLI% 2 BsTewLOWITH CauessT(hHLD.
G et sp(h CouDmOM Hewond S -6b7 LOSHTeS FBMILILF COFwed * Hesig) G
uessL L wigmuiesr, a* (b*c)=(a*b)*c, Va,b,ceS.
FLoastlliuetL: Vae S dee S sa*e=a=e*xa=a Q@ eacrediLgy S —6iT FLOGY] 2 mILILITGLD.
e1dioammr uesery: VaeS dbeS >a*xb=e wpmip bxa=e. @b b AwIH a -6
eTS)iLoadm 2 miliy eTeIu(BLb. b=a”' 616w BILD 6TULHSHEVTLD.
FLoGBTUIGHT 6p (BeMLOGS6ETemLy (uniqueness) : @uinEessila HeLolifed Froest] 2 miiy (@) pLidesr)
P ((HEOLOSFHGTGLD QUMLIBSS).
eTHToemuilelt p(haLoGEeTento (uniqueness) : @uinsessiis AL QI 2 minfes
e1&iLoeom (QBLINGT) 63 (BELOGSGTELD UTU IS
0 <cbevg 1 2 2 piiuns Csmess sp@h Glou't ewsldh@ Ledwer 2iewfl (Boolean Matrix)
16T MY Oy,
oL (b 6TGBTEGHIBLD: 1 (b LB (LPL 6Ta8eT > | 6T651%. @)hi n 6T16TLIgI ‘LoL" (b 6T6HsT 6TGH
ADLGSLILBLD. a LopmiLd b AHu1 @reser(h wppdHEnd& Qe GuiujeiTer elldEuimsip n -6or
oL i@ 6Tevfled, o' (B n -6 AquiuedLuied a -1 b -1b PHAEIFDF 2 WL UISTSLD.
CounielsLonsd & pletned a= b (Lo’ (b n) e16TLIGT QOmpeTr a—b=n-k,k € Z ommib a g3
n A6 UGEHGLOOITAPE H®LFGLD 16F) b AIH 10155 G®DbHS OIS ALPALD GTEET AGLD.
0<b<n-1
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(10) &T&5s HessNFLD 6T6HTLII H6sTIEd GDUT(HBET eLHeVLD HTdE H6Lad AMewer HNHMEH AGLD.

(11) p @B H6HS: Fn DM 6T657%. p —68T LOWILIL] GTGHTLIGI p 65T Olou’t Lo netT 6TH)TLDE®D 2 Gwi_Wi
I DDTGLD. @dF — p 6165TM GWTL L 16d @GUlIindBaur. p -681 Qou'nodliy F  e1esiled, - p-6tr
Oodinodiiy T AGLb. 2AalIuTHlebenev 6T6sfleh, 2kl F A@GLD.

(12) p, q aGseib Qs $60d FaHmISET 616575, Qounemm ‘Lommitd (and)’ 676N QUTTEHSBUITCD
Baness1dsLILBLOOIITAHS < p LoHMILD G 6T65TM dn L' (B Fn_HedM AL HCDTLD. B)SWET p A g
o6ty GUUIL L med GOlnIBeui. Qswesr p Qevewuicd (conjunction) g <ALV p
O (hat) g e16d1Ls LIIg S&6VITLD. p-1D, g-1D T %% QBSGLOOWITAPSHI p A q —68T Glou’t Loy
T 4@LD. AIQUTHGVMGV 67660 2% F A4@LD.

(13) @ucssr(h H6sfld g HMISET p LODMILD G —£3 216V6VF (OT) TGN QUTTEHSUITC) B)WETTSHEVT6L
OuPLILBLD o t’ (B Fadmy. p, q -6b7 19 n9emessiay (disjunction) eresiiLi(hid. @Beest p v q
16T GWUIL L med GBlnIBaur. @sewer p (Niflinfenessiay (disjunction) g ebevgy p Flevereserip
(cup)q e16vILT LI &&GUITLD. p ~LD, g-1D F 4% @bsS&Lo0unapd pv q -6 Qou’t oy F
A GLD. 2AIUTHIGHE6V 6768160, g T ASLD.

(14) gGsauib p, q 616D @b S DUSNGT BlLIHSE®ETS S PDIGISGI p 616860, G-I p —> g
e16v1d GIIBaur. p -61 Qou’t Loy T 4% @bibgl q -651 God's o)1y F 456 b @)(bbHmed
P —> q 6T681D Fo MHMIesT Glod's Lol F @ LD. A@Ieumiflebaney 6Testle, g T <A SLD.

(15) p oppid g TCH@ILD B(b FaDDISET 6T65%. p —> g LODDILD G —> P -6 Fa L' (5% DI B)1H
BLIbS®SIS Fo DM 6T6H AMLPSHLILIBLD. @Fmest p <> q eTesid GUINIBHeur. p LoHMILD
q -%& G ondflwner Giodt oliiyseT @ BheT6) o HG p <> q -6 Quou’t oy T
DA GLD. AAIUTBICVGV 6768160, 6T Gou't oIy F 4@Lb.

(16) @ FpedD AFHT Fal' (Hd FnDmuseflesr GLows Lodlienu QumpLl L(BdSMLoey Glowioid
(tautology) e61601d Fa MCoUET(HLOTGTTGY 2AH6dT Ot Loy erliOumepsd T A%
Br55Gauessi(hLd. Qans T er1651d G (HeurT.

(17) ph FaDodn AFGHT Fal (Hd FaDpuEerlest GLows Lodliewu CumEBLLUBSSHTLOD LpTesTLT(H
(contradiction) o164 Fn MGaUET(HLOTGSITEY 2ASH6ST Glou't Loy erliQuTpsHitd F 4%
B r55Gauessi(hid. Qang F eremd; @mlin(Baui.

(18) @b @ dmi, OLowiniptd 46bev APTGSTUT(HID 2I6VeV 6Tadlleh, ASNG HlFFwLhesTenLo
(contingency) eretrmy Gliwir.

(19) A wpmpiud B ereidln Queser(h gt (Hd Fo HmIEeresr CUOUIGHLD L' I QIGHEESIEHETIGH HanL &
Hlrevser pGr ondiflwimes Glowt Lol Eement GLDBIBLILIGT A6 ST dS FLOTGILDTGTIME
SHDVG] F(BSBLOTEH FLOTGILOTGEIDR TALIL(HLD. @Fdest A=B 2cvevg A< B erend;
G@olidBeur. Cogyd GMliLTs A -1b B -Ib $J&sH FLOTGILDIHI®G 6Tesed, A <> B
HGOSTIQLILITS 61 OLOUILDLOTS B)(HISLD.

(20) FLomerLoTeTEed @l Hev alldser

BTG &% X)) BT

Idempotent Laws : (i) pvP=Pp (1)) PAP=D.
urflonpmy efbser
Commutative Laws: (i) PVg=qVvp (1) PANG=4gAPD.
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Associative Laws:

uiISE (B elSlser

Distributive Laws:

FLoewl] )BT
Identity Laws:

By efseir

Complement Laws :

(i)

(1)
(i)

pv(gvr)=(pvq)vr

p/\(q/\r) (p/\q)/\r.

pvgnr)=(pvg)n(pvr)

pA(@vr)=(parq)Vv(pAar)

PVT =T wppib PV F=p

PAT=p wppib PAF=T

pPY - PETwppio PAP=F

(i) ~T = F wopmpup~F= T

o L' g ipnd) oS (<1) @i L opitiy aflS)

Involution Law or Double Negation Law: —=(-p)= p

® Lo LOMF&6sT el &Beir
De Morgan’s Laws:
LY i) BeT

Absorption Laws:

(1)

(1)

—(pAqQ)=—pV—q (i) =(pvg)=—pAr—q

pv(prq)=p () pAr(pvg)=p
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uuams 7.1
(1) (i) 21 B/ef
) (2)(i) 5 oNeig seir (ii) 128 <ig/ef)

(3) (i) 1,2 efewmgser (ii) 34 LB L

(ii) 15 L5/af) Lommud 27 LB/af)

(iii) 160 iq /o
(iii) -6 L5/ &P, 6 LB/ o

@) 75 av@sar (5 %@.@/Lﬁ, é@.@uﬁ (6) 20m &5y Qwaf/af)  (7) 27 £.B/af)

) %Lﬁ@mm ) (i)_?g Blof) (i) 268355y 15/ef) (10) 70 .5 ioews).
T

Luams 7.2
(1) ()7 (i)oo (2)(1,0) (3) (0,3) HoiLd (4,-25)
(5) )2x+y=2;x-2y=1
(i) x—y=0;x+y="7
(6) 12x—y=15;12x—y=-17 (7)) x+2y=T;x+2y=-1

(i)2x—y=-2;x+2y=4

(iv)4x+2y=5:2x—4y=-5

(4)(2,-1) ommib (-2,1)

(8) (2cost)x+(7sint)y=14; (7sint)x—(2cost) y = 45sinzcost (9) tan™' (3)
Luam#A 7.3
(1) ()x=0-6d Oamféfupps (i) x=§—m OsLiefupng (i) £(2) = £(7) ®

(2) (i)% (i) —2+22 (iii)% (3) (i) x=0 -6b Q&L FFHwPDSHI

2
(1) x = -1 -6) UMBUIN_SHHHFHH] 216V6V @ Hxt—7= ()7
3 V3

(6) 320 S8

(8) ewLowing). e76t7 cTevfled (0,2)-6b e1LiLjeTTefB@BEGD [/ (x) AMBI 2.5 ASHTF).

uuaps 7.4

5 7
X X

2 4 6
X X

2 [4 [6

2 3
(D (i)€x=1+ﬁ+x—+"' (ﬁ)sinx:x—x_+___+... (ﬁi)COszl_x_+___+...

2 B 15 I

3 5 7
X X X

(iv) 10g(1—x)=—(x+x—2+x—3+x—4+---) (V) tan" (x) =y =+ — =+

2 3 4
2x? 23x4_25x6

2Tl s

(vi) cos’x =1

3 5 7

1 2 1 3 1 4
+--- (2) logx=(x—l)—5(x—l) +§(x—l) —Z(x—l) +ee

(3) %(l+ﬁ(x—g)—é(x—%)z —é(x—%)3+---] @) f(x)==(x=1)+(x—1)

LuGpa 7.5
(1) % (2) 2 (3) o0 (4) 1 (5)0
-3 1
7 — (8)1 ) e (10) 1 (11)$
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LuamF 7.6
(1) (1) tBr@us Guepotd = —1, LbFHmy Hmiotd = —26
(i1) LOOGwLm QupLod = 16, LbFHmy Hmiorp = —1
(iii) L8065 Qupiod = 9, 18Py Ayoid = _2
N 8
2
(2) (i) (~o0,—2) Lommitd (1,00) -6b H'L L0755 eTmiLD, (—2,1) -6b "L L1075 @mrkigLD
B GhaFihg Opord =20 @ @hFTIhS Fmiotp =—7
(ii) (—o0,5)LoMMILD (5,00) -6 F'L L0TSH @WrbIGLD. B @BFTTBS AMISET Febana.
(iii) (=oo,0),(0,00) -6b SN 1107 % T mILD. G @BFTTBS AMIhET Gebanav.
(iv) (0,1) -6b )L Lo75% @WrbIGLD, (1,00)-60 S L 10T TmID. G @BFTIT1hS FIMILOLD =%

(v)( ) (34? 5:7) LODMILD (%,271:) 2AHweunBleb S L LTS TmILD.

(iv) LOLIGLIH GumLoLd = , LBFEmy Hmpotp = 0

(n 3n)mmgyw (515 775) -6b S L Lom% @MkiGLD.
4° 4 4 4

X = % , 5T -6b @) GhFTITTh GILI(BLOLD :%_ x= 3% , %T -6b @_@hFTIT1h% FImILoLd :%

4
Luap# 7.7

(1) (i) (—o0,2) LommILD (4, 00) -6b GLocbGpTdd) GLhlay. (2,4) -6 SLpCHTSHE GLlay
(2,—16) Lompitd (4,0) AEwaa UDTe LOTHDL LG 65T

(i) (37t I) -60 GLocbGrETsE) GLdlay. ( 3I)LDQ')QIL'D (%,Zn) -60 S1pCE1S5E) GLhlay
(3775 0) LODMILD (77 0) 2SI QUMETE LOTHDLT LGN B6HT

(iii) (0,00)-6b GLo6LBBTA:S GLhleY. (—oo,0) -6 SLPCBTIHE GLbley uanaray LompmLl Lsiter (0,0)

(2) () @repeming Spiod= -2 ; G @smins CLob=2 (i) G @bFmihs fpiob = — L
e

(iii) @ @pFihg Hmiotd = 0 ; @ @hFTIhE OLI(BLOLD = iz
e

(3) (o0, —1)LoHmuLD (%’oo) -6O S L LOTE TmILD . (—1,%) -60 L1017 %S @MhIGLD
B_@harihg QusLod = 6 | @1_@hFihs Hmioid = —=
(—oo, —%) -6b SpCETHE) GLblay; (—i’oo) -6b GLocvGmTdS GLilay

QUGTE LOTMHMDLI L|GT Y (_l 2)

"8
LuapF 7.8
(1) 6,6 (2) 235,245 (3) 50 (4) 10052 (5) 9 Q.86 Qx5 (6) 1200 L5

(7) 1042,1042  (9) \/Er,% (10) 6 O#.5, 6 Q&.L8, 3 OF.L5, (11) 32,0
2
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Luap# 7.9
(1) ) x=-1,x=1,y=1 (1) x=-1,y=x-1, (iii) y=-3,y=3
(iv) y=x—-9,x=-3
Luam#A 7.10
1 2 3 4 5 6 7 8 9 10
) 2) 2) 2) ) 2) A3) “4) A3) A
11 12 13 14 15 16 17 18 19 20
3) 4) 3) 4) 2) A3) A3) @) “) (©))
DiGHGHwimuip 8
Luams 8.1
1. (1)3.0074 2.(i)24.73 (i) 1.9688 (iii)2.963 3.(i) 7x—4 (ii) 9_54" (iii)xTH
4. (1)0.02251 QL2 (ii) 0.006Qz.1f (i) 0.6%
5. (i) ser 2Hemey 80T OlF.LO 3@66)@69@@]. (i1) Cropugtiunesig) 16T OF.L6? GeomEnag 6. 1%
Luams 8.2
L2 2 BT fyd COS2Y iy o5 (2= 5) cos(x — 1) — 2xsin(x’ — 1)]d
(3—-4x) . 5
(3+sin2x)?
2. ()07 (i) 0.18 3. (i) Af =3.125, df =2.0 (ii) Af =0.11, df =0.1
® 430013029 5.() L 0w (i) Poe 6. 30m wuF 7. 047 i 8. 8000 ®
T ™
9. (i) =3 Qempasar (i) =1 Qemed  10. 5257 05.18,4.76%  11. 600&.8’,61.20¢.8°
Luapma 8.3
1. % 2.1 4. cos(l)
uuaps 8.4
1. ()27, -14 (i) 11, —4 (iii) 2, 0, 4 (iv) € ((log2)~1), & (1+log8)
22 2.2 3( %2 24,2
30 222 27T 132 6y 4 (x3+y3 +Z3)
X7y VX (x +y +z )
5. (1) e +6x, 6y, xe’, e’ +6x (ii) —19 25 - —19

(5x+3y)2 ’ (5x+3y)2 ’ (5x+3y)2 ’ (5x+3y)2
(iii) 3, 2—25co0s5x, 0, 3 10. (i) 72x+84y +0.04xy —0.05x* —0.05)> — 2000
(i) 24, —48, y 22 01leiTs earsHId: OWETeEsT(h X £0 AHH @D CLITLpg v HsfIsH@LD.
LG 8.5
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